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Preface 


Back in 1990, solving the problems and exercises given in the 
text-book of Plane Trigonometry Part I by S. L. Loney had a ter- 
rorizing effect on me, irrespective of the outcome of the countless 
hours, full of perspiration and inspiration, laced with joy and sur- 
rendering to the sheer beauty and elegance of each problem, sub- 
problem, ... woven with multi-concepts.. Whenever stuck, I used 
to revise the concepts embedded in the text-book and related refer- 
ences, monographs, take a break and start all over... an irresistible 
journey... back n forth between the classics of Loney and others. 

As time grew, I ended up stocking a huge pile of sheets comprising 
of my notes as an endeavor to solve and devour the entire book and 
beyond (needless to mention that I laid my hands on everything I 
could in my pursuit). 

Somewhere in 2005, I started collating and organizing my notes 
to instill coherence and capture the elegance in the flow. 

The present work is an outcome of this pursuit, which will serve as 
a complete guide to private students reading the subject with few or 
no opportunities of instruction. This will save the time and lighten 
the work of Teachers as well. This book helps in acquiring a bet- 
ter understanding of the basic principles of Plane Trigonometry and 
in revising a large amount of the subject matter quickly. Care has 
been taken, as in the forthcoming ones, to present the solutions with 
multi-concepts and beyond in a simple natural manner, in order to 
meet the difficulties which are most likely to arise, and to render the 
work intelligible and instructive. 

This work contains several variations of problems, solutions, meth- 
ods, approaches to enrich, strengthen and enliven the inherent multi- 
concepts. 


Ancient Seance Pldhears Chandra Shekhar Kumar 
July, 2018. 
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Measurement of Angles 


1.1 Sexagesimal and Centesimal Measure 


Express in terms of a right angle the angles 
§ Problem 1.1.1. 60°. 


2 
8§ Solution. 60° = ‘ of a right angle = a of a right angle. rT 
§ Problem 1.1.2. 75°15’. 0) 
1D 15 301 
Solution. 75°15’ = | — of a right angle = —— ofa 
= me (5 a 90 x a) i g 360 
right angle. . 
§ Problem 1.1.3. 63°17/25”. ) 
§§ Solution. 
63°17/25” (= ze ) of a right angle 
90 90x60 90x 60 x 60 
45569 
= of a right angle. 
64800 a 2 7 
§ Problem 1.1.4. 130°30’. 0) 
§§ Solution. 130°30’ = (> + aa) of a right angle = 12 of 
. ~ \90 ° 90 x 60 : ge 5G 
right angle. rT 


§ Problem 1.1.5. 210°30/30”. ) 


1.1. Sexagesimal and Centesimal Measure 


§§ Solution. 


210°30'30” (> — aa ~ : =) of a right angle 
1 
=2 pee of a right angle. 
10800 


§ Problem 1.1.6. 370°20'48”. 
§§ Solution. 


20 4 
eae (ar 50x60 | 90x a x a) oF ee eene 
388 
= 4— ofa right angle. 
3376 ee 


Express in grades, minutes, and seconds the angles 
§ Problem 1.1.7. 30°. 


1 9 1009 . 
§§ Solution. 30° = (20 +95 x 30) seo 33933/33.3”, 


§ Problem 1.1.8. 81°. 
1 g 
§§ Solution. 81° = (s1 ar x 81) = 909. 


§ Problem 1.1.9. 138°30’. 


fo} 
§§ Solution. 30’ = ~ =25°3 


138.5 


*, 138°30’ = 138.5° = 
= 1.538 of a right angle = 153.89 = 153988'88.8"". 


of a right angle 


§ Problem 1.1.10. 35°47/15”. 


1 £ 
§§ Solution. 15” = ae = .25'; 
A7.25° 
47/15" = 47.25! = .7875°; 


1, 35°47/15”" = 35.7875° = 
= .397638 of aright angle = 39.76389 = 39976'38.8”. 


of a right angle 


35.7875 
90 


§ Problem 1.1.11. 235°12/36”. 


, / 
§§ Solution. 36” = °° —2 = 6, 
60. 5 . 
-, 12/36” = 12.6’ = ae .21°; 
60 
235.21 


+, 235°12'36” = 235.21° = 
= 2.6134 of aright angle = 261.349 = 261934'44.4”. 


of a right angle 


§ Problem 1.1.12. 475°13/48”. 


1.1. Sexagesimal and Centesimal Measure 3 
48’! 
§§ Solution. 48” = = + — 9; 
60 5 : 
13. 
“13/48” = 13.8’ = as = 293% 
60 
475.2 
1, 475°13'48" = 475.23° = ee of a right angle 
= 5.2803 ofa right angle = 528.039 = 52893/33.3”. = 


Express in terms of right angles, and also in degrees, minutes, 


and seconds the angles 


§ Problem 1.1.13. 1209. ©) 
12 
§§ Solution. 1209 = = of a right angle = : of a right angle = 
6 
= x 90° = 108°. 
5 ‘ : 
Otherwise thus: 1209 = (120 ae x 120) = 108°. r 
§ Problem 1.1.14. 45935/24”. » 
§§ Solution. 
4 24 
45935/24" = ( _ = ) of a right angle 
100 100x100 100 x 100 x 100 
= .453524 of a right angle 
= .453524 x 90° = 40.81716° = 40° + .81716° 
= 40° + .81716 x 60’ = 40° + 49.0296’ = 40° + 49’ + .0296’ 
= 40° + 49’ + .0296 x 60” = 40° + 49’ + 1.776” 
», 45935/24" = 40°49'1.776". 
a 
§ Problem 1.1.15. 39945’36”. ?) 
§§ Solution. 
3994536” = .394536 of a right angle 
= .394536 x 90° = 35.50824° = 35° + .50824° 
= 35° + .50824 x 60’ = 35° + 30.4944’ = 35° + 30’ + .4944’ 
= 35° + 30’ + .4944 x 60” = 35° + 30’ + 29.664” 
“, 39945'36” = 35°30/29.664”. 
a 
§ Problem 1.1.16. 25598'9”’. ) 


§§ Solution. 
25598'9" = 2.550809 of a right angle 
= 2.550809 x 90° = 229.57281° = 229° + .57281° 


= 229° + .57281 x 60’ = 229° + 34.3686’ = 229° + 34’ + .3686’ 


= 229° + 34’ + .3686 x 60” = 229° + 34’ + 22.116” 
7, 25598'9" = 229°34/22.116”. 


§ Problem 1.1.17. 75990/5”. 


1.1. Sexagesimal and Centesimal Measure 4 


§§ Solution. 
75990'5” = 7.590005 of a right angle 
= 7.590005 x 90° = 683.10045° = 683° + .10045° 
= 683° + .10045 x 60’ = 683° + 6.0270’ = 683° + 6’ + .0270' 
= 683° + 6’ + .0270 x 60” = 683° + 6’ + 1.620” 
“.75990'5”” = 683°6'1.62”. 


Mark the position of the revolving line when it has traced out 
the following angles 


B 
P, P 
P 
A’ 
P3 Ps 
B' 
§ Problem 1.1.18. : right angle. 0) 


4 1 
8§ Solution. Since . right angle = 90° + — x 90° = 90° + 30°, the 


revolving line has turned through 30° more than a right angle and is 
therefore in the second quadrant, i.e. is between OB and OA’ and 
makes an angle of 30° with OB. rT 


§ Problem 1.1.19. 35 right angles. 0) 


‘a 1 
§§ Solution. Since 25 right angles = 3x 90°+ 5 x 90° = 3x90°+45°, 


the revolving line has turned through 45° more than three right an- 
gles and is therefore in the fourth quadrant, i.e. is halfway between 
OB’ and OA. r 


§ Problem 1.1.20. 135 right angles. 0) 


h ioe 1 
§§ Solution. Since 13 right angles = 13 x 90°+ — x 90° = 13 x 90° + 


30°, the revolving line has turned through 30° more than thirteen 
right angles and is therefore in the second quadrant, i.e. is between 
OB and OA’, and makes an angle of 30° with OB. a 


§ Problem 1.1.21. 120°. © 


1.1. Sexagesimal and Centesimal Measure 5 


8§ Solution. Since 120° = 90° +30°, we have the same result as in § 


Problem 1.1.18. : 
§ Problem 1.1.22. 315°. 0) 
8§ Solution. Since 315° = 3 x 90° + 45°, we have the same result as 
in § Problem 1.1.19. r 
§ Problem 1.1.23. 745°. © 


§§ Solution. Since 745° = 8x 90°+25°, the revolving line has turned 
through 25° more than eight right angles and is therefore in the first 
quadrant, i.e. is between OA and OB, and makes an angle of 25° 
with OA. . 


§ Problem 1.1.24. 1185°. ©) 
§8§ Solution. Since 1185° = 13 x 90° + 15°, the revolving line has 
turned through 15° more than thirteen right angles and is therefore 
in the second quadrant, i.e. is between OB and OA’, and makes an 
angle of 15° with OB. : 


§ Problem 1.1.25. 1509. % 
§§ Solution. 1509 = 1009+509, the revolving line has turned through 
509 more than a right angle, and is therefore in the second quadrant, 
ie. is halfway between OB and OA’. . 


§ Problem 1.1.26. 4209. » 
§§ Solution. 4209 = 4 x 1009 + 209, the revolving line has turned 
through 202 more than four right angles, and is therefore in the first 
quadrant, i.e. is between OA and OB and makes an angle of 209 with 
OA. rT 


§ Problem 1.1.27. 8759. 0) 
8§ Solution. 8759 = 8 x 1009 + 759, the revolving line has turned 
through 759 more than eight right angles, and is therefore in the 
first quadrant, i.e. is between OA and OB and makes an angle of 759 
with OA. | 


§ Problem 1.1.28. How many degrees, minutes and seconds are re- 
1 
spectively passed over in a minutes by the hour and minute hands 
of a watch ? 0) 
360° _ go 


Also, the minute-hand moves twelve times as fast as the hour- 
hand. 


‘ i ees Z 
Hence, in a minutes, the minute-hand passes over 


§§ Solution. A minute-division on the face of a clock = 


1 2 2° 
(113 x 6) =66— =66°40'. 
9 3 
and the hour-hand passes over 
66° 40’ 
12 


= 5°33/20". ] 


1.1. Sexagesimal and Centesimal Measure 6 


§ Problem 1.1.29. The number of degrees in one acute angle of a 
right-angled triangle is equal to the number of grades in the other; 
express both the angles in degrees. ©) 
§§ Solution. If x be the number of degrees in one of the required 
angles, then (90 — x) is the number of degrees in the other angle and 


1 
therefore . (90 — x) is the number of grades in the other angle. 


1 7 
= ° (90 tg eS AT 
9 19 
Go GN oo: Te 
So that the required angles are 47 and (90 - at) , ie. 47— 
19 19 19 
12° 
and 42— . Z 
19 


§ Problem 1.1.30. Prove that the number of Sexagesimal minutes 
in any angle is to the number of Centesimal minutes in the same 
angle as 27: 50. 0) 
§§ Solution. If S be the number of Sexagesimal minutes in any an- 
gle and C be the number of Centesimal minutes in the same angle, 
we have 
S the given Z _ Cc 
90 x 60 aright Z 100 x 100° 
8 9x6 27 


"C 10x10 50 
Ae C= 27 50. 


Otherwise thus : 


i : I : 10 1 
1 Sexagesimal minute = 50 minute = rh x — grade 


60 
1 1 : . 
= — grade = as Centesimal minute 
ees 
=F Centesimal minute . rT] 


§ Problem 1.1.31. Divide 44°8’ into two parts such that the number 
of Sexagesimal seconds in one part may be equal to the number of 
Centesimal seconds in the other part. ) 


2 
§§ Solution. Ifz be the number of degrees in one part, then (uz - 


1 2 é 
is the number of degrees in the other part, i.e. “ (us - r) is the 


number of grades in the other part. 
In «°, there are (x x 60 x 60) Sexagesimal seconds and in 


1 2 9g 
ha (us -s) ‘ 
9 15 


10 2 
[= (uz - r) x 100 x 100] 
9 15 


there are 


Centesimal seconds. 
1 2 
“.a X 60 X 60 = bas (uz -e) x 100 x 100 
9 15 


1.2. Circular Measure 7 


So that the required parts are 33°20’ and 
(44°8' = 33°20’) , t.e. 33°20’ and 10°48°. Ld 


1.2 Circular Measure 


§ Problem 1.2.1. If the radius of the earth be 4000 miles, what is 
the length of its circumference ? ) 
§§ Solution. The length of the circumference 

= (2 x m x 4000) miles 

= (3.14159265 x 8000) miles % 25132.74 miles. a 


§ Problem 1.2.2. The wheel of a railway carriage is 3 feet in diam- 


eter and makes 3 revolutions in a second; how fast is the train going 
? 


§§ Solution. The circumference of the wheel = (2 x 7X 5) feet = 


30 feet. 
Hence the required rate 


60 x 60 
= (3 x 3m) feet per second = (9 x aes) miles per hour 
1 22 
= = [taking T= =) = 19.28 miles per hour. r | 


§ Problem 1.2.3. A mill sail whose length is 18 feet makes 10 rev- 

olutions per minute. What distance does its end travel in an hour 

2 0) 

§§ Solution. The circumference = (2 x m x 18) feet = 367 feet. 
Hence the end travels (367 x 10) feet per minute, i.e. 


(360% x miles per hour 


1760 x 5) 
. 90 : =] 
i.e. — |taking a = —], 
7 Gs 
i.e. & 12.85 miles per hour. L 


§ Problem 1.2.4. The diameter of a half-penny is an inch; what is 
the length of a piece of string which would just surround its curved 
edge ? 0) 
§§ Solution. The required length 


1 
= (2 xX 7X 5) inches 
=m inches = 3.14159... inches. La 


§ Problem 1.2.5. Assuming that the earth describes in one year a 
circle of 92500000 miles radius, whose center is the sun, how many 
miles does the earth travel in a year ? ©) 
8§ Solution. The required distance 

= (2m x 92500000) miles 

= (3.14159265 x 185000000) miles + 581194640 miles. La 


1.3. The Radian 8 


§ Problem 1.2.6. The radius of a carriage wheel is 1 ft. 9 ins. and in 
1 

a of a second it turns through 80° about its center, which is fixed; 
how many miles does a point on the rim of the wheel travel in one 


hour ? ) 
§§ Solution. The wheel makes one complete revolution in 
(> dl ) aot ee 
Ke sec., 1.€. 1m — Sec. 
80 9 2 


Hence it makes (60 x 60 x 2) revolutions per hour. 
The circumference of the wheel 
22 
= (2 x m X 21) inches & (22 x 6) inches [taking er 
Hence the required number of miles 
60 x 60 x 2 5 
= (22 x 6) xX ————____ = 22x 6x — =15. 
1760 x 3 x 12 44 
If we take 7 = 3.14159265, the required number ~ 14.994. rT 


1.3 The Radian 


Express in degrees, minutes and seconds the angles : 


§ Problem 1.3.1. > > 
- 1 
§§ Solution. a =5 x 180° = 60°. rT 
An® 
§ Problem 1.3.2. a 0) 
§§ Solution. = - x 180° = 240°. 7 
§ Problem 1.3.3. 107°. © 
§§ Solution. 107° = 10 x 180° = 1800°. a 


§ Problem 1.3.4. 1°. 
1 


1 
8§ Solution. 1° = — x 7° = — x 180° = 57°17'44.8” [see Art. 16]. m 
Tv Tv 
§ Problem 1.3.5. 8°. ©) 
§§ Solution. 8° = : XS 2 x 180° = 8x (57°17'44.8) = 458°21/58.4”". 
Tv TT : 
Express in grades, minutes and seconds the angles : 
4 Cc 
§ Problem 1.3.6. —. > 
5 
Ane 4 
§§ Solution. —— = = X 2009 = 1609. . 
Te 
§ Problem 1.3.7. Se ©) 


' Vea 7 19 ‘ 
§§ Solution. 6 = r x 2009 = moor = 233933/33.3”. | 


1.3. The Radian 9 


§ Problem 1.3.8. 107°. 0) 
§§ Solution. 107° = 10 x 2009 = 20009. rT] 


Express in radians the following angles : 
§ Problem 1.3.9. 60°. 


c 


§§ Solution. 60° = 60 x ave radians. 
180 a 
§ Problem 1.3.10. 110°30’. 
. ae 1. we 221 
§§ Solution. 110°30’ = 110— x = a radians. 
2 180 360 


§ Problem 1.3.11. 175°45’. 


§& Solution; 175945 = i782 % Oe adions, 
4” 180 720 


§ Problem 1.3.12. 47°25'36”. % 
§§ Solution. 


/ 252\° 
47° 25/36” = 47°253 = («7 =) 


60 


Cc 
= 4732 x fs Seat nm radians. | 
75 180 13500 


§ Problem 1.3.13. 395°. 
§§ Solution. 395° = 395 x 


mre 


79 : 
= —7 radians. 
180 36 


§ Problem 1.3.14. 609. 


§§ Solution. 609 = 60 x Bie ae radians. 
200 10 


Xo! 


§ Problem 1.3.15. 110930’. 


; nm 1103 
§§ Solution. 110930’ = 110.309 = 110.30 x — “x radians. 
200 2000 
§ Problem 1.3.16. 34592536”. > 
§§ Solution. 
345925/36" = 345.25369 
Cc 
= 345.2536 x on = 1.726268m radians. . 


§ Problem 1.3.17. The difference between the two acute angles of 
a right-angled triangle is an radians; express the angles in degrees. 

> 
§§ Solution. oa radians = 2 x 180° = 72°. 


Hence, if z be the number of degrees in the larger of the required 
angles, then (90 — x) is the number of degrees in the other angle. 

Hence x—(90 — x) = 72, whence x = 81, so that the required angles 
are 81° and 9°. . 


1.3. The Radian 10 


2 
§ Problem 1.3.18. One angle of a triangle is 3 grades and another 


is - degrees, whilst the third is = radians; express them all in 


degrees. 0) 
§§ Solution. Since the sum of the three angles of a triangle is 180°, 


we have, by reducing the given angles to degrees, 


9 wx 3x x 
. t t x 180 = 180 
10 3 2 75 
ee = ot eo 
ae S = pats 
so that the angles are 24°, 60° and 96°. : 


§ Problem 1.3.19. The circular measure of two angles of a triangle 
are respectively ; and z what is the number of degrees in the third 
angle ? 0) 


§§ Solution. The circular measure of the third angle 
1 1 
2. 3 6 
Hence the required number of degrees 
1 fo} 
age we : x 57°17/44.8” [Art. 16] . 


Tv 
= 180° — 47°44'47.3"" = 132°15/12.6”. LJ 


§ Problem 1.3.20. The angles of a triangle are in A. P. and the 
number of degrees in the least is to the number of radians in the 
greatest as 60 to x; find the angles in degrees. » 
§§ Solution. Let the angles be (x — y)°, x° and (x+y)°. 
Since the sum of the three angles of a triangle is 180°, we have 
x-y+tr+art+y = 180° 
“3a = 180°, ». 2 = 60°. 
The required angles are therefore 
(60 — y)°, 60° and (60+ y)°. 
° Tv 
Now (60+ y)° = 160 
“60-—y: aus (60 + y) :: 60: 7. 
180 
_ 180 60-—y _ 60 
7 60+y 7 
“.3(60—y) =60+y, ». y = 30. 
The angles are therefore 30°, 60° and 90°. : 


(60+ y) radians. 


§ Problem 1.3.21. The angles of a triangle are in A. P. and the 
number of radians in the least angle is to the number of degrees in 
the mean angle as 1: 120. Find the angles in radians. ) 


§§ Solution. Let (z — y), x and (x+y) be the number of radians in 
the three angles respectively. 


2 -ytet+o+y=n. 
T T 
38S, GSS. y : 60::1: 120. 
3 3 
_ on phe ae 
y 2 3° 2° 


1.3. The Radian 11 


1 2 1 
Thus the angles contain 3? ; and = =5 radians. rT 


§ Problem 1.3.22. Find the magnitude, in radians and degrees, of 
the interior angle of 

(1) a regular pentagon 

(2) a regular heptagon 

(3) a regular octagon 

(4) a regular duodecagon, and 


(5) a regular polygon of 17 sides. 0 
§§ Solution. Proceeding as in Fx. 2, Art. 20, we have 


(1) 5¢+4=10, ..2= : right angle. 


Hence the required angle 


Oy Len ee = © x 99° = 108°. 
5 2 } ) 


1 
(2) 77 +4=14, .2= ~ right angle. 


Hence the required angle 
1 1 4° 
ED go OE pa teri co sone see y. 
7 2 7 7 7 


12 3 
(3) 8&&€&+4=16,...2= 7 right angle = 5 right angle. 


Hence the required angle 


3 3 
as ory 5 2" padians = 2 x 90° = 135°. 
2 2 4 2 


20 5 
(4) 1224+4= 24, ..4= 15 right angle = . right angle. 


Hence the required angle 


5 
a Dey LE = — x 90° = 150°. 
3 2 6 3 


30 
(5) 177 +4 = 34, .2= o right angle. 


Hence the required angle 
1 14° 
aE I" diane ont =aee ; 
17 2 17 17 17 Lt 


§ Problem 1.3.23. The angle in one regular polygon is to that in 
another as 3 : 2; also the number of sides in the first is twice that in 
the second; how many sides have the polygons ? ©) 
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§§ Solution. Let 2n and n be the number of sides in the two poly- 
gons respectively. Since all the angles of the first polygon = (4n — 4) 
(4n — 4)90 


right angles, therefore each angle contains degrees. 
Similarly, each angle of the second polygon contains Aiea 
n 
degrees. Hence we have 
(4n — 4)90 ’ (2n — 4)90 _ Pe 
2n n 
“4n—4=6n-12; ..n = 4; 
Hence the polygons have 8 sides and 4 sides respectively. : 


§ Problem 1.3.24. The number of sides in two regular polygons are 
as 5: 4and the difference between their angles is 9°; find the number 
of sides in the polygons. ©) 
§§ Solution. Let 5n and 4n be the number of sides in the two poly- 
gons respectively. 

Since all the angles of the first polygon = (10n — 4) right angles, 


therefore each angle contains (eee degrees. 
fe 4)90 
Similarly, each angle of the second polygon contains GaSe 
nr 
degrees. Hence we have 
(10n—4)90  (8n—4)90 _ A ee 
5n 4n 
so that the polygons have 10 sides and 8 sides respectively. | 


§ Problem 1.3.25. Find two regular polygons such that the number 
of their sides may be as 3 to 4 and the number of degrees in an angle 
of the first to the number of grades in an angle of the second as 4 to 
5. © 
§§ Solution. Let 3n and 4n be the number of sides in the two poly- 
gons respectively. 

Since all the angles of the first polygon = (6n — 4) right angles, 


(6n — 4) 
3 


therefore each angle contains = degrees. 
TL 


Similarly, each angle of the second polygon contains aly 
nr 
—A)l 
degrees, i.e. (Sot 2iiue grades. 
1 
Hence we have 
(6n = 4)90 (8m —4)100 _ bs tage 
3n An 
so that the polygons have 6 sides and 8 sides respectively. 7 


§ Problem 1.3.26. The angles of a quadrilateral are in A. P. and the 
greatest is double the least; express the least angle in radians. ) 
§§ Solution. Let « — 3y, e—y, «+ y and z + 3y be the number of 
radians in the angles. Then 

2—3yte-—yt+at+y+ae4 3y = 27; 


TT 


ot 
Also, we have a+ 3y = 2(a — 3y). 


142520, 2 = 
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9 Tv Tv 
i 
? gre tg 
, T 37 : ‘ T ‘ 
Hence the least angle contains (; — =) radians, i.e. = radians. 


§ Problem 1.3.27. Find in radians, degrees and grades the angle 
between the hour-hand and the minute-hand of a clock at 


(1) half-past three 
(2) twenty minutes to six 


(3) a quarter past eleven. 0 


§§ Solution. Since the minute-hand moves twelve times as fast as 
the hour-hand, it gains 11 minute-divisions in 12 minutes on the hour- 


: ‘ eee be EDP 
hand, i.e. 1 minute-division in Ti minutes. 


(1) At 3 o’clock there are 15 minute-divisions between the hands 


i : ; . 11x30. 55 : 
and in 30 minutes the minute-hand gains Tae i.e. ae minute- 


divisions on the hour-hand. 


Hence at half-past 3, there are (= - 15), ie. ies, minute- 
divisions between the hands. 
Now a minute-division on the face of a clock 

iia cf §Problem 1.1.28]. 


a = 6? = 


~ 30 3! 


Hence the required answers are 
1. 4 Bre 1 1 209 19 
12— x ©, te; +s 192 & 6°, 4:2, 15°; and 12— % —_, he. B83 . 
2” 30 i, ae eee 3 


2 : 
(2) Here there are 11 = minute-divisions between the hands. Hence 


the required answers are 
me. Tare 2 Bx ‘ 2 209. 79 
4 Us ; l= x 6°, i.e. 70°; and 11- x —, i.e. 77- . 
30 18 3 3 3 9 


(3) Here there are 185 minute-divisions between the hands. Hence 


the required answers are 
3 Te 57° 3 a os 1° 
18-— x 1.e. ; 18— x 6°, i.e. 112- sand 
4 8 4 2 
209 
ig? x uae i.e. 1259. 
4 3 


§ Problem 1.3.28. Find the times 


(1) between four and five o’clock when the angle between the minute- 
hand and the hour-hand is 78° 


(2) between seven and eight o’clock when this angle is 54°. 
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§§ Solution. (1) At4o0’clockthe minute-hand is 20 minute-divisions 
behind the hour-hand. 


360° 


Since a minute-division on the face of a clock = = 6°, the 


78 
hands are at an angle of 78° when they are separated by 6: 


i.e. 13, minute-divisions; and this will be the case when the 
minute-hand has gained (20 — 13), i.e. 7, and also when it has 
gained (20 + 13), i.e. 33 minute-divisions. 
But the minute-hand gains 

11 minute — divisions in 12 minutes 


12 
-. 7 minute — divisions in (= x ) = 7 minutes 
11 11 
Jetaieotode, (Lo 
~, 30 minute — divisions in (= x 33) = 36 minutes. 
: ; 7 
Hence the angle between the hands is 78° after intervals of Tag 
: 4 : 7 F 
minutes and 36 minutes, i.e. at 7 Ti and 36 minutes past 4. 


(2) At 7 o’clock the minute-hand is 35 minute-divisions behind the 
hour-hand. 


. Paes 360° 
Since a minute-division on the face of a clock = or = 6°, the 


54 
hands are at angle of 54° when they are separated by — = 9 


minute-divisions and this will be the case when the minute- 
hand has gained (35 — 9) = 26, and also when it has gained 
(35 + 9 = 44) minute-divisions. But the minute-hand gains 

11 minute — divisions in 12 minutes 


4 
., 26 minute — divisions in are minutes 


12 
44 minute — divisions in (= x 4) = 48 minutes. 
Hence the angle between the hands is 54° after intervals of 


4 , : R 4 2 
eo minutes and 48 minutes, i.e. at cert and 48 minutes past 
rT 


1.4 Measurement of Any Angle in Radians 


§ Problem 1.4.1. Find the number of degrees subtended at the cen- 
ter of a circle by an arc whose length is .357 times the radius. © 


§§ Solution. The number of radians in the angle = soe = 357. 
Tr 


Hence the angle 
2 
= .357 radian = .357 X — right angle 
Tv 


714 
= a x 90° = (.714 x .3183 x 90)° & 20.454°. 7 
Tv 
§ Problem 1.4.2. Express in radians and degrees the angle sub- 
tended at the center of a circle by an arc whose length is 15 feet, the 
radius of the circle being 25 feet. 0) 
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15 3 
§§ Solution. The number of radians in the angle = a es 
Hence the angle 


3.2 
Ee radian = — X — right angle 
- . wT 
= x 90° = — x 18° = 108° x .31831 
5a T 


= 34.37748° = 34° + .37748 x 60’ = 34° + 22.6488’ 
= 34° + 22’ + .6488 x 60” = 34° + 22’ + 38.928” 
 34°22'38.9"". a 


§ Problem 1.4.3. The value of the divisions on the outer rim of a 
graduated circle is 5’ and the distance between successive gradua- 
tions is .1 inch. Find the radius of the circle. ©) 


§§ Solution. If r be the number of inches in the radius, we have 


wl 
— = the number of radians in 5’ 
; 


. 1 a 5 . T 
: 10r 60° 180 

wre x ae = 216 x .31831 & 68.75”. rT] 
ig 


§ Problem 1.4.4. The diameter of a graduated circle is 6 feet and 
the graduations on its rim are 5’ apart; find the distance from one 


graduation to another. 0) 
8§ Solution. If z be the required distance in inches, we have 
” = the number of radians in 5’ = zi en 
36 ta 60 180 
gg  ESTDY pena. / 
60 60 


§ Problem 1.4.5. Find the radius of a globe which is such that the 
distance between two places on the same meridian whose latitude 
differs by 1°10’ may be half-an-inch. 0) 
§§ Solution. If r be the number of inches in the radius, we have 


1 
9 1 
2 — the number of radians in 1°10’ = 1— x = 
a i ; ‘ s 6 180 
“7r=-=xX =x 180x — = = x 180 X .31831 & 24.555”. . 
2 7 T 7 


§ Problem 1.4.6. Taking the radius of the earth as 4000 miles, find 
the difference in latitude of two places, one of which is 100 miles 
north of the other. 0) 


8§ Solution. The number of radians in the required difference = 
100 1 


4000 40° | 
Hence the difference 


2 
= — radian = — X — right angle 
40 40 7 


1 9 ° 

— x 90° = (5 x 31831) 

200 2 

1.43239° = 1° + .43239 x 60’ = 1° + 25.9434’ 
= 1° + 25’ + .9434 x 60” = 1° + 25’ + 56.604” 


ee 1925/57". a 
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§ Problem 1.4.7. Assuming the earth to be a sphere and the dis- 
tance between two parallels of latitude, which subtends an angle 


1 : 
of 1° at the earth’s center, to be 695 miles, find the radius of the 


earth. ) 
§§ Solution. If r be the number of miles in the radius, we have 
1 
69- i 
— 9 — the number of radians in 1° — —~. 
ir og ‘ 180 
LS a x a0 = 622 x 20 x .31831 & 3959.8 miles. a 
Tv 


§ Problem 1.4.8. The radius of a certain circle is 3 feet; find approx- 
imately the length of an arc of this circle, if the length of the chord 
of the arc be 3 feet also. ©) 
§§ Solution. The arc subtends an angle of 60° at the center of the 
circle, so that if x feet be the required length, we have 

x a Tv T 

— = the number of radians in 60° = 60 x —~ = -. 

3 180 3 

“.@= 7 = 3.14159... feet. . 

§ Problem 1.4.9. What is the ratio of the radii of two circles at the 
center of which two arcs of the same length subtend angles of 60° 
and 75° ? % 
§§ Solution. Ifr andr’ be the radii respectively and x be the length 
of an arc, we have 


* = the number of radians in 60° = 60 x —"- 
r 180 
a 7 : TT 
and — = the number of radians in 75° = 75 x —. 
r! 180 


ik 7 5, ; af 
Hence, by division, we have - ae eae i.e. the required ratio is 
vA 

ey | 


§ Problem 1.4.10. If an arc, of length 10 feet, on a circle of 8 feet 
diameter subtend at the center an angle of 143°14’22”; find the value 
of x to 4 places of decimals. 0) 
§§ Solution. We have 


1 ee 
“ = the number of radians in 143° 14/22” [i-e. in 515662” | 


_ 515662 
~ 60x 60 180° 
10 60x 60 x 180 
T= x 
4 515662 


§ Problem 1.4.11. If the circumference of a circle be divided into 5 
parts which are in A. P. and if the greatest part be 6 times the least, 
find in radians the magnitude of the angles that the parts subtend at 
the center of the circle. 0) 
8§ Solution. Let x— 2y, r—y, z, x+y and x + 2y be the parts into 
which the circumference is divided. 


= 3.1416. t 


Their sum = $4 = 2ar, -.£ = —. 


Also, we have x + 2y = 6(x — 2y) 
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- ldy = 52, y 


Hence the arcs are 
A4nr Onr 14rr 197r d 24rr 
an fs 


? 


35° 357 35 35 35 
Thus the angles contain 
4n On 14m 197 240 
) ’ ’ and : a 
35° 35°35 35 35 


§ Problem 1.4.12. The perimeter of a certain sector of a circle is 

equal to the length of the arc of a semi-circle having the same radius; 

express the angle of the sector in degrees, minutes and seconds. 4% 

§8§ Solution. If r be the radius of the circle and 6 be the number of 

radians in the angle, then the perimeter of the sector = r@ + 2r. 
704 2r =r, “.0 = (mn — 2) radians. 

Hence the angle 


2 
(x — 2) x = right angle 
7 


2n—4 
= “" = x 90° = 180° — 2 x 57°17/44.8” 
Tv 
= 180° — 114°35'29.6” = 65°24'30.4””. 7 
§ Problem 1.4.13. At what distance does a man, whose height is 6 
feet, subtend an angle of 10’ ? ) 
8§ Solution. If z be the required distance in feet, we have 
6 : 10 
~ = the number of radians in 10’ = — x —. 
x 60 180 
1 
“©=6X6xX 280) = 6 x 6 x 180 x .31831 & 2062.65 feet. t 
TT 
§ Problem 1.4.14. Find the length which at a distance of one mile 
will subtend an angle of 1’ at the eye. » 
8§ Solution. If x be the required length in feet, we have 
1 
—__* __ = the number of radians in 1’ = — x —~. 
1760 x 3 60 180 
1 141 
“= cae oe & 1.5359 feet. r 
60 x 180 
§ Problem 1.4.15. Find approximately the distance at which a globe, 
1 . 
a inches in diameter, will subtend an angle of 6’. ©) 
§§ Solution. If zx be the required distance in feet, we have 
1 
5 : ; 6 wT 
—+ = the number of radians in 6’ = — x —. 
12x i 60 180 
LS i x 10 x 180 x .31831 & 262.6 feet. | 


§ Problem 1.4.16. Find approximately the distance of a tower whose 
/ 
height is 51 feet and which subtends at the eye an angle of 5. 2 ®) 


§8§ Solution. If x be the required distance in feet, we have 
60 


11 Mes aod 7 


51 ‘ F Bet 
— = the number of radians in 5 = x x : 
x 11 60 180 11 180 


“2 = 51x 11 x 180 X .31831 & 32142.9 feet. a 
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§ Problem 1.4.17. A church spire, whose height is known to be 
100 feet, subtends an angle of 9’ at the eye; find approximately its 


distance. 6 
8§ Solution. If zx be the required distance in feet, we have 
100 


; : 9 
= the number of radians in 9’ = ye 
60 180 60 x 20 


“.£ = 100 X 60 X 20 X .31831 = 3183.1 x 12 & 38197.2 feet. : 


§ Problem 1.4.18. Find approximately in minutes the inclination to 
1 
the horizon of an incline which rises 5 feet in 210 yards. ©) 
§§ Solution. The number of radians in the angle 
1 
Ss ts a 
210x3 210x6 180 


Hence the angle 


oY 1 2 
= radian = x — right angle 
ai 180 « 
= — xX 90° = .31831° = (60 x .31831)’ = 19.099’. : 


907 


§ Problem 1.4.19. The radius of the earth being taken to be 3960 
miles and the distance of the moon from the earth being 60 times the 
radius of the earth, find approximately the radius of the moon which 


subtends at the earth an angle of 16’. » 
8§ Solution. Ifr be the required radius in miles, we have 
1 
——_"___ = the number of radians in 16’ = Es Snes 
3960 x 60 60 180 
3960 x 16 x 
T= ——_ = 22 x 16 x 3.14159 & 1105.8 miles. | 


§ Problem 1.4.20. When the moon is setting at any given place, 
the angle that is subtended at its center by the radius of the earth 
passing through the given place is 57’. If the earth’s radius be 3960 


miles, find approximately the distance of the moon. ) 
8§ Solution. If zx be the required distance in miles, we have 
cel the number of radians in 57’ = of eee 
x oa 60 180 
/. © = 3960 x 79 x 180 x .31831 = 238833 miles. t 


§ Problem 1.4.21. Prove that the distance of the sun is about 81 mil- 
lion geographical miles, assuming that the angle which the earth’s 
radius subtends at the distance of the sun is 8.76” and that a geo- 
graphical mile subtends 1’ at the earth’s center. Find also the cir- 
cumference and diameter of the earth in geographical miles. ) 
§§ Solution. If d be the distance of the sun and r be the radius of 
the earth, we have 


‘ A 8.76 
" = the number of radians in 8.76” = x —, and 
d 60 x 60 180 
1 ' 2 1 
= = the number of radians in 1/ = — x —. 


r 60 =180 
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Hence, by multiplication, we have 
LY 8.76 : x? 
d 60x 60 x 60 ~ 180 x 180° 

6x 6x6 180 \? 5 6x3 180 \? 
d= x ( ) x 10° = x (=) x 10° & 81 x 10°. 
876 wT 730 T 
Again, if r be the number of geographical miles in the radius of the 
earth, we have 


1 ; ; 1 
— = the number of radians in 1’ = — x cue 
ie 60 180 


1 
“7 = 60 X all = 60 X 57.2957795 & 3437.75 miles. 


T 
. the diameter ~% 6875.5 miles, and 


the circumference = 2nr = (2 x 60 x 180) miles = 21600 miles. 


§ Problem 1.4.22. The radius of the earth’s orbit, which is about 
92700000 miles, subtends at the star Sirius an angle of about .4”; find 
roughly the distance of Sirius. » 
8§ Solution. If d be the required distance in miles, we have 
92700000 pet eke ah ; T 
—— = the number of radians in .4’”° = ———_ x — 
d 60 x 60 180 
60 x 600 _ 180 
.. @ = 92700000 x = xX — = 92700000 x 9000 x 180 x .31831 


Tv 
~ 478019 x 108 = 478 x 10! miles. . 
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Trigonometrical Ratios for Angles 
Less Than A Right Angle 


2.1 Trigonometrical Ratios 


Prove the following statements. 
§ Problem 2.1.1. cos* A — sint A+ 1 = 2cos? A. >) 
§§ Solution. 
cost A—sint A+1= (cos? A+sin? A) (cos? A—sin? A) +1 
= cos? A — sin? A+ begs cos? A+sin? A =1 
= cos? (1 cos? A) + 1 = 2cos? A. La 


§ Problem 2.1.2. (sin A + cos A) (1 — sin Acos A) = sin? A+ cos? A. 
§§ Solution. 
(sin A + cos A) (1 — sin A cos A) 


= (sin A + cos A) (sin? A+cos? A— sin Acos A) 
= sin? A + cos? A. 7 


in A 1 A 
§ Problen 2.1.3) 2 = eehae A 0 
1+cosA sin A 


§§ Solution. 
sinA l+cosA _ sin? A+cos? A+2cosA+1 
l+cosA sind (1 + cos A) sin A 
2(1+ cos A) 
(1 + cos A) sin A 


= 2cosec A. r 


1 
=2*x 
sin A sin A 


2.1. Trigonometrical Ratios 22 


§ Problem 2.1.4. cos® A+ sin® A = 1 — 3sin? Acos? A. 
§§ Solution. 
cos® A + sin® A = (cos? A+sin? A) (cos* A+sin* A — sin? A cos? A) 
= cost A+sin* A — sin? Acos? A 
a (cos? A+sin? A) = 3sin? Acos? A 
= 1-3sin? Acos? A. 


§ Problem 2.1.5. ,/ pees = sec A—tanA. 
1+sinA 


§§ Solution. 
j/l1—sinA _ / (1 — sin A)? _ 1-sinA 
1+sinA 1—sin2 A I= .gin 2A 


- 1—sinA +. oh sin A 


= A-—tan A. 
cos A cosA  cosA is ve 
cosec A cosec A 5 
§ Problem 2.1.6. = 2sec* A. 
cosec A—1  cosec A+1 
§§ Solution. 
al 1 
cosec A pee A _sinA 4 —sinA 
cosec A—1  cosec A+ 1 1 1 Ly 1 
sin A sinA | 
sie eee ae ee 
1l—-sinA | 1+sinA 1—sin? A 
2 
= ae 2Qsec? A. 
cos 
cosec A 
§ Problem 2.1.7. ——————__ = cos A. 
cot A+tanA 
§§ Solution. 
1 
cosec A sin A 
cotA+tanA cosA sinA 
sinA  cosA 
= sin A 
cos? A+ sin? A 
sin Acos A 
i, 1 
= : = cos A. 


sinA sin AcosA 


§ Problem 2.1.8. (sec A+ cos A) (sec A — cos A) = tan? A+ sin? A. 


§§ Solution. 
(sec A + cos A) (sec A — cos A) = sec? A — cos? A 


=1+tan?A (1 sin? A) 
= tan? A+sin? A. 


a, 
§ Problem 2.1.9. ———__—_. = sin Acos A. 
cotA+tanA 
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§§ Solution. 
1 


cotA+tanA cosA & sin A 
sinA  cosA 


ee ae ee sin A cos A. 
cos? A + sin? A 
1 
§ Problem 2.1.10. —— ———__ = sec A + tan A. 
sec A — tan A 
§§ Solution. 
1 secA+tanA 


secA—tanA sec? A— tan? A 


= sec A+ tan A, «sec? _A— tan? A = 1[By Art. 27(3)]. 


1—tanA — cotA—1 
1+tanA cotA+1° 


§ Problem 2.1.11. 


1 
{oS 
1—tanA tA—1 
§§ Solution. BN cot A _ CO 
14+tanA (aie cot A+1 
cot A 


1+tan? A = sin? A 


Probl 2.1.12. : 
sProplem 1+cot?2 A cos? A 


§§ Solution. 


1+tan?A sec? A 1 4 in dell sin? A 


A-—tanA 
§ Problem 2.1.13. eee ee 1—2sec Atan A+ 2tan? A. 
secA+tanA 


§§ Solution. 
secA—tanA _ (secA—tan A)? 


secA+tanA sec? A— tan? A 
= sec? A — 2sec Atan A + tan? A 


=1+4+ tan? A—2sec Atan A+ tan? A 
=1-—2secAtanA+2tan? A. 


= (sec A — tan A)? 


tan A t A 
§ Problem 2.1.14. = + end = sec Acosec A+ 1. 
l1—cotA 1-—tanA 
§§ Solution. 
sin A cos A 
tan A cotA ——scosA Sil 
1—cotA 1-—tanA 1 cos A 1 sin A 
sin A cos A 
sin? A cos? A 


1+cot? A cosec2A  cos?A° sin2A cos? A’ 


~ cos A (sin A—cos A) — sin A (sin A — cos A) 


sin® A — cos? A 
cos Asin A (sin A — cos A) 
- sin? A+ cos? A+ sin Acos A 


cos Asin A 
1+sin AcosA 


cos Asin A 
1 


1 
= : +1=sec Acosec A+ 1. 
cosA sinA 
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A in A 
§ Problem 2.1.15. —— sme =sinA+cosA. 
l1—tanA 1-—cotA 
§§ Solution. 
cos A snA ———cosA sin A 
1—tanA 1-—cotA 1 sin A cos A 
cos A sin A 
cos? A sin? A 


_ T 
cos A — sin A 


sin A—cosA 


cos? A — sin? A 
~ “cos A — sin A 
§ Problem 2.1.16. (sin A + cos A) (cot A+ tan A) = secA+cosec A. 0 
§§ Solution. 
(sin A + cos A) (cot A + tan A) = (sin A + cos A) ( ) 


=cosA+sin A. r | 


cos A rs 
sinA 


sin A 


cos A 


2A+sin? A 
= (sin A + cos A) cor At sn) 
sin Acos A 
1 
= (sin A A) {| —————_ 
Rena rieoe a) (= Acos i) 
sin A cos A 
sinAcosA sin AcosA 
1 
= - =secA-+cosec A. 
cosA sin 
§ Problem 2.1.17. sect A — sec? A = tan’ A + tan? A. ro) 
§§ Solution. 
sec* A — sec? A = sec? A (sec? A- 1) 
= (1 + tan? A) tan? A = tan? A+ tan* A. 7 
§ Problem 2.1.18. cot* A+ cot? A = cosec* A — cosec? A. >) 
§§ Solution. 
cot* A+ cot? A= cot? A (cot? A+ 1) 
= (cosec 2 Age 1) cosec? A 
= cosec* A — cosec? A. 7 
§ Problem 2.1.19. Vcosec? A —1= cos Acosec A. ) 
§§ Solution. 
A 
/ cosec 2 A — 1 = Vcot? A= — 
sin A 
=cosA xX — = cos Acosec A. : 
sin 
§ Problem 2.1.20. sec? Acosec? A = tan? A+ cot? A+ 2. ro) 


§§ Solution. 
sec? Acosec? A = (1 + tan? A) (1 + cot? A) 


-14 
-14 


+ tan? A+ cot? A4 


+ tan? Acot? A 


+ tan? A+ cot? A4 


+ 1=tan? A+ cot? A+42. 


§ Problem 2.1.21. tan? A — sin? A = sin* Asec? A. 
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§§ Solution. 


+2 
Med sin A -— 
tan? A— sin? A = > sin? A 
cos? A 
sin? A (1 — cos? A) sin? Asin2 A 
cos? A cos? A 
= sin* A x eras sin* A sec? A. r | 
cos? A 


§ Problem 2.1.22. (1+ cot A —cosec A) (1+ tan A+ sec A) = 2. 0) 
§§ Solution. 
(1 + cot A — cosec A) (1 + tan A + sec A) 


=(+ 5 1 ) (+ 4+ dL: ) 
sinA  sinA cosA  cosA 


= ea“ ~) a) 


sin A cos A 

= (sin A + cos A)? —1 

sin Acos A 
= sin? A+ cos? A+2sin Acos A —1 

sin Acos A 
_ 2sinAcosA _ a 
~ sin AcosA 
1 1 1 1 


§ Problem 2.1.23. 


cosec A—cotA  sinA = sin A  cosec A+ cot S 


§§ Solution. 
1 


1 1 1 
cosec A—cotA  sinA 1 __ cos A sinA 
sinA  sinA 
sin A 1 sin? A—1+cosA 


1l—cosA sinA sin A (1 — cos A) 
_ —cos?A+cosA _ cos A(1—cos A) 

sinA(1—cosA) — sin A(1—cos A) 
_ cosA _ cosA(1+ cos A) 

sinA sin A(1+ cos A) 

cos A + cos? A _ cosA+1— sin? A 


al sin A (1 + cos A) sin A (1 + cos A) 
1 sin A 1 1 


sinA 1+cosA sinA cosec A+cot A’ 


Otherwise thus : 


cosec A—cot A  cosec A+cotA 
__ cosec A + cot A + cosec A — cot A 


cosec 2 A — cot? A 
2cosec A 
= = 2cosec A |:,; cosec? A — cot? A=1 
cosec 2A — cot? A 
2 1 1 
: es Ae 
sin A sinA  sinA 
1 1 1 


1 
“cosec A—cotA  sinA sinA cosec A+cot A’ 
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§ Problem 2.1.24. 
§§ Solution. 


cot A—cosA 
cot AcosA © 


cot AcosA 
cot A+cosA 


cot AcosA_ ___ cot Acos A (cot A — cos A) 
cot A+ cos A cot? A — cos? A ; 
2A 
Now cot? A — cos? A = —— cos? A 
sin? A 
cos? A (1 — sin? A) 
: sin? A 
A 
= —— x cos? A = cot? Acos? A 
sin? A 
_ cotAcosA — cotAcosA(cotA—cosA) _ cot A—cosA 
‘cot A+cosA cot? A cos? A cot Acos A * 


cot A+ tan B 


§ Problem 2.1.25. ————__ = cot Atan B. 
cotB+tanA 
§§ Solution. 
1 
cotA+tanB  tanA tan 
cot B+tanA an A 
tan B 
_ [* eee . [- +tanAtan B 
tan A : tan B 
tan B 
— = cot Atan B. 
tan A 
§ Problem 2.1.26. 
1 1 ) 2.0.2 
cos* asin“ a 
sec2 a —cos2a  cosec? a — sin? a 
a2 d= cos? asin? a 
~ 2+ cos? asin? a’ 
§§ Solution. 
1 Al 2 2 
{ cos* asin* @ 
sec2 a — cos2a | cosec2 a — sin? =) 
1 1 P 
+ cos? asin? a 
— cos? a =o sin? a 
cos? a sin? a 
cos? a sin? a 2 2 
aa cos“ asin“ a 
1—costa 1 -sinta 
cos* a sint a 
1l+cos?a@  1+sin?a@ 
2 +2 +2 2 
cos* a (1 — sin“ a sin- a (1 — cos“ a 
_cota(t~ sna) , sista (1— cosa) 
1+ cos? a 1+sin2 a 
cos? a (1 — sin* a) + sin? a (1 — cos* a) 


(1 


+ cos? a) (1 + sin? a) 


(cos? a+ sin? a) (1 — cos? asin? a) 
14 (cos? a + sin? a) + cos? asin? a 
1 — cos? asin? a 

2+ cos? asin? a 
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§ Problem 2.1.27. 
sin® A — cos® A = (sin? A —cos? A) 
x (1 - 2sin? A cos? A) : 0) 
§§ Solution. 
sin® A —cos® A = (sin* A —cos* A) (sin A+ cos* A) 
= (sin? A+ cos? A) (sin? A — cos? A) 
x [ (sin? A+ cos? A) ae 2sin? A cos? Al 
— (sin? A — cos? A) (1 — 2sin? A cos?” A) F | 
§ Problem 2.1.28. Sass GoseG a= Bue eG As cosec A — sec A. ro) 
cosA+sin A 
§§ Solution. 
cosA sinA 
cosAcosec A—sinAsecA _ ginA  cosA 
cosA+sinA cosA+sin A 
- cos? A — sin? A 
sin A cos A (cos A + sin A) 
_ cos A-—sinA 
sin Acos A 
1 1 
= — —— =cosec A-—sec A. r 
sinA  cosA 
§ Problem 2.1.29, At secA—1 _ L+sinA’ 6 


tan A—secA+1 cos A 
§§ Solution. 
tanA+secA—1 _ [tan A+ (sec A — 1)? 


tanA—secA+1 tan? A— (sec A— 1)? 


__ tan? A + sec? A—2sec A+ 1+ 2tan A (sec A — 1) 


tan? A — sec? A+ 2secA—1 
_ 2sec? A — 2sec A + 2tan A (sec A — 1) 


2sec A — 2 
_ 2sec A (sec A — 1) + 2tan A (sec A — 1) 


2 (sec A — 1) 
1+sinA 
cosA ~ 


=secA+tanA= 


Otherwise thus : 


tanA+secA—1 tanA-+secA— (sec? A-— tan? A) 
tanA—secA+1 tan A—secA+1 
_ tanA+secA + tan? A — sec? A 
tan A—secA+1 
(tan A + sec A) (1 + tan A — sec A) 


tan A—secA+1 
1+sinA 
=tanA+secA= = 


cos A 
§ Problem 2.1.30. 
(tan a + cosec 8)? — (cot 8 — seca)? 
= 2tanacot 8 (cosec a + sec). 
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§§ Solution. 
(tan a + cosec 8)? — (cot 8 — sec a) 


= tan? a + cosec 2 8 + 2 tan acosec B- cot? B — sec? a + 2cot Bseca 


2 


= tan? a — sec? a4 cosec? 8 — cot? B + 2 (tana cosec B + cot B seca) 
(=<. 1, cos B a ) 
cosa sin§ sinB cosa 
oy (See) _ 2sinacos B (Se) 
cos asin 3 cosa sin 3 sin a cos 3 
= 2tanacot 8 (sec 8 + cosec a) . a 


=—-14+1+2 


§ Problem 2.1.31. 


2sec? a — sec* 


Aas 2 cosec? a + cosec* a 


= cot* a — tan*a. © 
§§ Solution. 


2sec? a — sec* 


a 2 cosec? a + cosec* a 


= cosec +a — 2cosec?a +1 (sect a 2sec? a 4 1) 


= (cosec ? a 1)? (sec? a 1)? = cot*a— tanta. a 


§ Problem 2.1.32. 


(sina + cosec a)? + (cosa + seca)? 


= tan?a+cot?a+7. 0) 


§§ Solution. 
(sin a + cosec a)? + (cosa + sec a)? 


= sin? a + 2sinacosec a + cosec? a + cos? a + 2cosaseca + sec? a 


= sin? a + cos? a +2+2+cosec? a +sec? a 


5+1+cot?a+1+4+ tan? a = tan? a+cot?a4+7. | 


§ Problem 2.1.33. 
(cosec A+ cot A) covers A— (secA+ tan A) vers A 
= (cosec A — sec A) (2— vers A covers A) .© 
§§ Solution. 
(cosec A+ cot A) covers A— (secA+tan A) vers A 
= ( e + ~-) (1 — sin A) ( : + =) (1 — cos A) 
sinA  sinA cosA  cosA 
(1+ cosA)(1—sinA)  (1+sin A) (1 — cos A) 


sin A cos A 
_ 1—sinAcosA+(cosA—sinA) 1-—sin Acos A — (cos A — sin A) 


sin A cos A 
= (1 sin A cos A) ( : : ) + (cos A sin A) ( : : ) 


sinA  cosA sinA  cosA 


(1 — sin Acos A + cos A + sin A) 


cos A — sin A 


sin Acos A 
1 1 ; 
ae ear —) [2 — (1 — cos A) (1 — sin A)] 


= (cosec A — sec A) (2 — vers A covers A). a 
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§ Problem 2.1.34. 
(1 + cot A + tan A) (sin A — cos A) 
sec A cosec A 


cosec 2 A sec? A * 
§§ Solution. 
(1 + cot A + tan A) (sin A — cos A) 
cosA sinA 


=({1¢4 in A A 
( r+) (om een) 


(sin? A-+sin A cos A + cos? A) (sin A — cos A) 
sin Acos A 
=. sin? A — cos? A =| sin? A cos? A 


sin Acos A cos A sin A 
1 1 1 1 


cosA cosec2A  sinA_ sec? A 

sec A cosec A 
= : i rl 
cosec 2 A sec? A 


§ Problem 2.1.35. 2 versin A+ cos? A=1+ versin2A. >) 
§§ Solution. 
2 versin A + cos” A = 2(1 —cos A) + cos? A 
=1+1-—2cosA+ cos? A 
=1+4(1—cos A)? =1+4 versin? A. a 


2.2 Relations and Trigonometrical Ratios 


§ Problem 2.2.1. Express all the other trigonometrical ratios in 
terms of the cosine. 0) 
8§ Solution. Taking the figure in Art. 31, let the length OP be unity 
and let the corresponding length of OM be c. 


Then MP = JOP? —OM?=V1-?. 
OM c 


“,cos@ = —~— =-=c 
OP 1 
MP V1-¢c? 
nO ag — =yV/1 e=/1 cos? 0 
MP V1—c?2 V1 —cos2 0 
tan@ = = = 
OM c cos 0 
OM Cc cos 0 
cot é = -_ = 
MP V1—c?2 V1 —cos?0 
OP 1 1 
cosec 0 = = = - 
MP V1—c? VW1—cos?@ 
P ni 1 
and sec 9 = e : 


OM 7 c ~ cos 0" 
§ Problem 2.2.2. Express all the ratios in terms of the tangent. © 
8§ Solution. Here let the length OM be unity and let the corre- 
sponding length of MP be t. 

Then OP = \/OM?2 + MP? = V/1+#2. 

MP tt 


-.tan@ = — =-= 
OM 1 
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' MP t tan 6 
sin@ = -_ = 
OP V1+? V1 + tan? 6 
OM 1 1 
cos 6 = = = 
OP V1+t? V1 + tan? 0 
OM 1 1 
cot @ = = -= 
MP t tand 
OP V1+t? 14+tan206 
cosec 6 = — = 
MP t tand 
P 144? ; 
and sec 9 = oe > a he 14+tan? 90. a 
OM 1 


§ Problem 2.2.3. Express all the ratios in terms of the cosecant. © 
§§ Solution. Here let the length MP be unity and let the corre- 
sponding length of OP be zx. 


Then OM = \/OP? — MP? = \/22 -1. 
OP x 
“.cosec @= —~=-—=2 
MP 1 
“ MP 1 1 
sind = =—-= 
OP x cosec 0 
M vVa2— Vcosec2 6 — 1 
cos 6 = = — 
OP ‘x cosec 0 
MP 1 ib 
tan@ = = = 
OM Va2— Vcosec? 6 —1 
M_ Va2— 
re ees a = \/cosec29—1 
OP 1 
OP x cosec 0 
and sec 9 = — = : 7 
OM Va? = Vcosec? 6 — 1 


§ Problem 2.2.4. Express all the ratios in terms of the secant. © 
§8§ Solution. Here let the length OM be unity and let the corre- 
sponding length of OP be z. 


Then MP = \/OP? — OM? = \/2? - 1. 
OP x 
“.secOé = —=—-=2 

OM 1 

. MP Va?-1 Vsec29—1 

sind = = = 
OP x sec 0 
OM 1 1 

cos 9 = oe 


MP 2] 
tan@ = = — = 1/sec29—1 


OM 
OM 1 1 
cot 6 = = = - 
MP Va2—1 ~~ Vsec26—1 
OP x sec 0 
and cosec 0 = = = : : 
MP Va? Vsec2 9 —1 


§ Problem 2.2.5. The sine of a certain angle is z find the numerical 
values of the other trigonometrical ratios of this angle. ©) 
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§§ Solution. With the same figure, take P so that the length of OP 
is 4. 


MP i 
Then, since sin 9 = —~— = MG we have MP = 1, and 
bi elon MP?2=VI1 =vi1 
OM v15 MP 
cos? = , tand = = 
OP OM Fs 
M v1 P 4 
cot é = oun mens = V15, secO = iohsg = 
MP 1. O V15 
and ey eee 
MP 1 
Otherwise thus : i 
Proceed as in Ex. 4, Art. 31, with sin@d = a : 
: 12 ; 
§ Problem 2.2.6. If siné = ry find tan@ and versin 0. ro) 
MP 12 
§§ Solution. Here we have sing = —~— = —. 
OP 13 


-. OP = 13, MP = 12; 
“OM = \/OP? — MP? = 4/132 — 12? = 25 =5. 


12 
-.tanéd = — = : 
OM ae 
*, versin @=1—cosd=1 2 =1 ee 
OP 13 13 


Otherwise thus : 


sin 0 12 12\? 12 12 
tan@ = — + 1 = = “ 
f= sin2 6 13 13 V 25 5 


*, versind=1—cosd=1 1—sin2 6 
12\? 
=A vi-(%) = aed < 
13 13 13 
11 
§ Problem 2.2.7. If sin A = ral find tan A, cos A and sec A. >) 


§§ Solution. Here take OP = 61 and MP = 11 and let the angle @ 
be denoted by A. 


= JOP? — MP? = \/61? - 112 
14 11)(61 — 11) = V72 x 50 = V36 x 100 = 60. 


MP 11 
tan A = ——— 
ae OM 60 S 
eee Oe ana sec A = & ot 
OP 61 OM 60 
Otherwise thus : 
: 2 
paws ame <25 Wl ( _ll, 60 
/,—sin2 A 61 61 61 61 60 
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2 
cos A = sin? 1-(4 *) oe 
61 61 
and secA= z = : Be 
V1-sin? A / (By 60 
1- : 
61 
§ Problem 2.2.8. If cos0 = =, find sin and cot 6. 0 


§§ Solution. Here take OM = 4 and proceed as in Ex. 3, Art. 31. 
Otherwise thus : 


sin@ = \/1—cos?0= 4/1 Vs 


and tO = cose 
co = A 
V1 — cos? 0 ean ae = 
§ Problem 2.2.9. If cos A = = find tan A and cosec A. ry 
§§ Solution. 
Here we have OM =9, OP = 41, and 
MP = \/OP? — OM? = \/412 — 92 = V50 x 32 = V/100 x 16 = 40. 
MP 40 
tan A= —— == — 
OM 9 
and cosec A = ae = = 
MP 40 
the angle 7POM being denoted by A. rT 


§ Problem 2.2.10. If tand = , find the sine, cosine, versine and 


cosecant of 0. > 
§§ Solution. Here take OM = 4 and MP =3. Then 


eae gr aia de ec 


OM 4 
oe ee = ae 
OP 5 OP 5 
. OP 5 
versin @=1—cosd=1 = — and cosec 06 = —~ = -. 
5 5 MP 3 
Otherwise thus : 
tan 6 
sin@ = Be ee eae eee 
/i4+tan26 4 16 44 4 5 
4 1 
cos 6 = sep , versin @=1—cosé= = 
\/1 + tan? 0 4 5 5 
4/1+tan2 0 5.3 5 
a 


and cosec 0 = 


tan@ 4 3° 
cosec 2 6 — sec? 6 


§ Problem 2.2.11. If tan6 = fe the value of 


cosec 2 9 + sec? 9” 
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§§ Solution. 


1 
We have cosec? 6 =1+cot?06=1+ ap =14+7=8 
tan’ 6 
1 8 
and sec? 9=1+tan?@=14+—=— 
to SE 
8 8 
’ cosec 2? 9 — sec? 0 _° 7 48 3 
: 2 2 8 ; 
cosec * 6 + sec* 8 8+ 5 64 4 


Otherwise thus : 


cosec 2 6 — sec2 0 __ (cosec 2 — sec? 0) sin? 0 
cosec2@+sec?6 — (cosec2 6 + sec? 6) sin? 6 
tanta 1-7 63 
1+tan?¢@ ,,1 8 4 7 
if 
§ Problem 2.2.12. If cot 0 = > find cos@ and cosec 8. 0 


§§ Solution. Here take OM = 15 and MP = 8. Then 
OP = \/OM2 + MP? = 4/152 + 82 = 289 = 17. 


OM 15 
“,cos@ = —— = — 
OP 17 
and cosec 9 = we = = 
MP 8 
Otherwise thus : 
cot 6 15 C), 15 17 «15 
cos @ = = c 14 : = 
8 8 8 lig 


\/1+cot29 8 
15\? 2 1 
and conec 0 = v/i+ cot? = /1+ (1°) ee x : 


§ Problem 2.2.13. If sec A = . find tan A and cosec A. ro) 


§§ Solution. 
Here take OM =2and OP = 3[cf. Ex. 3, Art. 31]. 


Then MP = \/OP? — OM? = \/32 - 22 = V5. 
MP 
OY ee 
OM 2 


and cosec A = —~ = —~ = 
MP VW 5 
the angle 7POM being denoted by A. 


Otherwise thus : 


tan A = \/sec? A =\/7 Vin’ v5 


sec A 
and cosec A = =.+ = = 2/5 : 
Vsec? A — 2 e a 5 
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§ Problem 2.2.14. If 2sin6 = 2 — cos9@, find sin0@. Oy 
§§ Solution. 
2sin@ = 2—cos@ 
.cos@ = 2(1—sin@); ». cos? @ = 4 (1 — sind)? 
“. 1—sin? 6 = 4(1—sin@)? 
-, (1—sin@) (1 + sin) = 4(1 — sin@)? 
*-1—sindé =0orl+sin@ =4(1-—sin@). 


If 1—sin@ = 0, then sind = 1. 
If 1+sin@ =4(1-—sin@), then 1+sin0 = 4-—4sin6 
-. 5sind = 3, ce en a 
5 
§ Problem 2.2.15. If 8sin@ = 4+ cos9, find sin 0. 0) 


§§ Solution. 
8sin9d = 4+ cos 


“.4(2sin0 — 1) =cos0 = \/1-—sin?0 
“16 (4sin? 6 — 4sin@ + 1) =1-sin?0 
-. 65sin? 6 — 64sind +15 =0 
“, (13 sin @ — 5) (5sin@ — 3) =0 
., 13sin@ —5 =Oor 5sin@é-3=0. 


If 13sin@ —5 =0 then sind = >, 
If 5sin@ — 3 =0 then sind = ©. r 
§ Problem 2.2.16. If tan6 + sec 0 = 1.5, find sin@. ro) 
§§ Solution. 
tan@ + sec@ = 1.5 
sind 1 3, (l+sind)? 9 
“cos0  cos@ 2’ ~—cos2 4’ 
(1+sin0)? 9 1+4sin0 9 : 9-4 5 
: a ee =-;..sind= = , r 
1— sin? 0 4 1l—sind 4 9+4 13 
§ Problem 2.2.17. If cot 6 + cosec 6 = 5, find cos @. ) 
§§ Solution. 
cot 6 + cosec 6 = 5 
0 1 1 6)? 1 6)? 
; G8 el ee SOs ) — 25, - ( + ced) = 
sin 6 sin 6 sin? 6 1 — cos? 0 
1+cos0é 25-1 24 12 
“. ———— = 25; ..cos@ = = = ‘ rT] 
1—cos0 25+1 26 13 
§ Problem 2.2.18. If 3sec* 6 + 8 = 10sec? 6, find the values of tan@. 
0) 


§§ Solution. 
3sec* 0 + 8 = 10sec? 0 
“3 (1+ tan? 6) +8=10(1+ tan’ 6) 
-, 3tan* @ —4tan?6+1=0 
man (3 tan? 6- 1) (tan? 6- 1) =0 
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-, 3tan? @—1=0or tan?6—1=0. 


If 3tan? @—1=0, then nom on am 
3 V3 
If tan? 6 —1=0, then tan? 6 =1, ..tand =1. 
Note : Negative values of the ratios have not yet been discussed; 
hence, in this set of solutions, only positive ones are given. 


Otherwise thus : 
We have 3sec* @ — 10sec?0+8=0 
i (3 sec? 0 — 4) (sec? 6— 2) =] 
“, 38sec? 0 —4=0or sec?9—2=0. 


4 
If 38sec? —4=0, then sec? @ = 3, 
4 1 
and tan@ = \/sec?6—-1=4/ 1= : 
3 V3 
If sec? @ — 2 =0, then sec? 0 = 2, and tan@ = V2—1=1. a 
§ Problem 2.2.19. If tan? 6 +sec@ = 5, find cos0. >) 


§§ Solution. 

tan? @ + secO =5 
_ sin? 0 bo: 
“cos? cosd | 

“, 1 — cos? 6 + cos 0 = 5cos? 6 

“,6cos? @—cosd—-1=0 

“. (2cos@ — 1) (3cos?+1) =0 

-.2cos9—1=0Oo0r3cos@+1=0. 


If 2cos@ —1=0, then cos@ = : 
I 
If 3cos9 + 1=0, then cos? = — eS [Refer note to the last solution] . 


Otherwise thus : 


sec? 9 —1+sec0=5 
sec? 6 + sec 6 — 6 = 0; .. (sec — 2) (sec# + 3) = 0 
“. sec? —2=0Oor sec0+3=0. 


1 1 
If sec@ —2=0, then secO@ =2 and ..cosd = ae 
sec 0 2 
1 
If [secO + 3 =0, then sec? = —3 and coe Ol = 5%] a 
§ Problem 2.2.20. If tan6 + cot 6 = 2, find sin 90. ro) 


§§ Solution. 


sin 6 cos 0 
tan@ + cot @ = 2; .. = 


cos 0 sin @ 
-, sin? 0 + cos? 0 = 2sin6cos0 


“1 = 2sin 6 cos @ = 2sin6\/1— sin? 6 


“, 1 = Asin? 6 — 4sin* 6; .». 4sin* @ — 4sin?@ +1=0 
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- (asin? ar a ee ae er ace 
2. (2sin 6-1) =0; .. 2sin ek nt ] 
§ Problem 2.2.21. If sec? 6 = 2+ 2tan4@, find tan@. ro) 
§8§ Solution. 
sec? 9 = 2+2tand, .. 14+tan?@=2+42tand 
-, tan? @ — 2tan@+1=2; ., (tan@—1)? =2 
-.tan@d—1= V2; », tand=14 V2. La 
2 1 
§ Problem 2.2.22. If tand = “e+, find sin6 and cos 9. > 
xv 


§§ Solution. We have 
tand _ 2a(a+1) , o 4a? (a +1)? 


/ittan26  2tl ~ ' Ae? + 4 +1 


Qala +1) | (a= + 802 +40 +1 


sin? = 


2Q24+1 402 + 4¢4+1 
— Qa(a+1) , 2x? 4+2+4+1  — 2x(a+1) 
Qa+1 ° 22 +1 Qn2 + 2a+1 
22+1 


and cos@ = sin@ + tan@ = 


Otherwise thus : 
With the figure of Art. 31, take OM = 2x +1 and MP = 2a(a +1). 
Then 


OP = \/OM? + MP? = y/ (2a +1)? + 4e2(@ + 1)? 


= \/4a4 + 803 + 82? + de +1 = 22? + 20 $1. 
MP 2w(a+1) 


v. sing = 
OP Qa? +2741 
OM 2z2+1 
and cos @ = = : : 
OP Qa2 4+ 2¢41 
2.3 Values of Trigonometrical Ratios 
§ Problem 2.3.1. If A = 30°, verify that 
(1) cos2A = cos? A — sin? A = 2cos? A—1 
(2) sin2A = 2sin Acos A 
(3) cos3A = 4cos? A —3cosA 
(4) sin3A = 3sin A —4sin® A, and 
2tanA 
tan2A = ———~_.. 
(9) i28 1—tan2A 6 


§§ Solution. (1) cos2A = cos60° = ; 


2 2 
cos? A — sin? A = cos? 30° — sin? 30° = (2) = (5) 


iN 
Nle 
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Nle 


(2) sin2A = sin60° = 


(3) cos3A = cos90° = 0, and 
4cos® A —3cos A= cos A (4cos? A — 3) 


2 
= cos 30° (4 cos? 30° 3) = v3 : (4) : 


v3 
2 
(4) sin3.A = sin 90° = 1, and 
3sin A —4sin? A =sin A (3 — Asin? A) 
= sin 30° (3 — 4sin? 30°) 


=| 1(2)']=2e pat 


(5) tan2A = tan60° = V3, and 
2tanA 2 tan 30° 


1—tan?A 1 —tan?30° 
2X — 
V3 2/3 
- eee) 
1- (=) a 
V3 


§ Problem 2.3.2. If A = 45°, verify that 


(3-3) =0. 


(1) sin2A = 2sin Acos A 
(2) cos2A = 1 — 2sin? A, and 
2tanA 
1—tan2 A 
§§ Solution. (1) sin2A =sin90° = 1, and 
K 2 1 1 
2sin Acos A = 2sin 45° cos45° = 2 X —= x —= 


aya" 


(3) tan2A = 


(2) cos2A = cos90° = 0, and 


1 2 
1—2sin? A =1-—2sin? 45° =1 2x ( at 1=0. 
V2 


(3) tan2A = tan 90° = oo, and 
2tanA 2tan45° 2x1 2 


— = oo. 
1—tan2A  1-— tan? 45° => <0 


Verify that 
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3 
§ Problem 2.3.3. sin? 30° + sin? 45° + sin? 60° = ~ 0) 


§§ Solution. 
sin? 30°+ sin? 45° + sin? 60° 


= (2)'+(4)'+(¥) 


zt Los 2 
cao” nae ae sae 
1 
§ Problem 2.3.4. tan? 30° + tan? 45° + tan? 60° = aa >) 


§§ Solution. 
tan? 30° + tan? 45° + tan? 60° 


1\? 2 1 1 
= t1+(V3)° =-4+143=4-. 
(<3) ( ) 3 3 > 
§ Problem 2.3.5. sin 30° cos 60° + cos 30° sin 60° = 1. >) 


§§ Solution. 
sin 30° cos 60° + cos 30° sin 60° 


1 1 V3 v3 1 3 = 4 
x t x = t = 1 a 
2 2 2 2 4 4 4 
-1 
§ Problem 2.3.6. cos 45° cos 60° — sin 45° sin 60° = — oS , >) 


§§ Solution. 
cos 45° cos 60° — sin 45° sin 60° 


Pe al 3. V3-1 


— x x a 
V2 2 V2 2 2/2 
4 
§ Problem 2.3.7. 5 cot? 30° + 3sin? 60° — 2cosec 2 60° — “tan? 30° = 
1 
3-. 
3 0) 
§§ Solution. 
4 
a cot? 30° + 3sin? 60° — 2cosec 2 60° — . tan? 30° 
2 
4 2 V3 BNA 13272 TNA 
= 39" +3(5) -2() -3(@) 
3 ( ) 2 V3 4\ V3 
1 2 1 
=4+4+ s : =6-2-=3-. a 
4 2 4 3 3 
, 1 
§ Problem 2.3.8. cosec 2 45° - sec? 30° - sin? 90° - cos 60° = a >) 
§§ Solution. 
cosec 7 45°- sec? 30° - sin? 90° - cos 60° 
2 1 
= v3)’ x (=) x x = 
WN 2 
4 1 4 1 
=2x=x1xai=-=l1-. t 
3 2 3 3 
1 
§ Problem 2.3.9. 4 cot? 45° — sec? 60° + sin? 30° = eo ry 
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39 


§§ Solution. 
P 1\3 
A cot? 45° — sec? 60° + sin? 30° = 4 x 17 — 2? + (5) 


Chapter 


Simple Problems in Heights and 
Distances 


3.1 Simple Problems 


§ Problem 3.1.1. A person, standing on the bank of a river, observes 
that the angle subtended by a tree on the opposite bank is 60°; when 
he retires 40 feet from the bank he finds the angle to be 30° ; find the 
height of the tree and the breadth of the river. ) 
8§ Solution. Take the figure of Fx. 2, Art. 45. Let PM(a feet, say) 
be the tree, and B and A be the two positions of the observer respec- 
tively, so that BM represents the breadth of the river. We are given 
BA= 40 feet, the ZMBP = 60° and the Z2MAP = 30°. We then have 


AM BM 1 
—— = cot 30° = V3, and = cot 60° = : 
x x V3 
xv 
AM =2V3, and BM = —. 
V3 
1 3-1 2x 
“40 = AM BM=2(v3 ) o( = : 
V3 V3 V3 
“.@ = 20V3 = 20 x 1.73205 = 34.64 feet. 
2 
pis INS 295 Fj ‘ 
V3 V3 


§ Problem 3.1.2. At a certain point the angle of elevation of a tower 
is found to be such that its cotangent is — ; on walking 32 feet directly 
toward the tower its angle of elevation is an angle whose cotangent 
is =. Find the height of the tower. ) 
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§§ Solution. Taking the same figure, let PM(x feet, say) be the 
tower and A and B be the two points at which the angles of elevation 
are taken respectively. 


2 
We are given AB = 32 feet, cot ZMAP = : and cot ZMBP = . 


AM BM 2 
We then have = S and =. 
xz 5 x 5 
AM = 35 and BM = ae 
5 
“32 = AM—-BM= 5 
v.@ = 32 x 5 feet = 160 feet. a 


§ Problem 3.1.3. At a point A, the angle of elevation of a tower is 
found to be such that its tangent is 2 ; on walking 240 feet nearer 


the tower the tangent of the angle of elevation is found to be : ; what 


is the height of the tower? 0) 
§§ Solution. Taking the same figure, let PM(x feet, say) be the 
tower and A and B be the two points at which the angles of elevation 
are taken respectively. 

We are given AB = 240 feet, tan ZMAP = = and tanZMBP = . 

We then have ee , and ee e 

AM Fe BM 4 i 
AM = oa and BM = ae 
12 5) 16 
a 


“240 = AM—- BM = ( sig 
5 3 15 
“.@=15 x 15 feet = 225 feet. a 


§ Problem 3.1.4. Find the height of a chimney when it is found that, 
on walking towards it 100 feet in a horizontal line through its base, 
the angular elevation of its top changes from 30° to 45°. ©) 
§§ Solution. Taking the same figure, with PM(z feet, say) repre- 
senting the chimney and A and B being the two points at which 
the angles of elevation are taken respectively, we are given AB = 
100 feet, the 2M AP = 30°, and the 7MBP = 45°. We then have 


AM BM 
—— = cot 30° = V3, and —— = cot 45° = 1. 
x x 
AM = «v3, and BM = 2; 
“100 = AM — BM = (V3-1)z. 


100 
— 
V3-1 


§ Problem 3.1.5. An observer on the top of a cliff, 200 feet above the 
sea-level, observes the angles of depression of two ships at anchor 
to be 45° and 30° respectively ; find the distances between the ships 
if the line joining them points to the base of the cliff. ©) 


= 50 (V3 + 1)) = 50 x 2.73205 = 136.6 feet. . 
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§§ Solution. Take the same figure as before. Draw PN parallel to 
MA, so that PN is the horizontal line passing through P. Let P be the 
position of the observer on the cliff PM and B and A be the positions 
of the ships respectively. 

We are given PM = 200 feet, the 2NPB = 45° = ZPBM (Euc. I. 29) 
and the 72NPA = 30° = ZPAM. 

We then have 


AM BM 
—— = cot 30° = V3, and —— = cot 45° = 1. 
200 200 


- AM = 200V3, and BM = 200. 
. AB = AM — BM = 200 (V3 —1) = 200 x .73205 = 146.4 feet. = 


§ Problem 3.1.6. From the top of a cliff an observer finds that the 
angles of depression of two buoys in the sea are 39° and 26° respec- 
tively; the buoys are 300 yards apart and the line joining them points 
straight at the foot of the cliff ; find the height of the cliff and the 
distance of the nearest buoy from the foot of the cliff, given that 
cot 26° = 2.0503, and cot 39° = 1.2349. ©) 
§§ Solution. Construct a figure as in the last example, with B and 
A as the positions of the two buoys. 

We are given BA = 300 yards, the ZNPB = 39° = ZPBM, and the 
ZNPA = 26° = ZPAM. 

Let x yards be the height of the cliff PM. We then have BM = 
xcot 39° = x x 1.2349, and 

x X 2.0503 = x cot 26° = AM = 300+ BM 
= 3004+ x X 1.2349. 
~. 300 = x(2.0503 — 1.2349) = .81542. 


LS ae = 367.9 yards. 
.8154 


Also, the required distance 
= BM = xcot 39° 
= (367.9 x 1.2349) yards 
= 454.3 yards. P] 


§ Problem 3.1.7. The upper part of a tree broken over by the wind 
makes an angle of 30° with the ground, and the distance from the 
root to the point where the top of the tree touches the ground is 
60 feet ; what was the height of the tree? ?) 
§§ Solution. Let y feet be the length of the broken part of the tree 
and «x feet be the height of the stump. We then have 


x = 50 tan 30° = au and y = xcosec 30° = 22 = =e 
V3’ y V3 . 
Hence the original height of the tree 
=at+ y 
150 
— = ~50V3 
V3 


= 50 X 1.73205 = 86.6 feet. r 
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§ Problem 3.1.8. The horizontal distance between two towers is 60 
feet and the angular depression of the top of the first as seen from 
the top of the second, which is 150 feet high, is 30° ; find the height 
of the first. y) 
§§ Solution. Take the figure of Ex. 3, Art. 45. Let AB be the second 
tower, 150 feet high and CD be the first tower, x feet high. 

We are given the ZEAC = 30°, CE = 150—a2 and DB = 60 feet = 
EA. 

We then have 


60 
150 — x = 60 tan 30° = —= = 20V3 = 34.641 
V3 


“.& = 150 — 34.641 = 115.359... ft. r 


§ Problem 3.1.9. The angle of elevation of the top of an unfinished 
tower at a point distant 120 feet from its base is 45° ; how much 
higher must the tower be raised so that its angle of elevation at the 
same point may be 60° ? ?) 
§§ Solution. Let h feet be the present height of the tower and z feet 
be the required height. We then have 


h 
= tan45° = 1, and cae tan 60° = V3. 
120 20 
w= (V3 —1) 120 = .73205 x 120 = 87.846 feet. . 


§ Problem 3.1.10. Two pillars of equal height stand on either side of 
a roadway which is 100 feet wide ; at a point in the roadway between 
the pillars the elevations of the tops of the pillars are 60° and 30° ; 
find their height and the position of the point. » 
§§ Solution. Let h feet be the height of the pillars and x feet and y 
feet be the distances of the point respectively. We then have 


h hvB 


x = hcot 60° = Wa ee and y = hceot 30° = hV3 
Fe ms + hv’3 = 100 
. 4hv/3 = 300 
fps DONE = NEE 8 gis feet. 
4 4 
Also, « = = x _ = 25 feet 
and y = ae x V3 = 75 feet. 7 


§ Problem 3.1.11. The angle of elevation of the top of a tower is 
observed to be 60° ; at a point 40 feet above the first point of obser- 
vation the elevation is found to be 45° ; find the height of the tower 
and its horizontal distance from the points of observation. ) 
§§ Solution. Let h feet be the height of the tower and z feet be the 
required horizontal distance. We then have 
h=axtan60° = 2V3, andh— 40 =2xtan45° = 2. 

Hence, by subtraction, we have 


40 = x (V3-1). 
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40 
C= 
V3-1 


= 20(V3 +1) = 20 x 2.73205 = 54.641 feet. 


-h=a2+40 = 94.641 feet. : 


§ Problem 3.1.12. At the foot of a mountain the elevation of its sum- 
mit is found to be 45°; after ascending one mile towards the mountain 
up a Slope of 30° inclination the elevation is found to be 60°. Find 
the height of the mountain . » 
8§ Solution. Let A be the foot of the mountain and C be its summit, 
AB be the slope and AD be the horizontal line through A and D being 
vertically below C. 

Join BC. We are given the ZCAD = 45°, AB =1 mile, ZBAD = 
30° and the “CBF = 60°, where BF is drawn parallel to AD, meeting 
CD in F. 

We then have 

ZCAB = 45° — 30° = 15°, and ZACD = 45° 
-, ZACB = 45° — ZBCF = 45° — 30° = 15° = ZCAB 
“BC = AB=1mile. 
Draw BE perpendicular to AD. 


.. CF = BCsin60° = “ and 


1 
FD = BE = ABsin30° = ms 


V34+1 _ 2.73205 
2 


§ Problem 3.1.13. What is the angle of elevation of the sun when 
the length of the shadow of a pole is V3 times the height of the pole 
: 0) 
§§ Solution. In the figure, Art. 23, let PM represent the pole and 
OM its shadow. 


.CD=CF+FD= = 1.366... mile. 7 


-. tan ZPOM = za = te 
OM V3 
.. The angle of elevation = 30°. a 


§ Problem 3.1.14. The shadow of a tower standing on a level plane 
is found to be 60 feet longer when the sun’s altitude is 30° than when 
it is 45°. Prove that the height of the tower is 30(1 + V3) feet . o 
§§ Solution. Take the figure of Fx. 2, Art. 45. Let PM(x feet, say) 
be the tower. 

We are given the 72PBM = 45°, BA = 60 feet and the Z2PAM = 
30°. 
We then have 

BM 


AM 
= cot 45° = 1, and = cot 30° = V3. 
x 


x 
«BM =<, and AM = AB+ BM = 604+ 2=2v3. 
-. (V3-1) 2 = 60 
r= ea = 30 (1 v3) feet. : 
V3-1 
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§ Problem 3.1.15. Ona straight coast there are three objects A, B, 
and C such that AB = BC = 2 miles. A vessel approaches B in a 
line perpendicular to the coast and at a certain point AC is found to 
subtend an angle of 60° ; after sailing in the same direction for ten 
minutes AC is found to subtend 120° ; find the rate at which the ship 
is going. 0) 
§§ Solution. Let P and Q be the points at which AC subtends angles 
of 60° and 120° respectively. 

We are given the ZAPC = 60°, ZAQC = 120° and AB = BC = 
2 miles. 

We then have 

BP = AB cot 30° = 2V3 miles, and 


2 
BQ = AB cot 60° = — miles. 
V3 
Hence in 10 minutes the ship sails a distance 


= PQ=BP-—BQ= (2v3 =) miles 


4 ; 
= — miles. 


V3 
4 
.. the required rate = (6 x —) miles per hour 
V3 
= 8V3 = 8 x 1.73205 
= 13.8564 miles per hour. a 


§ Problem 3.1.16. Two flagstaffs stand on a horizontal plane. A and 
B are two points on the line joining the bases of the flagstaffs and 
between them. The angles of elevation of the tops of the flagstaffs 
as seen from A are 30° and 60° and, as seen from B, they are 60° and 
45°. If the length AB be 30 feet, find the heights of the flagstaffs and 
the distance between them. ) 
§§ Solution. Let EC(h feet, say) be the flagstaff near A, C being its 
base and F'D(h’ feet, say) be the flagstaff near B, D being its base. 
Let the 
ZFAD = 30°, ZEAC = 60°, ZF BD = 60° and ZEBC = 45°. 
We then have 


CA = hcot 60° = —, CB =hcot 45° =h, 


S| = 


/ 
DA =h' cot 30° = h' V3, and DB = h’ cot 60° = —. 
V3 

h 
‘CB =CA+AB, «.h = — +30 


V3 
30V3 
= ay = 15V3 (V3 +1) = 15 (3 + v3) 


= 15 x 4.73205 = 70.98... feet. 


h! 
Also, since AD=AB+BD, we have h'V3 = 30+ Fi 
2 2h! = 30V3; «. h’ = 15V3 = 25.98... feet. 
h h! 
.CD=CA+AB4+BD= + 30 + 
V3 V3 
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= 15 (V3 +1) +30+15 = 85.98... feet. . 


§ Problem 3.1.17. Pis the top and Q the foot of a tower standing on 
a horizontal plane. A and B are two points on this plane such that AB 
is 32 feet and ZQAB is a right angle. It is found that cot ZPAQ = : 
and 

cot ZPBQ = : 


find the height of the tower. 6) 
8§ Solution. If h feet be the height of the tower, we have 


2 
AQ = PQ cot ZPAQ = ol and 


3 
BQ = PQcot ZPBQ = =h. 


Also, BQ? = BA? + AQ? 
9 4 
“, —h? = (32)? + —h? 
25 Coes 25 
“5h? = (32)? x 25 
vA = 32V5 = 32 x 2.236... = 71.55... feet. : 


§ Problem 3.1.18. A square tower stands upon a horizontal plane. 
From a point in this plane, from which three of its upper corners are 
visible, their angular elevations are respectively 45°, 60°, and 45°. 
Show that the height of the tower is to the breadth of one of its sides 
as V6 (V5 +1) to4. 0) 


§§ Solution. Let P, Q and R be the three upper corners whose an- 
gular elevations are 45°, 60° and 45° respectively at the point D. 
Let C, B and A be the three lower corners vertically under P, Q 
and R respectively. 
Also, let h be the height of the tower, a be the breadth of one of 
its sides and E be the middle point of its base. We then have 
AD = hcot 45° =h=CD 
BD = hcot 60° = las and 
V3 
BE = EA =acos45° = 


a 
Also, DA? = DE? + EA? = (DB + BE)? + EA? 

wa(Ly 4) he 2ah a? a? 

Jz /2/ 2 38° Ve 2 2 


“2h? — ahv6 — 3a? =0 


avV6 + V6a? + 24a? av6/_ | 
whe = (1+ v5) 
since the positive sign must obviously be taken. 


vhia=V6(v5+1) 34. P| 


§ Problem 3.1.19. A lighthouse, facing north, sends out a fan-shaped 
beam of light extending from north-east to north-west. An observer 
ona steamer, sailing due west, first sees the light when he is 5 miles 


3.1. Simple Problems 48 


away from the lighthouse and continues to see it for 30\/2 minutes. 
What is the speed of the steamer ? ) 
§§ Solution. Let L be the lighthouse and S and H be respectively 
the two positions of the steamer at which the light is visible. We then 
have 

LS =LH =5miles, and ZSLH = 90°. 
Hence in 30/2 minutes the steamer sails a distance 

= SH = 5sec45° = 5/2 miles 

5V2 
30V2 


= 10 miles per hour. my 


.. The required speed = ( x 00) miles per hour 


§ Problem 3.1.20. A man stands at a point X on the bank XY of 
a river with straight and parallel banks and observes that the line 
joining X to a point Z on the opposite bank makes an angle of 30° 
with XY. He then goes along the bank a distance of 200 yards to Y 
and finds that the 2ZY X is 60°. Find the breadth of the river. ©) 


§§ Solution. Let A be the point in XY opposite Z. 
The 2X ZY = 90° and we have 
V3 


XZ = XY sin 60° = 200 x = = 100V3 yards. 


Hence the breadth of the river 
= AZ = XZsin30° 
1 
= 100V3 x a 50V3 yards 


= 50 X 1.73205 = 86.6... yards. 
Otherwise thus : We have 


a t 60° 
= - 
AZ V3 


AX 
and ae cot 30° = V3. 


Hence, by addition, we have 


KY I 4 
- +V3= 
AZ V3 V3 
XYV3 _ 200V3 
AZ= a a 50V3 = 86.6... yards. i 


§ Problem 3.1.21. A man, walking due north, observes that the 
elevation of a balloon, which is due east of him and is sailing toward 
the north-west, is then 60° ; after he has walked 400 yards the balloon 
is vertically over his head ; find its height supposing it to have always 
remained the same. % 
§§ Solution. Let 1 and M’ be the two positions of the man, so that 
MM!’ = 400 yards. 

Let B and B’ be two positions of the balloon and h yards be its 
height above the ground, so that BA = h = B’M’, where A is the 
point of the ground vertically below B. 
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Then ABAM and AB’M’M are right angled triangles in two ver- 
tical planes and AAMM’ a right angled triangle in the horizontal 
plane, 


and we have AM = hcot 60° = me 
V3 
Also, ZAMM!' = 90°, and ZMAM' = 45° 
-,- AM = MM’ 
‘ Z 400 
‘V3 


-h = 400V3 yards = 4 x 173.205... = 692.8... yards. . 


Chapter 


Applications of Algebraic Signs to 
Trigonometry 


4.1 Tracing the changes in the ratios 


§ Problem 4.1.1. Ina triangle one angle contains as many grades as 
another contains degrees, and the third contains as many centesimal 
seconds as there are sexagesimal seconds in the sum of the other 


two; find the number of radians in each angle. 


0) 


§§ Solution. Let z, y and z be the number of radians in each angle 


respectively. 
We then have 
e+ytz=7 
200 180 
xx — ao 
Tv Tv 
200 x 100 x 100 180 x 60 x 60 
2x (e+y) 
Tv Tv 
From Eq. (4.2), we have 10a = 9y. 
From Eq. (4.3), we have 250z = 81(a+¥y). 
© y _ aty 2502 
“9 10 19 81x 19° 
© YY ze e+ Yt OUT 
** 2250 2500 1539 6289 6289 


So that the angles contain 
2250 2500 1539 (i 81 


w 7, and T | i.e. 
6289 6289 6289 331 


’ ’ 


r) radians. 


(4.1) 
(4.2) 


(4.3) 
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§ Problem 4.1.2. Find the number of degrees, minutes, and sec- 
onds in the angle at the center of a circle, whose radius is 5 feet, 
which is subtended by an arc of length 6 feet. ©) 


§§ Solution. The number of radians in the angle = . 
Hence, in degrees, the angle 


1 fo} 
= (: x ~) = , x 57°17/44.8" [Art. 16] = 68°45'17.8”. / 
TT 


§ Problem 4.1.3. To turn radians into seconds, prove that we must 
multiply by 206265 nearly, and to turn seconds into radians the mul- 
tiplier must be .0000048. 0) 
§§ Solution. If 6 be the number of radians in any angle and s be the 
number of seconds in the same angle, we have 

6 Ss 


x 180 x 60 x 60 
180 
“8 =0X — x 60 x 60 & 206265 
Tv 


Tv 


x 

180 x 60 x 60 
age 

. , find the values of cos @ and cot @. 
+y? 


% 


and d=s = .0000048. : 


2. 
§ Problem 4.1.4. If sing = ~ 


2 


§§ Solution. We have 


2_,2\2 
cos 6 = 1—sin?6 = 1- “ 
x2 + y2 


= Ax? y? _ 2xry 
V (wt +y2)? a? +y? 


/1-—sin? 6 Qaey x? — y? 2Qxry 
cot 6 = : = 


sin6 ~ 22 y? “ ge®fy2 — 2 — yr" 
Otherwise thus : Taking the figure of Art. 31, let the length OP be 
x? + y? and let the corresponding length of MP be «? — y?. Then 


OM = /OP2 MP? = J (a2 + y?)? — (#2 — y?)? = vf 4a2y? = 2ay. 


and 


OM 2xy 
cos 9 = —— = —— 
OP «x+y? 
M 2 
and cot@ = nau = zy | 
MP x2-Yy? 


m? + 2mn 

m? + 2mn + 2n?’ 
m? + 2mn 
2mn + 2n2° 0) 
§§ Solution. With the same figure, let the length OP be m? + 2mn+ 
2n? and let the corresponding length of MP be m? + 2mn. Then 

OM = /OP2 MP?2= VJ (m2 + 2mn + 2n2)? — (m2 + 2mn)? 

= J (2m? + 4mn + 2n?) 2n2 Es a? —b? = (a+b)(a— b)] 


§ Problem 4.1.5. If sin@é = 


prove that tan@ = 


= J (m2 +2mn +n?) 4n2 = (m+n)2n. 
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MP = m2 + 2mn 
OM 2mn+2n?2° 
Otherwise thus : Substitute for sin@ in the formula 


-.tan@ = 


sin 6 
tan@ = ‘ 
1—sin26 - 
§ Problem 4.1.6. 
If cos @ — sin@ = V2sin0 
prove that cos 6 + sin@ = V2cos0. 6) 
§§ Solution. If cos@— siné = V2sin@, then cos@ = (v2 + 1) sin 0. 
“. multiplying both sides by (v2 _ 1), we have 
(v2- 1) cos @ = (v2 1) (v2 { 1) sin@ = sin@ 
-.cos@ + sin@ = V2cos8. a 
§ Problem 4.1.7. 
cosec ® a — cot® a = 3cosec? acot? a + 1. >) 
§§ Solution. 
cosec © a — cot® a 
= (cosec 2 a — cot? a) (cosec 4a + cosec 2 acot? a + cot* a) 
= (cosec 2 w— cot? a) [ (cosec 2 w —cot? a) : + 3 cosec ? wcot? a] 
= 1+ 3cosec? acot? Qa, - cosec 2 a — cot? a = 1. La 


§ Problem 4.1.8. Express 
2sec? A — sect A — 2cosec? A+ cosec* A 
in terms of tan A. 0) 
§§ Solution. 
2sec? A — sec* A — 2cosec? A + cosec* A 
= (cosec 4 A — 2cosec? A+ 1) _ (sect A —2sec? A+ 1) 
= (cosec? A- iy; - (sec? A- 1)” 
(cot? A)) os (tan? A) ? 
= cot* A—tan* A 
A 
= —__ — tan* A. a 
tant A 
§ Problem 4.1.9. Solve the equation 3 cosec? 6 = 2sec 6. > 
§§ Solution. 


3cosec? 6 = 2secO 
— 3 _ 2 
‘sin? cos 
“. 3cos0 = 2 (1 — cos” 6) 
“,2cos? 6 +3cos?—-2=0 
“. (2cos @ — 1) (cos@ + 2) =0 
“.2cos? —1=0, or cos9+2=0. 


1 
If 2cos6 — 1 = 0 then cos @ = = =cos60°, i.e. 6 = 60°. 


If cos@ + 2 = 0 then cos@ = —2. This value is inadmissible, since the 
cosine of an angle cannot be numerically greater than unity. 7 
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§ Problem 4.1.10. A man ona cliff observes a boat at an angle of de- 
pression of 30°, which is making for the shore immediately beneath 
him. Three minutes later the angle of depression of the boat is 60°. 
How soon will it reach the shore ? ) 
§§ Solution. Take the figure of Ex. 2, Art. 45. Draw PN parallel to 
MA, so that PN is the horizontal line passing through P. 
Let P be the position of the man and A and B be the positions of 
the boat respectively. 
We are given 
ZNPA = 30° = ZPAM 
ZNPB =60° = ZPBM. 
‘+ ZBAP = 30° = ZAPB 
.. BP = BA. 


1 1 
., MB = BP cos60° = ae = ae 


1 
.. The required time = GG x 3) min. = 1S min. . 


1 

§ Problem 4.1.11. Prove that the equation sin @ = x+-— is impossible 
x 

if x be real. ©) 


§§ Solution. By Algebra, (x—1)? > 0, so that 2?+1 > 2z,... ge > 2. 
x 


1 
., sin@ = «+ — is impossible if z be real, since the sine of an angle 
x 
cannot be numerically greater than unity. a 


4 
add z is only 


§ Problem 4.1.12. Show that the equation sec? 6 = ———— 
(w+y) 


possible when x = y. 
8§ Solution. By Algebra, we know that if x and y be unequal, then 


ey SO. 
eee y? > 2xy 
o(@+y)? > day 
4. 
ah peel JER capt 
(a@+y)? 
But sec @ cannot be < 1. 
A4xy 


Hence the equation sec? 0 = z is only possible when zx = y, 


(a +y) 


: ‘ 4 
in which case sec? 9 = i 1; . 


Chapter 


Trigonometrical Functions of 
Angles of Any Size and Sign 


5.1 Angles of Any Size and Sign 


Prove that 
§ Problem 5.1.1. sin 420° cos 390° + cos (—300°) sin (—330°) = 1. ) 
§§ Solution. 


sin 420° = sin (360° + 60°) = sin 60° = 


= —cos (90° + 30°) = sin30° = 


sin (—330°) = — sin 330° = — sin (180° + 150°) = sin 150° 
ay 
= sin (90° + 60°) = cos 60° = a 
1 1 1 
Hence the expression = v3 : v3 om, 1. . 


Ce me we 4 
§ Problem 5.1.2. cos 570° sin 510° — sin 330° cos 390° = 0. © 
§§ Solution. 
cos 570° = cos (360° + 210°) = cos 210° = cos (180° + 30°) 
V3 
2 


= — cos 30° = 


1 
sin 510° = sin (360° + 150°) = sin 150° = sin (90° + 60°) = cos 60° = 5 
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sin 330° = sin (180° + 150°) = — sin 150° 
1 
= — sin (90° + 60°) = — cos 60° = a 


3 
cos 390° = cos (360° + 30°) = cos 30° = ey 
V3 1 ( et) __ v3, v3 


Hence the expression =0. g 
2° 2 2 2 4 4 
§ Problem 5.1.3. tan 225° cot 405° + tan 765° cot 675° = 0. 0) 
§§ Solution. 
tan 225° = tan (180° + 45°) = tan 45° = 1 
cot 405° = cot (360° + 45°) = cot 45° = 1 
tan 765° = tan (2 x 360° + 45°) = tan 45° = 1 
cot 675° = cot (360° + 315°) = cot 315° 
= cot (180° + 135°) = cot 135° 
= cot (90° + 45°) = — tan 45° = —1. 
Hence the expression = 1—1=0. : 


What are the values of cos A — sin A and tan A+ cot A when A has 
the values 


§ Problem 5.1.4. 3 0) 
§§ Solution. 


668 = ie Lvs ge ce 366... 
3 3 2 3 2 
‘ig 1 4 4/3 
t be = v3 
ct Ce a a Ata ve 3 
4 
aoe E05 = 2.3094.... a 
3 
2 
§ Problem 5.1.5. = © 
§§ Solution. 
Wn | nr 1 V3 
cos sin = 
3 3 2 
1 . eA 
+ v3 2.73205 ++») agg. 
2 2 
2 2 1 AVJ3 
tan wy + cot TE V3 = V3" 2.3094.... P| 
3 3 V3 3 
57 
§ Problem 5.1.6. re © 


§§ Solution. 
57 _ or Tv ; T 
cos sin = cos ( t ) sin (x + “) 
4 4 4 


§ Problem 5.1.7. rs © 
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§§ Solution. 
ord _ Tr ( is =) . ( a =) 
cos — — sin — = COS {| 7 — — sin { 7 — 
4 4 4 4 


30 a 37 ( T ) a i ( T ES T ) 
= — cos sin cos { sin (— + — 
4 4 2 


4 Z 4 
1 1 
= sin — + cos— = + = = V2=1.414... 
4 J/2 V2 V2 
fas ( =) ( =) 
tan + cot = tan | 7 + cot | 7 + — 
4 4 
3 T 
= tan cot = tan ( t ) + cot ( t ) 
2 4 
cot tan 1-1 u a 
LE 
§ Problem 5.1.8. 0 


§§ Solution. 


lla _ llr ( =) . ( =) 
cos —— — sin —— = cos { 27 + — ] — sin { 2x7 + — 
3 3 3 3 
57 .. on ( =) ' ( =) 
cos sin cos {| 7 sin {| 74 
3 3 3 3 
In | on 1 V3 
= — cos + sin =} t 
73208 : ig 
Zé 
-_ . = 1.366... 
; llr ane llr é (2 # =) ee (2 =) 
an —— + cot —— = tan ( 27 + — co 7 + — 
3 3 3 3 
r 57 oot : ( =) + ( +2) 
= tan + co = tan (7 + — cot (7 + — 
3 3 3 
2 2 1 
= tan i cot Fives V3 
3 3 V3 
4 
= 43 <2 008... . 
What values between 0° and 360° may A have when 
1 
§ Problem 5.1.9. sin A = — ) 
V2 


§§ Solution. Since sin A is positive, A must be in the first or second 
quadrant. 


1 
Now sin A = ass sin 45° = sin (180° — 45°). 
Hence A = 45°, or 180° — 45°, i.e. 45° or 135°. | 


§ Problem 5.1.10. cos A = -5 > 


8§ Solution. Since cos A is negative, A must be in the second or 
third quadrant. 


1 
Now cos A = Naas 60° = cos (180° — 60°) or cos (180° + 60°). 
Hence A = 120° or 240°. . 


§ Problem 5.1.11. tan A = —-1 % 
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8§ Solution. Since tan A is negative, A must be in the second or 
fourth quadrant. 
Now tan A = —1 = — tan 45° = tan (180° — 45°) = tan 135° 


also, tan 135° = tan (180° + 135°) = tan 315°. 
v, A = 135° or 315°. La 
§ Problem 5.1.12. cot A = —V3 © 


8§ Solution. Since cot A is negative, A must be in the second or 
fourth quadrant. 
Now cot A= —V3 = — cot 30° = cot (180° — 30°) = cot 150° 


also, cot 150° = cot (180° + 150°) = cot 330°. 
~, A = 150° or 330°. . 
2 
§ Problem 5.1.13. sec A = ——— 0) 
V3 


§§ Solution. Since sec A is negative, A must be in the second or 
third quadrant. 


Now 
2 
sec A = ——= = — sec 30° = sec (180° — 30°) or sec (180° + 30°). 
V3 
., A = 150° or 210°. La 
§ Problem 5.1.14. cosec A = —2 >) 


8§ Solution. Since cosec A is negative, A must be in the third or 
fourth quadrant. 


Now 
cosec A = —2 = — cosec 30° or — cosec 150° 
= cosec (180° + 30°) or cosec (180° + 150°). 
., A = 210° or 330°. La 


Express in terms of the ratios of a positive angle, which is less 
than 45°, the quantities 


§ Problem 5.1.15. sin (—65°) 0) 
§§ Solution. sin (—65°) = —sin65° = —cos(90° — 65°) = —cos25°. 
a 
§ Problem 5.1.16. cos (—84°) 0) 
§§ Solution. cos (—84°) = cos 84° = sin (90° — 84°) = sin6°. rT 
§ Problem 5.1.17. tan 137° 0) 
§§ Solution. tan 137° = — tan (180° — 137°) = — tan 43°. a 
§ Problem 5.1.18. sin 168° 0 
§§ Solution. sin 168° = sin (180° — 168°) = sin 12°. rT] 
§ Problem 5.1.19. cos 287° 0) 
§§ Solution. 
cos 287° = cos (180° + 107°) = — cos 107° 
= —cos (90° + 17°) = sin17°. 7 


§ Problem 5.1.20. tan (—246°) 0) 
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§§ Solution. 
tan (—246°) = — tan 246° = — tan (180° + 66°) 
= — tan 66° = — cot (90° — 66°) = — cot 24°. 


§ Problem 5.1.21. sin 843° 
§§ Solution. 
sin 843° = sin (2 x 360° + 123°) = sin 123° 
= sin (180° — 123°) = sin 57° 
= cos (90° — 57°) = cos 33°. 


§ Problem 5.1.22. cos (—928°) 
§§ Solution. 
cos (—928°) = cos 928° = cos (2 x 360° + 208°) 
= cos 208° = cos (180° + 28°) = — cos 28°. 


§ Problem 5.1.23. tan 1145° 
§§ Solution. 
tan 1145° = tan (3 x 360° + 65°) = tan 65° 
= cot (90° — 65°) = cot 25°. 


§ Problem 5.1.24. cos 1410° 
§§ Solution. 

cos 1410° = cos (3 x 360° + 330°) = cos 330° 
cos (180° + 150°) = — cos 150° 
— cos (180° — 30°) = cos 30°. 


§ Problem 5.1.25. cot (—1054°) 
§§ Solution. 
cot (—1054°) 


— cot 1054° = — cot (2 x 360° + 334°) = — cot 334° 
= —cot (180° + 154°) = —cot 154° 
— cot (180° — 26°) = cot 26°. 


§ Problem 5.1.26. sec 1327° 
§§ Solution. 
sec 1327° = sec (3 X 360° + 247°) = sec 247° = sec (180° + 67°) 
= — sec 67° = — cosec (90° — 67°) = —cosec 23°. 


§ Problem 5.1.27. cosec (—756°) 
§§ Solution. 
cosec (—756°) = — cosec 756° 
= —cosec (2 x 360° + 36°) = —cosec 36°. 


What sign has sin A + cos A for the following values of A ? 
§ Problem 5.1.28. 140° 
§§ Solution. 

sin 140° = sin (180° — 140°) = sin 40° 

cos 140° = — cos (180° — 140°) = — cos 40° 


..cos A is numerically greater than sin A and is negative 
.. sin A +cos A is negative. 
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§ Problem 5.1.29. 278° % 
§§ Solution. 

sin 278° = — sin 98° = — sin (180° — 98°) = — sin 82° 

cos 278° = cos (180° + 98°) = — cos 98° = cos (180° — 98°) = cos 82°. 


.. sin A is numerically greater than cos A and is negative 
.. sin A+ cos A is negative. : 


§ Problem 5.1.30. —356° 0) 
§§ Solution. 
sin (—356°) = — sin 356° = — sin (180° + 176°) 
= sin 176° = sin (180° — 176°) = sin 4°. 
cos (—356°) = cos 356° = cos (180° + 176°) 
= — cos 176° = cos (180° — 176°) = cos 4°. 


-, sin A and cos A are both positive 
. sin A+ cos A is positive. : 


§ Problem 5.1.31. —1125° 0) 
§§ Solution. 
—1125° = — (3 x 360 + 45°) 


1 
and cos (—1125°) = —. 


V2 


in (—1125°) : 
/. sin (— SA, 
V2 
..sin A+ cos A = 0. 
What sign has sin A — cos A for the following values of A ? 
§ Problem 5.1.32. 215° 0) 
§§ Solution. 
sin 215° = sin (180° + 35°) = — sin 35° 
cos 215° = cos (180° + 35°) = — cos 35°. 


.. sin A and cos A are both negative and cos A is numerically greater 
than sin A ; 
., sin A — cos A is positive. : 


§ Problem 5.1.33. 825° % 
§§ Solution. 
825° = (2 x 360° + 105°) 
sin 825° = sin 105° = sin (180° — 105°) = sin 75° 
cos 825° = cos 105° = — cos (180° — 105°) = — cos 75°. 


.. sin A is positive and cos A is negative ; 
.. sin A — cos A is positive. : 


§ Problem 5.1.34. —634° >) 
§§ Solution. 
—634° = —720° + 86° 
.. sin A and cos A are both positive and sin A is numerically greater 


than cos A ; 
., sin A — cos A is positive. . 
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§ Problem 5.1.35. —457° % 
§§ Solution. 
—457° = — (360° + 97°) 
“. sin (—457°) = sin (—97°) = — sin 97° = — sin (180° — 97°) = — sin 83° 
cos (—457°) = cos 97° = — cos (180° — 97°) = — cos 83° 


.. sin A and cos A are both negative and sin A is numerically greater 
than cos A ; 
.. sin A — cos A is negative. : 


§ Problem 5.1.36. Find the sines and cosines of all angles in the 
first four quadrants whose tangents are equal to cos 135°. © 


1 1 
§§ Solution. If tan @ = cos 135° = ——~, then sin@ = +—~ and cos@ = 
v2 V3 


ae 
- 3 : . . . . 

Also, since tan @ is negative, 0 is in the second or fourth quadrant. 
In the second quadrant, 


1 2 
sin@ = —, and cos@ = ae 
V3 3 


In the fourth quadrant, 


eee cos @ = = | 
3 3 
Prove that 
§ Problem 5.1.37. 
sin (270° + A) = —cos A and 
tan (270° + A) = —cot A. g 


§§ Solution. 

sin (270° + A) = sin [180° + (90° + A)] 
= —sin (90° + A), [Art. 73] = —cos A, [Art. 70]. 

tan (270° + A) = tan [180 + (90° + A)] 

= tan (90° + A) = —cot A. 

Otherwise thus: Cf. the figure of Art. 50. Let the revolving line, 
starting from OA, trace out any angle A in the first quadrant and let 
OP, be the position of the revolving line then, so that the ZAOP, is 
A. 

Let the revolving line then turn through three right angles (270°) 
in the positive direction to the position OP,, so that the ZAOPy, is 
(270° + A). 

Draw P,; M,; and P4M, perpendicular to OA. 

By Euc. I. 26, the triangles P}OM, and OP;,M, are geometrically 
equal and we have 

OP, = OP, in magnitude and sign, 
P,M, = OM, in magnitude and sign, 


and P4M4 = OM, in magnitude, but of opposite sign. 
PyM. OM 
sin (270° + A) oe OFF cos A, and 
PyM. M 
tan (270° + A) a OM cot A. a 


OM4 PLM, 
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§ Problem 5.1.38. cos (270° — A) = —sin A and cot (270° — A) = tan A. 
) 
§§ Solution. 
cos (270° — A) = cos [180° + (90° — A)] 
= —cos (90° — A) = —sinA 
cot (270° — A) = cot [180 + (90° — A)] 
= cot (90° — A) = tan A. 
Otherwise thus: Cf. the figure of Art. 50. Let the revolving line, 
starting from OA, trace out any angle A in the first quadrant and let 
OP, be the position of the revolving line then, so that the ZAOP, is 
A. 

To obtain the angle (270° — A), let the revolving line start from OA 
and after turning through three right angles, i.e. into the position 
OB’, then turn back through an angle A into the position OP3, so 
that the ZAOP3 is (270° — A). 

Draw P,; M,; and P3M3 perpendicular to AOA’. 

By Luc. I. 26, the triangles P}OM, and OP3Mz3 are geometrically 
equal and we have 

OP, = OP; in magnitude and sign, 
OMs3 = P,M, in magnitude, but of opposite sign 
and P3M3 = OM. 


_ OM3 PLM, 


. cos (270° — A) OP; = op = sin A, and 
M: —P,M- 
cot (270° — A) = an 1) = tan A. a 
P3M3  —OM, 


§ Problem 5.1.39. 
cos A + sin (270° + A) — sin (270° — A) 


+ cos (180° + A) = 0. 0 
§§ Solution. 


sin (270° + A) = —cos A by §Problem 5.1.37 
sin (270° — A) = sin [180° + (90° — A)] 

= — sin (90° — A) = —cos A, 
and cos (180° + A) = —cos A, by Art. 73. 


Hence the given expression 
= cos A—cosA+cosA—cosA=0. a 


§ Problem 5.1.40. 
sec (270° — A) sec (90° — A) 


— tan (270° — A) tan(90° + A) +1=0. 9 
§§ Solution. 


sec (270° — A) = sec [180° + (90° — A)] 
= — sec (90° — A) = —cosec A 
sec (90° — A) = cosec A 
tan (270° — A) = tan [180° + (90° — A)] 
= tan (90° — A) = cot A 
tan (90° + A) = —cot A. 
Hence the given expression 
= —cosec? A ( cot” A) + 1 =—cosec? A+cosec? A= 0. a 
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§ Problem 5.1.41. 
cot A + tan (180° + A) + tan (90° + A) 


+ tan (360° — A) = 0. 


§§ Solution. 
The given expression 


= cot A+ tan A+ (—cot A) + (— tan A) =0. 


Chapter 


General Expressions for All 
Angles Having A Given 
Trigonometrical Ratio 


6.1 Generic Values 

What are the most general values of 9 which satisfy the equa- 
tions 

§ Problem 6.1.1. sind = 3 6 
§§ Solution. 


sin@ = Z = sin — 
2 6 
; @=nn+(-1)"= Z 
a Bi 
§ Problem 6.1.2. sind = si % 
§§ Solution. 
sin 0 v3 sin a= sin (- =) 
2 3 3 
n T nt 
“0=nr4+(-1) ( ) na —(—1)"F. . 
§ Problem 6.1.3. sind = ao 6 


1 T 
§§ Solution. sin@ = — =sin—-. 
J2 4 


2.0 = nn + (-1)” (4). rT 
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1 
§ Problem 6.1.4. cos@ = mer » 
§§ Solution. 
1 27 
cos 8 = ——= = cos — 
2 3 
27 
6=2n7r + —. | 
3 
§ Problem 6.1.5. cos 6 = es > 
§§ Solution. 
V3 fg 
cos? = — =cos— 
2 
.0= 2a t ae | 
6 
§ Problem 6.1.6. cos 6 = 7 6 
§§ Solution. 
0 1 37 
cos 8 = ——= = cos — 
V2 4 
6=2nr+ cu a 
4 
§ Problem 6.1.7. tan@ = V3. Oy 
§§ Solution. 
tanéd = V3 = tan 7 
Tv 
LO= =. |] 
nt + 3 
§ Problem 6.1.8. tan@ = —1. ) 
§§ Solution. 
37 
tan@ = —1 = tan — 
is 4 
TT 
6= —. | 
nt + d 
§ Problem 6.1.9. cot6=1. » 
§§ Solution. 
cot 9 = 1 = cot z 
4 
Tv 
20 -. : 
nt + Z 
§ Problem 6.1.10. sec@ = 2. ) 
§§ Solution. 
sec @ = 2 = sec a 
3 
78= 2nrt oe | 
3 
2 
§ Problem 6.1.11. cosec 6 = —. 0) 
V3 
§§ Solution. 
cosec 9 = ae = cosec — 
3 
O=nm+(-1)"2. . 
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§ Problem 6.1.12. sin? 6 = 1. 0) 
§§ Solution. 
sin? 9 = 1 = sin? 5 


Tv 
O=nrt —. 


2 
Notes : 6 = nx +a is the general solution of any one of the following 


equations: 
sin? 9 = sin? a 
cos? 6 = cos? a 
tan? 6 = tan? a 


cosec ? 0 = cosec? a 


sec? 0 = sec? a 


and 
cot? 6 = cot? a. a 
§ Problem 6.1.13. cos? 6 = ; 6 
§§ Solution. 
cos? 6 = : = cos” i 
4 3 
.O=nrt ua a 
3 
1 
§ Problem 6.1.14. tan? 6 = RE Oy 
§§ Solution. 
2 1 20 
tan =-=tan* — 
3 in 6 
.O6=nrt —-. | 
6 
§ Problem 6.1.15. 4sin? 6 = 3. 0) 
§§ Solution. 
sin? 6 = 2 = sin? & 
4 3 
.O0=nrt a | 
a 
§ Problem 6.1.16. 2 cot? 6 = cosec2 0. >) 


§§ Solution. 
2. cot? @ = cosec? 9 = 1+ cot? 6 


‘ wT 
“cot? @ = 1=cot? a 


6=nr+ a, a 
4 
4 
§ Problem 6.1.17. sec? 6 = 5 0) 
§§ Solution. 
2 4 25 
sec =>- => sec — 
a . 6 
0 = nr kb, a 
6 
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§ Problem 6.1.18. What is the most general value of 6 that satisfies 
both of the equations 


1 
cos 6 = ——~, and 
J2 
tand = 1. 0) 
§§ Solution. The only value of @ between 0° and 360° satisfying both 


so, d 7 a 
conditions is 225°, i.e. a 


, 5 
Hence the general value of 6 is 2nz + -_ | 


§ Problem 6.1.19. What is the most general value of 0 that satisfies 
both of the equations 
cot @ = —V3, and 
cosec 6 = —2. % 
§§ Solution. 6 must be either in the 4‘” quadrant or in the 1** neg- 


ative quadrant and its value is ae 


Hence the general value of 0 is 2na — rT 


1 1 
§ Problem 6.1.20. If cos(A— B) = a and sin(A+ B) = a find the 


smallest positive values of A and B and also their most general val- 
ues. ©) 


1 1 
§§ Solution. cos(A — B) = pre O08 . and sin(A + B) = a sin . 


give the smallest positive values of A and B. 


[Not A+ B= 7, A 1B>A B.| 


Hence, by addition, we have 2A = =, so that A = > = 105° 


and, by subtraction, we have 2B = 3 so that B = — = 45°. 
The general values are given by 
A-B=2nr+ : and 
A+B=mr+( in 
where m and n are any integers. 
Hence we have A= (n + oat us (-1)™ iu 
2 6 12 
and B (= n)r=a ( j@—. . 
2 6 12 


§ Problem 6.1.21. If tan(A—B) = 1, and sec(A+B) = oe find 


the smallest positive values of A and B and also their most general 
values. % 
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2 
§§ Solution. tan(A— B) =1= tan + and sec(A + B) = Aa = sec A 


Hence A— B =~ 
ae give the smallest positive values of A and B. 
andA+B= < Ga 


[Not A+ B=, VA+B>A-B,] 


2 2 13 
Hence, by addition, we have 2A = =, so that A = = = 187- 


; 19 19 Te 
and, by subtraction, we have 2B = at so that B = x, = Mes é 
The general values are given by 
A-B=mr+ - and 
A+B=2nr+ a 
where m and n are any integers. 
Hence we have A=(n+™)q4 ae 
2 8 12 
and B=(n n\n ee een : 
2 8 Le 


§ Problem 6.1.22. Find the angles between 0° and 360° which have 
respectively 


(1) their sines equal to uty 
(2) their cosines equal to -5) and 


1 
(3) their tangents equal to —. 
v3 6 
§§ Solution. (1) Ifsiné = ce) then 0 is in the first or second quad- 
rant and is equal to 60° or 120°. 


(2) If cos@ = — z then 6 is in second or third quadrant and is equal 
to 120° or 240°. 

(3) If tand = a then @ is in the first or third quadrant and is 
equal to 30° or 210°. a 


§ Problem 6.1.23. Taking into consideration only angles between 
0° and 180° how many values of x are there if 


(1) sinz = 


, 


(2) cosx = 


, 


of NI ot 


4 
3 =-—-x, 
(3) cosx = 
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2 
(4) tanz = qe and 


(5) 


cotz = —7? } 


8§ Solution. (1) Two values, supplementary. 


(2) 
(3) 
(4) 
(5) 


One value, between 0° and 90°. 
One value, between 90° and 180°. 
One value, acute. 


One value, obtuse. . 


§ Problem 6.1.24. Given the angle x construct the angle y if 


(1) 
(2) 


(3) 
(4) 


siny = 2sinaz, 


tany = 3tanz, 
1 

cosy = — cosa, 
e 2 


sec y = COSEC ZL. > 


§§ Solution. (1) Describe a semicircle APB on AB as diameter. 


(2) 


(3) 


(4) 


Make an angle 7PAB equal to x. Join BP. On the semicircle, 
take a point Q such that BQ is equal to 2- BP. Join AQ. We 
then have 


B 2-BP 
sin ZBAQ = oe Sane 2sin x. 


e : 4s . F 1 
Notes : This construction is impossible if sin xz > ou 


Draw a straight line AB the length of which is unity and erect 
a perpendicular BP equal in length to x. Join AP. Produce BP 
to Q so that BQ = 3- BP. Join AQ. We then have 


B 3-BP 
tan ZBAQ = “e age 3tan2z. 
. ZBAQ = y. 


Notes : This construction is always possible. 


Describe a semicircle APB on AB as diameter. Make an angle 
ZPAB equal to z. 


1 
On the semicircle, take a point Q such that AQ is equal to gk 
Join BP and BQ. We then have 


A 1 AP 
cos ZBAQ = a = 5 es = 5 Cone. 


Notes : This construction is always possible. 


In the right-angled triangle APOM (figure of Art. 23), let the 
angle 72POM = x. We then have 


sec ZOPM = = = cosec ZPOM = cosec a. 
PM 


“.ZOPM = y. 
Notes : y is obviously complement of «x. | 
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§ Problem 6.1.25. Show that the same angles are indicated by the 
two following formulae : 


(2n—1)5 + (-1)"5, and (6.1) 
Qn + 5 (6.2) 
n being any integer. 0) 
§§ Solution. 
If 6 = (2n 5 + (-1)"= 
then 6+ -=nr4 ( 1)"= 
2 3 
this is the solution of the equation 
sin (6 + «) = sin i 
2 3 
J/3 T 
“. cos @ = o = cos — 
the solution of which is 6 = 2n7 + = 


Otherwise thus : Putting n = 0, 1, 2, 3, ... in Eq. (6.1), we have 
the series of angles 


nx mw lla 137 
6° 6 6° 67 
Putting n = 0, 1, 2, 3, ... in Eq. (6.2), we have the series of angles 
a mw Iln 137 
6° 6 6° 67 
each value of n giving two angles. | 


§ Problem 6.1.26. Prove that the two formulae 


(2n + ;) mta, and (6.3) 
nm +(—-1)" (¢ wi a) (6.4) 

denote the same angles, n being any integer. 
Illustrate by a figure. 0) 


§§ Solution. From the formula (2n + 5) ata, we have, by putting 


n=0, 1, 2,... the series of angles 
5 9 
us Q, i Q, a Bye veers (6.5) 
2 2 


2 
From the second formula, we have the series of angles 


7 wT 7 T 
Qa, 7 ( a), 2m + a, 37 ( a) 
2 2 2 2 


These two series are clearly the same. 

As in the figure of Art. 50, let OA be the initial line and OA’ in the 
direction opposite to the initial line and OB the line bounding the 
first quadrant. 

Let OP and OQ be lines, respectively between OB and OA and 
between OB and OA’, such that 7POB = ZBOQ =a. 

Then, when the angle considered is one of those of Eq. (6.3), the 
bounding line is either in the position OP or in the position OQ. 
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For Eq. (6.4), firstly, let n be even and equal to 2m ; then the for- 
mula = 2m7+ 4 —aand the corresponding bounding line is therefore 


in the position OP. 
Secondly, let n be odd and equal to 2m +1; then the formula 


= (2m+1)r (¢ a) = 2mr-4 . +a and the corresponding bounding 


line is in the position OQ. Hence the proposition. rT 


§ Problem 6.1.27. If 0— a=nz + (—1)"8, prove that 
6=2mr7+at+ 6 
or else that 
0=(2m+1)r+a-—B 
where m and n are any integers. 0) 
§§ Solution. If n be even (= 2m, say) we have 
06-—a=2m7+6 
06=2mr+a+ 8 
If n be odd (= 2m+1, say) we have 
9d—a=(2m+4+1)r- 8B 
1 O0=(2m+1)r+a—-B. a 


§ Problem 6.1.28. If cosp@ + cosq@ = 0, prove that the different 


values of 6 form two arithmetical progressions in which the common 
20 20 
and 


differences are 
+4q p~q 


respectively. © 


§§ Solution. 
cos p@ + cos gd = 0 
.. cos pO = — cos q@ = cos (7 — g0) 
a po =2n7+ (« = q0) . 
Talking the upper sign, we have 
(p+ q)@ = (2n + 1)r 
Ao Ga). 
p+q 
By putting n = 0, 1, 2,... in succession, we have the series of angles 
wT 30 om 


pt+q p+q p+q 


; 2 
which are in A. P., with common difference ae 
Prd 


Taking the lower sign, we have 
(p ~~ g)@ = (2n—- 1)r 


2n—1 
7O0= Geet. 
p~q 
and we have the series of angles 
TT TT 37 


p~q p~rq ptq 
which are in A. P., with common difference 


prq 


§ Problem 6.1.29. Construct the angle whose sine is 5 


3 
+V5- 
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§§ Solution. Take a straight line AB of length 2a and draw AC per- 
pendicular to it of length a. 

Join BC, then BC is equal to aV/5. 

Produce AB to O, making BO equal to BC. 

On OA, describe a semicircle and in it draw AP, equal to 3a and 
meeting the semicircle in P. 

Join OP. The angle ZAPO, being an angle in a semicircle, is right 
angle. We then have 


Si DOA sa ae OE 8 
OA AB+BO- 2a+aV/5 245 
Hence ZAOP is the required angle. | 


6.2 Trigonometrical Equations 


Solve the equations 
§ Problem 6.2.1. cos? 4 — sind — ; =, 6 
§§ Solution. 


1 
cos” @ — sind — 7 =0 


--1—sin? 6 — sind 0 
4 
-. Asin? 6+ 4sing —3=0 
“. (2sin@ — 1) (2sin0 + 3) =0 
-.2sin0d-—1=0Oor 2sin0d+3=0. 
If 2sin@ — 1=0, then 


sin@ = a = sin a 
2 6 

@=nrt+ lg 

If 2sind + 3 = 0, then 
. 3 
sind = — 3° 

this value is inadmissible, since the sine of an angle cannot be nu- 
merically greater than unity. 7 
§ Problem 6.2.2. 2sin? 6 + 3cos6 = 0. © 


§§ Solution. 
2sin? 6+ 3cos@ =0 
mea cos” 0) + 3cos? =0 
“,2cos? 6 — 3cos0 —-2=0 
“. (2cos @ + 1) (cos @ — 2) =0 
“.2cos9+1=0, or cosd-—2=0. 
If 2cos6 + 1=0, then 


2 
cos @ = —— = cos 
: 3 
6=2nr+ any 
3 


If cos@ — 2 = 0, then 
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this value is inadmissible, since the cosine of an angle cannot be 
numerically greater than unity. rT 


§ Problem 6.2.3. 2\/3cos? 6 = sin@. >) 
§§ Solution. 
2V/3 cos? 6 = sin @ 


2V3 (1 — sin? 0) = sin@ 
~, 2V3sin? 6 + sind — 2V3 =0 
.. (28nd — V3) (v3sin + 2) =0 
-, 2sin dé — V3=0, or V3sin0 +2 =0. 
If 2sin@ — V3 = 0, then 


If /3sin@ + 2 = 0, then 


this value is inadmissible. r 


§ Problem 6.2.4. cos@ + cos? 6 = 1. ro) 
§§ Solution. 
cos 0 + cos? 9 = 1 
“, cos? 0+ cos —1=0 
1tVI44  -14V5 


“, cos @ = 


2 2 
—-V/5-—1 
The value — is inadmissible. 
A eg Se, | 
2 
§ Problem 6.2.5. 4cos@ — 3sec@ = 2tan@. ro) 


§§ Solution. 
4cos 0 — 3sec@ = 2tand 


in 0 
., 4c0s 0 — = yee 
cos 0 cos 0 
-. 4cos? 6 — 3 = 2sin0 (6.6) 


4(1-sin? 6) —3 = 2sin6 
-. Asin? @4+2sind -1=0 
—2+ /4+16 242/5  4V5-1 


v. sing = = 
8 8 4 
Taking the upper sign, we have 
. VO21 — ott 
sin@ = = sin — 
4 10 
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Taking the lower sign, we have 


-v5—1 VB+1_ ( sn 
sin? = = = sin 
4 4 10 
3 
6= — (-1)"—. 
nn — (-1) 0 


Otherwise thus : From Eq. (6.6), we have 
4cos? 6 — 3cos@ = 2sin@cos@ 
“. cos 30 = sin 20. 
For the solution of this equation, see § Problem 6.2.20. 
The result 6 = 2nx— = (giving cos @ = 0) in that problem is not a 


solution here, but is due to the factor cos 6 introduced. : 
1 
§ Problem 6.2.6. sin? @— 2cos@ + A =0. >) 
§§ Solution. 
yi 
sin? 6 — 2cos@ + i = 
-.1—cos? 6 — 2cos0 4 ri =0 
-.4cos? 6+ 8cos0—5 =0 
“. (2cos@ — 1) (2cos?+ 5) =0 
“.2cos?—1=0, or 2cos8é+5=0. 
If 2cos@ — 1=0, then 
1. 
cos @ = ~ = cos — 
2 
6=2nr+ Ze 
3 
If 2cos? +5 =0, then 
cos? = —-—; 
this value is inadmissible. 2 
§ Problem 6.2.7. tan? — (1+ V3) tand + V3 =0. 0) 
§§ Solution. 
tan? 6 — (1+ V3) tand + V3 =0 
“. (tan@ — 1) (tan@ - v3) =0 
-.tand=1 =tan* or tand = V3= tan 2 
6 ane eee / 
.O=nnr+—ornnt+ —. 
4 3 
1 
§ Problem 6.2.8. cot? 6+ (v3+ =) cot@+1=0. >) 


§§ Solution. 
lL. 
cot?0-+ (VE+ —) cota +1=0 
V3 
1 
- cot + = cot@+ V3) =0 
1 2 
cot 0 =~, = cot or cot = —V3 = cot ™ 


V3 


6 4 20 4 57 = 
0=nnr + — ornr+ —. 
3 6 
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§ Problem 6.2.9. cot 6 — abtan@ =a -— b. ) 
§§ Solution. 
cot 6 — abtanOd =a—b 


abtand=a—b 


“tan 
-abtan? 6 + (a — b)tan@—1=0 
“. (atan@ — 1) (btand +1) =0 
1 1 
v.tan@ = — or —-—. 7 
a b 
§ Problem 6.2.10. tan? 6 + cot? 6 = 2. ro) 
§§ Solution. 
tan? 6+ cot? 6 = 2 
1 
tan2 0 
-. tan* 9 — 2tan?6+1=0 


- tan? 6 +4 = 2 


tan@d = +1 
6=nr+ eet a 
4 
§ Problem 6.2.11. sec@ —1= (v2-1) tan 0. 6 


§§ Solution. 
secO—1= (v2- 1) tan@ 


“.sec@ — 1 = (V2 — 1) +/sec? 6-1 
*, (i) V/secO—1=0, i.e. secO = 1, t.e.0 = 2nr 
(i) /secO — 1 = (V2—-1) \/sec0 +1 

“.sec@ — 1 = (3- 2v2) (sec 6 + 1) 
£4 (V2 — 1) seco = V2 (v2 - 1) 


sec = V2, i.e. 0 =2n7+ 7 


and 


The value 6 = 2nz — “ is inadmissible ; it is introduced by the squar- 
ing and is the solution of the equation 
secO — 1 = — (V2—1) tand. La 
§ Problem 6.2.12. 3 (sec? 6 + tan? 0) = 5. > 
§§ Solution. 
3 (sec? 6 + tan? 6) =5 
es (1 + tan? @ + tan? 6) =5 


“. 6tan? @ = 2 
1 
tan? 6 = — 
tan@ = +— 
V3 
6=nr+ = 7 
6 
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§ Problem 6.2.13. cot 6+ tan@ = 2cosec 0. >) 
§§ Solution. 
cot 9 + tan@ = 2cosec 0 


i 1+ tan? 6 _ 2 


=— (6.7) 
tan@ sin 6 
“sec? 0 = 2sec0 (6.8) 
sec9 = 2 

70=2n7t = 
The value sec 0 = 0 from Eq. (6.8) is inadmissible ; the original equa- 
tion is also satisfied by the solution sin @ = 0, i.e. 0 = nz. : 
§ Problem 6.2.14. 4 cos? 6 + V3 = 2(V3+ 1) cosd. 0) 


§§ Solution. 
4cos?04+V3=2 (V3+ 1) cos @ 


ih 
“cos? 6 ( ) cose YB <9 


2 
1 T V3 Tw 
cos? = — = cos — or cos? = — =cos— 
2 3 2 6 
Tv Tv 
6 = 2na + — or 2nn+ —. a 
3 6 
§ Problem 6.2.15. 3sin? 6 — 2sin6 = 1. ) 
§§ Solution. 
3sin? 6 —2sin@=1 
“. (3sin@ + 1) (sin@d — 1) =0 
1 
in or sin@d=1. r 
1 
§ Problem 6.2.16. sin50 = —. © 
V2 
§§ Solution. 
50 1 Tw 
sin 50 = —= =sin — 
J2 4 
50 =n0 + (ayn 
NT Tv 
6= — -1)"—. a 
5 +(-1) 20 
§ Problem 6.2.17. sin96 = sin@. 4) 


§§ Solution. 
sin 90 = sind 
“90 = mn + (-1)™0. 
When m is even, (= 2n, say), 


90 = 2n7 +0 
¥, 80 = 2nr 
6a, 


4 
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When m is odd, (= 2n + 1, say), 
90 = (2n+1)r - 0 
“100 = (2n+1)r 


LOS (2n+ 1m a 
10 
§ Problem 6.2.18. sin306 = sin 20. >) 
§§ Solution. 
sin 30 = sin 20 
/, 30 = mn + (—1)"20. 
When m is even, (= 2n, Say), 
30 = 2n7 + 20 
“0 = nr. 
When ™m is odd, (= 2n + 1, say), 
30 = (2n + 1)r — 20 
“50 = (2n+4+1)r 
e= (2n + 1)n a 
5 
§ Problem 6.2.19. cosmé@ = cosné. ) 
§§ Solution. 
cos m@ = cosn0 
“.m6 = 2r6+n6, where r is any integer. 
Taking the upper sign, we have 
(m—n)0 = 2rr 
2rn 
20S : 
m-mn 
Taking the lower sign, we have 
(m+ n)O = 2rr 
= a : 
m+n 
§ Problem 6.2.20. sin 26 = cos30. >) 
§§ Solution. 
sin 20 = cos 30 
“, CoS 39 = cos (G - 26) 
Tv 
?,. 88 = 2n7 + (< = 20) é 
Taking the upper sign, we have 
Tv 
50 = 2 = 
nam + 3 
1\ 7 
ORD =). 
( ae 3) 5 
Taking the lower sign, we have 
6 = 2nr — ue r 
2 


§ Problem 6.2.21. cos50@ = cos 46. >) 
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§§ Solution. 
cos 50 = cos 40 


“60 = 2naw + 4e@. 
Taking the upper sign, we have 
0 = 2nz. 
Taking the lower sign, we have 
90 = 2n7 
2nt 
=o rT 
9 
§ Problem 6.2.22. cosmé@ = sinné. ro) 
§§ Solution. 
TT 
cosm0@ = sinn@ = cos ( n®) 
2 
vmeé = 2ra7t CG _ n®) , where r is any integer. 
Taking the upper sign, we have 
(m+n)é = (2r+ 5) T 
-0= (2r+3) & : 
2/ m+n 
Taking the lower sign, we have 
(m—n)é = (2r- 5)t 
6 = (2r-3) w 7 r 
2/m—-n 
§ Problem 6.2.23. cot 6 = tan80. >) 
§§ Solution. 
cot 6 = tan 80 
TT 
., tan 80 = tan (= - ) 
Tv 
80 = ne + e -6) 
90 = (n + 5) wT 
1\ 7 
0= aye 
(n + 5) 9 a 
§ Problem 6.2.24. cot 6 = tanné. ro) 


§§ Solution. 
cot 6 = tannd 


-. tanné = tan (= = 0) 


“nd = mn + (5 - @) , where m is any integer 
1 
ve (n+1)6= (m+ 5) T 


8 ( +5) w ‘ 
8 = lose : 
2/ n+1 


§ Problem 6.2.25. tan 26 = tan > 


80 
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§§ Solution. 
2 
tan 20 = tan — 
6 
2 
V,20= = 
nm + 0 
-, 26? —nrd —-2=0 
ga Mme vnen* +16 . 
wo Z : 
0) 


§ Problem 6.2.26. tan20@tan@ = 1. 
§§ Solution. 
tan 26 tan dé = 1 
6) 


/, tan 20 s cot 6 tan (2 
tan 0 2 
Tv 
20 = (4 -¢) 
nt + 5 
30 = (n+) 
=|{n = 
2 Tv 
(+3) § 
= 72, = ze 
2) 3 > 
0) 


§ Problem 6.2.27. tan? 30 = cot? a. 


§§ Solution. 
tan? 30 = cot? a 


-, tan? 30 = tan? (5 _ a) 
“38 =nro ( = a) 
2 


Qa ( +5) 
t-=(n +=, 
3 2/3 3 


TT 
“0=(2n+1)— 4 
(2n+1)2 


§ Problem 6.2.28. tan 36 = cot 6. 
§§ Solution. 
tan 30 = cot 
TT 
~, tan 30 = tan (5 _ @) 


§ Problem 6.2.29. tan? 30 = tan? a. 


§§ Solution. 
tan? 30 = tan? a 


“30=nrta 
GEE 4: 2 
3 3 


§ Problem 6.2.30. 3tan? 6 = 1. 
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§§ Solution. 
3tan?0=1 


.tan@é=+ 


§ Problem 6.2.31. tanmz + cotnz = 0. ) 


§§ Solution. 
tanmz + cotnxz = 0 


Tv 
.. tanmaz = —cotnzx = tan ( 3 + nar) 


mes rn+ (¢ + nx) , where r is any integer 
1 
o(m—n)x = (r+ ;) T 


Gres 
eS l(r+— - 1] 
2/m—-n 


§ Problem 6.2.32. tan (cot 0) = cot (7 tan@). ?) 
§§ Solution. 


tan (7 cot 8) = cot (7 tan @) 


, tan (7 cot 6) = tan (5 — tan @) 


* wcooté= nt +5 tT tan @ 
1 
pCO p LABE ste 


1 
ne + tand = 
tan @ = a 2 
“. 2tan? 6 — (2n +1) tand+2=0 
(2n+1)4+./Qn +1)? — 16 
4 


1 
= [an +14 V/4n? + 4n 15 2 


; 3 
Since 4n? + 4n — 15 = (2n — 3)(2n +5), we see that unless n > 5 or 


-.tan@ = 


5 : ; ‘ . 
< “pF 4n? + 4n — 15 will be negative and therefore tan @ imaginary. 
Hence in the above value, n is any integer except 1, 0, —1, —2. m 


§ Problem 6.2.33. sin(@— 4) = ; and cos(@ + ¢) = a 6 


§§ Solution. 
sin(@ — ¢) = 5 = sin = and cos(@+ ¢) = ae cos = 


Tv G TT : 
O-d=ntr + ( 1)" 5 ond d+ b= Ima z 7, 
where n and m are any integers. 
n Tv TT 
O= ( ) a ye gad 

mre )Tts + (-1) or 

n Tv Tv 
= of 1 eeu a 

? (m ol Reg a6 
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§ Problem 6.2.34. cos(2x + 3y) = ; and cos(3« + 2y) = es 6 


§§ Solution. 
1 
cos(2x + 3y) = os cos F and cos(3xz + 2y) = as = cos 


2a + 3y = 2nd7 a and 3x + 2y = 2mm + a 
where n and m are any integers 
20 T 
a+ 6y = 4n7 3 and 9x + 6y = 6ma + 5 
hence, by subtraction, 
T 20 
5a = (6m —4n)r + — F 
2 3 
il T 20 
\ 6m — 4n)r + = F ; 
5 2 3 
ue 
Similarly, [(6n tans “| : a 
5 3 
§ Problem 6.2.35. Find all the angles between 0° and 90° which 
satisfy the equation 
> 


sec” 0 cosec 2 6 + 2.cosec? @ = 8. 


§§ Solution. 
sec? 0 cosec 2 6 + 2cosec? 0 = 8 


es (1+ tan? 6) (1 + cot? 6) 2(1 + cot? 6) =8 
1+ tan? 6+ cot?0+14+2+2cot?0=8 
-. tan? 6+ 3cot26—-4=0 


—4=0 


“tan? + tan2 6 
.. tan* @— 4tan?6+3=0 
. (tan? 6-— 1) (tan 6 — 3) =0 
-. tan? @—1=0or tan?6—3=0 
-.tan@=+lor + V3. 
The required angles are therefore 45° and 60°. 


Otherwise thus : 
sec” 0 cosec 2 6 + 2cosec? 0 = 8 
1 2 


* gin? 0 cos? 6 z sin? 6 
*.1+2cos? 0 = 8sin? 0 cos? 6 = 8 (1 — cos? 6) cos? 6 = 8 cos? 6 — 8cos* @ 
8cos* 6 — 6cos?6+1=0 
A (4cos? 6 — 1) (2cos? 6 — 1) =0 
~. 4cos? 6 — 1 = 0 or 2cos?96—1=0 


=8 


1 ak 
“cos = or ; 
2 /2 
The required angles are therefore 45° and 60°. r 


§ Problem 6.2.36. If tan? 6 = 7 find versin@ and explain the double 


result. 0) 
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§§ Solution. 


5 
If tan? @ = = 
4 
5 9 
then sec?9=14+—=— 
4 4 
2 
“,cos@ = + -, and 
‘ 2 1 5 
versind =1—cosd=1F-=- =, 
3 3 3 
V5 
Since tan@é = + ae there are four angles, one in each quadrant ; 


those in the first and fourth quadrants give versin@d = and those 


in the second and third quadrants give versin# = >. a 


§ Problem 6.2.37. If the coversin of an angle be 7 find its cosine 
and cotangent. 0) 


§8§ Solution. If be the angle, we have 1—sin6 = . so that sin? = -. 


1 
-,cos@ = \/1—sin?@= 4/1 = = +5V5, and 


Chapter 


Trigonometrical Ratios of The 
Sum and Difference of Two Angles 


7.1 Addition and Subtraction Theorems 


§ Problem 7.1.1. If sina = 8 and cosB = a find the values of 


sin (a — B) and cos(a+ 8). Verify by a graph and accurate measure- 
ment. ©) 
§§ Solution. 


2 
/ 4 
cosa=vV/1 sin? a = 1 (=) 5" 
9\? 1600 40 
ina= Vimcot a= i (2) = = 8 
eau ges 41 1681 Al 


“. sin(a — B) = sinacos 8 — cosasin 8 
3 9 4 40 27-160 133 


5 41 5 41 205 205° 
Also, cos(a+ 8) = cosacos # — sinasin 8 
4 9 3 40 36 — 120 84 
= x x = = : a 
5 Al 5 41 205 205 


§ Problem 7.1.2. If sina = = and sinB = =, find the values of 
sin (a — 8) and sin (a + £). ?) 
§§ Solution. 


4 2 
cosa = 1—sin?a= 1 ( >) 
53 
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__ [ (53 +.45)(53 — 45) =/ 784 28 
(53)? 


(53)2—«53 
2 
and cosB = 1/1 amp = yf (=) 


= /& + 33)(65 — 33) _ ype _ 56 
(65)? (65)? «65 
45 56 28 33 


x x 
53° 6553 6D 
_ 28(90 — 33) _ 28x 3(30—11) _ 84x 19 1596 


53 x 65 53 X 65 53 X 65 3445" 
Also, sin(a + 8) = sinacos 6B + cosasin B 
_ 28(90+33) _ 84x41 3444 
53 x 65 53x65 3445- 


“. sin(a — B) = sinacos 8 — cosasin 8 = 


§ Problem 7.1.3. If sina = 2 and cos8 = = find the values of 


sin(a + 8), cos(a — B) and tan(a+ 8). Verify by a graph and accurate 
measurement. > 
§§ Solution. 


/ 15\? | 64 8 
ae Fay eae _ = 
cos @ 1—sin“a 1 (3) a7 17 


12\? 25 5 
and ing = /1—cost p= y/1- (=) = = 
a a ae B V G3 ~ 13 
15 8 15 


sina 


- tana = : 

cos a Life * eG 8 

snB 5 _ 12 5 

cos8 13° 13 12 

“. sin(a + B) = sinacos 8 + cosasin 8 

15 ” 12 8 v, 5 20(9 + 2) a 22) 
17 13 17 13 17 x 13 221 

cos(a@ — 3) = cosacos 6B + sinasin B 
8 12 15 5 3(32+25) 171 


x < 
17) 13-17 18 17 x 13 221 


and tan B= 


15 5 
t t "g ' 49 22 
tan(a + 8) = SUCRE: = ~ 12 = a 
1—tanatan@ ja ee 21 7 
8 12 
Prove that 


§ Problem 7.1.4. 

cos (45° — A) cos (45° — B) — sin (45° — A) sin (45° — B) 

= sin(A + B). 0 

§§ Solution. 

cos (45° — A) cos (45° — B) — sin (45° — A) sin (45° — B) 
cos [(45° — A) + (45° — B)] 
= cos [90° — (A + B)] 
sin(A + B), by Art. 69. a 


7.1. Addition and Subtraction Theorems 87 


§ Problem 7.1.5. 
sin (45° + A) cos (45° — B) + cos (45° + A) sin (45° — B) 
=cos(A—B). 0 
§§ Solution. 
sin (45° + A) cos (45° — B) + cos (45° + A) sin (45° — B) 
= sin [(45° + A) + (45° — B)] 
= sin [90° + (A — B)] 
= cos(A — B), by Art. 70. a 


sin(A—B) | sin(B—C) | sin(C — A) 


Problem 7.1.6. t =0. 
: cosAcosB  cosBcosC’  cosCcosA ° 
§§ Solution. 
sin(A—B) _ sinAcosB—cosAsinB _ oe ae 
cos A cos B cos A cos B 
sin(B—C) — sinBcosC — cos BsinC 
— = tan B-—tanC 
cos BcosC cos BcosC 
sin(C—A) — sinCcosA—cosCsinA 
— =tanC —tanA 
cos C'cos A cos C'cos A 
_sin(A—B) sin(B—C) | sin(C — A) 


+ + =0. tt 
“cosAcosB  cosBcosC  cosCcosA 


§ Problem 7.1.7. sin 105° + cos 105° = cos 45°. r) 
§§ Solution. 
sin 105° + cos 105° = sin (180° — 105°) — cos (180° — 105°) 
= sin 75° — cos 75° = sin 75° — sin (90° — 75°) 
= sin 75° — sin 15° = 2cos 45° sin 30° [Art. 94.] 


1 
= 2cos45° x me cos 45°. 


Otherwise thus : 
sin 105° + cos 105° = sin 75° — cos 75° 


_v3t+1_ v3-1 
2/2 2/2 
2 1 P 
= 8} = Va = cos 45°. Py] 
§ Problem 7.1.8. sin 75° — sin 15° = cos 105° + cos 15°. 0) 


§§ Solution. 
sin 75° — sin 15° = cos (90° — 75°) + cos (90° + 15°), by Arts. 69 and 70 
= cos 15° + cos 105°. a 


§ Problem 7.1.9. cos acos(y — a) — sinasin(y — a) = cosy. ?) 
§§ Solution. 
cos a cos(7 — a) — sina sin(y — a) 
= cos [a+ (7 — a)] = cosy. a 


§ Problem 7.1.10. cos(a + 3) cos y—cos(6 + 7) cosa = sin B sin(y — a). 
% 


§§ Solution. 
cos(@ + 3) cosy — cos(8 + 7) cosa 
= (cos acos § — sinasin 8) cosy 
— (cos B cosy — sin 8 sin y) cos a 


= sin 8 (siny cosa — cosysina) = sinfSsin(y—a). 
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§ Problem 7.1.11. sin(n + 1)Asin(n — 1)A+cos(n + 1)Acos(n — 1)A = 
cos 2A. © 
§§ Solution. 
sin(n + 1)Asin(n — 1)A + cos(n + 1)Acos(n — 1)A 
= cos [(n + 1)A — (n— 1)A] = cos 2A. . 


§ Problem 7.1.12. sin(n + 1)Asin(n + 2)A+cos(n + 1)Acos(n + 2)A = 
cos A. > 
§§ Solution. 
sin(n + 1)Asin(n + 2)A + cos(n + 1)Acos(n + 2)A 
= cos [(n + 1)A— (n+ 2)A] 
= cos(—A) =cosA, by Art. 68. . 


7.2 Product Formulae 


Prove that 
sin 70 — sin 50 


§ Problem 7.2.1. —___W— = tan90. » 
cos 70 + cos 58 
§§ Solution. 
1 eked 
sin 70 —sin50 _ 2.cos ae + 56) sin 5 (70 — 50) 
1 1 
cos 78 + cos 50 2cos 5 (70 + 56) cos 5 (76 — 58) 
sin 0 
= = tand 7 
cos 0 
6 — 40 
§ Problen7)2;2, (PO = eg, 6 


sin60+sin40 _ 
§§ Solution. 


mae eee 
cos 60 — cos40 —2sin mid + 46) sin 5 (68 — 46) 


i i 1 1 
pe ea a TT 5 (60 + 48) cos = (64 — 40) 
= ee =-—tand. a 
cos 0 
inA+sin3A 
§ Problem 7.2.3. “2478034 _jonoa. 6 
cos A+ cos3A 
§§ Solution. 
All 1 
sinA+sin3A _ 2sin mee + 3A) cos a 3A) 
1 1 
cost eassal * tacos rs (A+ 3A) cos 5 (A — 3A) 
= sin2A aren = 
cos 2A 
in7A—sin A 
§ Problem 7.2.4. See = cos4Asec5A. >) 


sin8A — sin2A 
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§§ Solution. 
1 1 
2.cos (7A + A) sin 5 (7A — A) 


sin 7A — sin A = 
. = . 1 1 
pen Sel BI 2 2.cos im (8A + 2A) sin 7 (8A — 2A) 
___ cos 4Asin3A - 4A 1 
~ cos5Asin3A _ oe cos5A 
= cos4Asec5A. 
cos 2B + cos2A _ 


§ Problem 7.2.5. 


§§ Solution. 
cos2B+cos2A _ cos2A+cos2B 


cos2B—cos2A  cos2B—cos2A 
1 1 
2cos gee + 2B) cos aoe — 2B) 


a eee cot(A + B)cot(A — B). 


2sin 502A + 2B) sin 524 — 2B) 
__ cos(A + B)cos(A — B) 

sin(A + B)sin(A — B) 
= cot(A + B) cot(A — B). 


sin2A+sin2B _ tan(A+ B) 


Problem 7.2.6. : 
: sin2A—sin2B  tan(A— B) 


§§ Solution. 


id 1 
sin2A +sin2B _ 2sin Pas + 2B) cos mee 2B) 
i — si 1 1 
Se BIB 2B 8 eo 5 (24 + 2B) sin 5(2A — 2B) 
_ sin(A + B)cos(A — B) 
cos(A + B)sin(A — B) 
_ tan(A + B) 
~ tan(A— B)’ 
inA+sin2A 
§ Problem 7.2.7. —— nese = cot —. 
cos A — cos2A 2 
§§ Solution. 
Sali 1 
sinA+sin2A _ en 2A) cos 5(A 2A) 


= 1 1 
Copa cOg ei” aici 5 (2A + A) sin —(2A — A) 


= cot —. 
2 


sin5A—sin3A _ 


—____——_ = tanA. 
cos3A + cos5A 


§ Problem 7.2.8. 
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§§ Solution. 
1 14 
sin5A—sin3A _ 2.cos 5 (5A + 3A) sin 5 (5A — 3A) 
I 1 
aCe 2.cos 5 (3A + 5A) cos ; (3A — 5A) 
_  sinA cee A 
cos(—A) cosA sake . 
cos 2B —cos2A 
Probl 7.2.9. = tan(A— B). 
s Problent sin2B+sin2A a ) ° 
§§ Solution. 
ped . ol 
cos2B —cos2A _ 2sin a0 + 2B) sin ga — 2B) 
amg pened oth 5024 + 2B) cos 524 — 2B) 
<SSnee el 2 tan(A — B). Pl 
cos(A — B) 
§ Problem 7.2.10. 
cos(A + B) +sin(A — B) = 2sin (45° + A) 
cos (45° + B). 0 


§§ Solution. 


cos(A + B) + sin(A — B) = sin [90° + 


= 2sin 


(A+ B)]+sin(A — B), by Art. 70 


(90° + A+B+A-—B) 


1 
2 


1 
we Aa ea) 


= 2sin (45° + A) cos (45° + B). 


§ Problem 7.2.11. 
cos3A —cosA ; 


cos 2A — cos4A 


sin3A —sinA 


= cos 2A cos 3A" 


§§ Solution. 
cos3A —cosA 


sin3.A — sin A 
1 
—2sin —(3A 
2 


cos 2A — cos4A 
sin4A — sin2A 


Aisin 534 _ A) 


' sin4A — sin2A 


sin A 


1 1 
2sin s (4A + 2A) sin 5 (4A — 2A) 


1 
2 cos 5 (3A 
sin 2A 


Aysa 5(34 A) 


2cos s(t + 2A) sin 5(tA — 2A) 


sin3A _ sin3Acos2A —cos3Asin2A 


cos2A  cos3A 
_ sin(3A—2A) _ 


cos 2A cos 3A 
§ Problem 7.2.12. 


sin A 
cos 2A cos 3A" 
sin(4A — 2B) 4 


cos 2A cos 3A 


+ sin(4B — 2A) 


= tan(A+ B). 


cos(4A — 2B) 4 
§§ Solution. 


+ cos(4B — 2A) 


sin(4A — 2B) 4 


+ sin(4B — 2A) 


cos(4A — 2B) 4 


+ cos(4B — 2A) 


1 
2sin —(4A 


2B + 4B — 2A) cos —(4A — 2B —4B 424A) 


Rb 


2cos —(4A 


2 


1 
2 
1 

2B + 4B — 2A) cos =(4A — 2B — 4B + 2A) 
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_ sin(A+ B) 

cos(A + B) 
tan 50 + tan 30 
tan 50 — tan 30 


=tan(A + B). rT] 


§ Problem 7.2.13. = 4cos 20 cos 46. ) 


§§ Solution. 
sin 50 sin 30 
tan5é + tan30 — ¢os56 a cos 30 
tan 50 — tan 30 sind? ~~ sin30 


cos50 -cos30 
sin 56 cos 36 + cos 56 sin 30 


sin 50 cos 30 — cos 56 sin 30 
sin(50+30) _ sin80 
sin(50 — 30) ~—- sin 20 
_ 2sin 46 cos 40 _ 4sin 26 cos 20 cos 40 
sin 20 sin 20 
= 4cos 20 cos 46. 


cos 30 + 2cos 50 + cos 70 
cos 8 + 2cos 30 + cos 50 


= cos 20—sin20tan30. 


§ Problem 7.2.14. 


§§ Solution. 
cos 30 + 2cos50+cos70 _ (cos 7@ + cos 30) + 2. cos 50 


cos 6 + 2 cos 30 + cos 58 (cos 56 + cos 0) + 2 cos 30 
1 1 
2. cos 5 (70 + 36) cos ane — 30) + 2cos 50 


1 I 
2.cos 5 (58 + 8) cos rams 0) + 2cos 30 
__ 2cos 56 cos 20 + 2cos 50 


2 cos 30 cos 20 + 2. cos 30 
_ 2cos50(cos20+1) _ cos5@ _ cos(30 + 20) 


2cos 30 (cos20+1)  cos30 cos 30 
__ cos 3@ cos 26 — sin 36 sin 20 
cos 30 
= cos 20 — sin 26 tan 30. a 
inA+sin3A+sin5A +sin7A 
Ss Problenic7. 215; 22 St TOE edd 6 
cos A+ cos3A + cos5A +cos7A 
§§ Solution. 
sinA+sin3A+sin5A+sin7A 
cos A+ cos3A+cos5A+cos7A 
1 I 1 a 
2 sin 5 (A + 3A) cos 5 (A — 3A) + 2sin 5 (5A + 7A) cos 5 (5A — 7A) 
a 1 1 1 1 
2cos 5 (A + 3A) cos 5 (A — 3A) + 2cos 5 (5A + 7A) cos 5 (5A — 7A) 
_ 2sin 2A cos(—A) + 2sin6A cos(—A) 
2.cos 2A cos(—A) + 2.cos 6A cos(—A) 
_ sin2A+sin6A 
~ cos2A +cos6A 
aoe ab Lt 
2sin 5 (2A + 6A) cos 5 (2A-6A) nag 
— i 7 = A = tan4A. 
2 cos 5 (2A + 6A) cos 5 (2A—6A) °° e a 
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§ Problem 7.2.16, “22 +9) —2sind Fsin@~ 0) _ tang, 6 
cos(0 + @) — 2cos@ + cos(6 — ¢) 
§§ Solution. 
sin(@ + ¢) — 2sin 6 + sin(@ — ¢) 
cos(@ + ¢) — 2cos@ + cos(6 — ¢) 
_ sin(@+ ¢) + sin(@ — ¢) — 2sin@ 
cos(@ + ¢) + cos(@ — ¢) — 2cos@ 


2sin = ((0 +4) + (0 —d)]cos 5 [(0+ 4) - (0 ~ 4)] ~ 2sind 


RID 


20s 5 [(0 +) + (0 — d)]cos 5 (0+ 4) — (0 - 6)] ~ 2080 


2sin @cos ¢ — 2sin 


2 
0 


2cos 8 cos ¢ — 2cosé 


2sin@(cos¢—1) _ 


sin @ 


2cos 6 (cos ¢ — 1) 


snA+2sin3A+sin5A _ sin3A 


tan 6. 
cos 0 ” 


§ Problem 7.2.17. 
§§ Solution. 


sinA+2sin3A+sin5A _ 


sin3A+2sin5A+sin7A sin5A- 


sin A+ sin5A + 2sin3A 


sin3A + 2sin5A+sin7A 


sin3A+sin7A+2sin5A 
it 1 
2sin at + 5A) cos 54 —5A)+2sin3A 


1 1 
2sin aoe + 7A) cos 5 (3A — 7A) + 2sin5A 
2sin 3A cos(—2A) + 2sin3A 


2sin 5Acos(—2A) + 2sin5A 
2sin3A(cos2A+1)  sin3A 


~ 28in5A (cos 2A + 1) ~ sin5A’ ™ 
§ Problenn7 26, AO ee ee) ce 
sin(B—C)+2sinB+sin(B+C)  sinB 
§§ Solution. 
sin(A — C) + 2sin A+ sin(A+ C) 
sin(B — C) + 2sinB+sin(B+C) 
_ sin(A—C)+sin(A+C) +2sin A 
sin(B — C)+sin(B+C)+2sinB 
2sin 5 [((A—C) + (A+) cos 5 ((A C)—(A+O)] 4 2sinA 
2sin ; [((B-—C)+(B+C)| cos ; [((B-C)-(B+C)]+2sinB 
_ 2sinAcos(—C)+2sinA — 2sinA(cosC+1) _ sinA 
2sinBceos(—C)+2sinB  2sinB(cosC +1) sinB’ ™ 
in A—sin5A+sin9A — sin13A 
§ Problem 7.2.19, 224 — 8004 #sin94— sin t34 ot. 0 


cos A 
§§ Solution. 


cos5A — cos9A + cos13A 


sin A — sin5A+sin9A — sinl3A 


cos A — cos5A — cos9A + cos13A 
(sin A — sin 5.A) + (sin9A — sin 13A) 


7 (cos A — cos5A) — (cos 


9A — cos 13A) 
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1 1 1 il 
2 cos 5 (A+ 5A) sin 3fA — 5A) +2cos 3 (9A + 13A) sin 3 (9A — 13A) 

~ 1 1 I I 
2sin i (A+ 5A) sin 5 (5A — A) — 2sin ; (9A + 13A) sin 5 (13.4 — 9A) 


2 cos 3A sin(—2A) + 2cos 11Asin(—2A) 


2sin3Asin2A — 2sin11Asin2A 


—2cos3Asin2A — 2cos 


1Asin2A _ cos1l1A+cos3A 


2sin3Asin2A — 2sin1 


1 
2.cos 5 le 4 


1 
+ 3.4) cos = 
2 


Asin2A sin11A — sin3A 


114A — 3A) 


1 
2 cos 


1 

(114 
2 
cos4A 
sin4dA 


§ Problem 7.2.20. 


3A) sin 
2 


= cot4A. 


sin A 4 


+ sin B 


11A — 3A) 


sin A — sin B 


§§ Solution. 


snA+sinB _ 


. A-B 
2sin 


sin A — sin B 


§ Problem 7.2.21. 


cosA+cosB _ 


2 
A= 


A+B B 


2co sin 
2 

A-—B 
a 


Ss 


A+B 
= tan = cot 


A+B A-B 
c ; 


cot ot 


cos B—cosA 


§§ Solution. 


cosA+cosB _ 


2 2 


2cos 


cos B — cosA 


sin A 4 


+ sin B 


2sin 
A+B 
c 
2 


= cot 


§ Problem 7.2.22. 
§§ Solution. 


cos A 4 


sin A 4 


z 2sin 
+ sin B 


+ cos B 


A+B 
a4 


an 


A+B 


cos A 4 


§ Problem 7.2.23. 


+ cos B 


sin A — sin B 


2 cos 


sin 


cos B—cosA 


§§ Solution. 


A+B 


e : 2 cos 
sin A —sinB 


A+B 


cos B—cosA : 
2sin 
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§ Problem 7.2.24. 


cos(A+ B+C)+cos(-A+ B+C)+cos(A— B+C)+cos(A+B-C) 
sin(A+B+C)+sin(—A+B+C)-—sin(A—B+C)+4+sin(A+ B-C) 
= cot B. 


§§ Solution. 
The numerator of the expression 


=2c0s 5 (A+ B+C) +( A+B+C)| 


x cos 5 [(A+B Va (Ass eo) 
+ 20s 5 [(A B4+C)+(A+B-C) 
x cos [(A-B+C)-(A+B-O)] 


= 2cos(B + C) cos A + 2cos Acos(C — B) 
= 2cos A [cos(B + C) + cos(C — B)| 
= 2cos A-2cosC cos B. 

The denominator 


=2sin 5 (A+B C)+(-A+B+4+C) 


x cos 5 (A+ B+C) (-A+B+C)| 
{sin(A — B+C) —sin(A+ B-—C)} 
=2sin 5 (A+B C)+(-A+B+C)| 


X cos 


5 (AtB+0) (-A+B+O)] 
{2cos 5 (A B4+C)+(A+B-O) 


me 
xsin 5 [(A B+C)-(A+B oy} 


= 2sin(B + C) cos A — 2cos Asin(C — B) 
= 2cos A [sin(B + C) + sin(B — C)] 

= 2cosA-sin BcosC. 

4cosAcosBcosC _ 


Hence the expression = - cot B. a 
4cos Asin B cos C 
§ Problem 7.2.25. 
cos3A +cos5A+cos7A +cos15A 
= 4cos4Acos5Acos6A. ) 


§§ Solution. 
cos3A +cos5A+cos7A +cos15A 


a 1 1 1 
= 2cos 5 (3A + 5A) cos 5 (3A — 5A) + 2cos 5 (7A + 15A) cos ree — 15A) 
= 2cos4Acos(—A) + 2cos11A cos(—4A) 
= 2cos4A (cos A + cos 11A) 


1 1 
= 2cos4A - 2cos ria 11A) cos Le 11A) 


= 2cos4A - 2cos6Acos(—5A) 
= 4cos4Acos5A cos6A. a 
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§ Problem 7.2.26. 
cos(-A + B+C)+cos(A-— B+C) 


+ cos(A+ B-—C)+cos(A+ B+C) 
=4cos Acos BcosC. % 
§§ Solution. 

The expression 


= 2eos 5 I A+B4C)+(A-B+O) 


x cos 5 [ A+B4+C)-(A-B+O)] 


2eos 5 [(A | B—C)+(A+B+O)] 


x cos 5 ((A + B—C)-(A+B+O) 


= 2cosC'cos(B — A) + 2cos(A + B) cos(—C) 

= 2cosC [cos(A — B) + cos(A + B)} 

= 2cosC'- 2cos A -cos(—B) 

= 4cos Acos BcosC. a 


§ Problem 7.2.27. 
sin 50° — sin 70° + sin 10° = 0. 0) 


§§ Solution. 


sin 50° — sin 70° + sin 10° = 2cos (50° — 70°) + sin 10° 


Ak 1 
(50° + 70°) sin 

2 2 

= —2cos 60° sin 10° + sin 10° 


1 
= —sin10° + sin10° =0. -. cos60° = — 


Otherwise thus : 


sin 50° + sin 10° — sin 70° = 2sin 


1 1 
Fs (50° + 10°) cos 5 (50° — 10°) — sin 70° 
= 2sin 30° cos 20° — sin 70° 
1 
= cos 20° — cos (90° — 70°), *.: sin 30° = 5 


= cos 20° — cos 20° = 0. 
Otherwise thus : ; 7 
sin 10° — sin 70° + sin 50° = 2cos ; (10° + 70°) sin 5 (10° — 70°) + sin 50° 


= —2cos 40° sin 30° 4+ sin 50° 
= — cos 40° + cos (90° — 50°) 
= — cos 40° + cos 40° = 0. a 


§ Problem 7.2.28. sin 10° +sin 20° +sin 40° + sin 50° = sin 70° +sin 80°. 
0) 


§§ Solution. 


1 1 
sin 10° + sin 50° = 2sin 5 (10° + 50°) cos 5 (10° — 50°) 
= 2sin 30° cos(—20°) = cos 20° 
1 1 
sin 20° + sin 40° = 2sin . (20° + 40°) cos = (20° — 40°) 


2 
= 2sin 30° cos(—10°) = cos 10° 
and cos 20° + cos 10° = sin (90° — 20°) + cos (90° — 10°) 
= sin 70° + sin 80°. a 
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§ Problem 7.2.29. 
sina +sin2qa + sin 4a + sin5a@ 
a 3a. 
= 4cos a cos ee sin 3a. 
§§ Solution. 


sina + sin 2a + sin 4a + sin 5a 


a 
cos + 2sin cos 
2 2 
_ 38a _ 9a 

sin 5 + sin 


; 3a 
- 2sin 3a cos ae 


| | 
iw) i) 
jog a, 
9 5 


ll 
wo 
ty 
fe) 
Dn 


ll 

we 

fe) 

} 

n 
NWI QNIR2 wWI/Q w Ss 


3 
cos > sin 3a. 


Simplify 


§ Problem 7.2.30. cos {6 + (n S >) of — cos {6 + (n+ >) oh. 


2 
§§ Solution. The expression 


1 3 
= 2sin — |0 = 
sin [0+ (+5) 0 


. 
x sin 5 [o (n+5)o { 


= 2sin (0 + nd) sin *6. 


(= (0-2)s} 
re (o-3)s} 


§ Problem 7.2.31. sin {0 + (n _ >) of + sin {0 + (n+ ;) oh. 


§§ Solution. The expression 


= 2sin 5 lo+(n-3) 6 


x cos 5 [4 (n 5) ¢ 


= 2sin (0 + nd) cos (- *) 


{e+ (+5) 4} 


= 2sin (0 + nd) cos e 


7.3 Converse Formulae 


Express as a sum or difference the following : 
§ Problem 7.3.1. 2sin56sin 70. 
§§ Solution. 
2sin 50 sin 70 = cos(50 — 70) — cos(56 + 76) 
= cos(—20) — cos 126 
= cos 20 — cos 120, by Art. 68. 


§ Problem 7.3.2. 2cos76sin 50. 
§§ Solution. 
2cos 76 sin 56 = sin(70 + 50) — sin(70 — 56) 
= sin 126 — sin 20. 


Oo 
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§ Problem 7.3.3. 2cos116 cos 36. 
§§ Solution. 
2. cos 110 cos 30 = cos(116 + 30) + cos(110 — 30) 
= cos 140 + cos 86. 


§ Problem 7.3.4. 2sin 54° sin 66°. 
§§ Solution. 
2sin 54° sin 66° = cos (54° — 66°) — cos (54° + 66°) 
= cos (—12°) — cos 120° = cos 12° — cos 120°. 
Prove that 
6 6 é 110 
§ Problem 7.3.5. sin . sin + sin ; sin aa sin 20 sin 50. 
§§ Solution. 


6 70 30 116 
sin — sin + sin sin 
2 2 2 

1 ( 6 «70 ) ( 6 70 ) 

= cos Os } 
2 2 2 2 2 
1 (F =) (F =)| 

t cos OS t 
2 2 2 2 2 
1 

= [cos(—36) — cos 40 + cos(—40) — cos 76] 
1 

=5 (cos 30 — cos 40 + cos 46 — cos 70) 
1 

sac (cos 36 — cos 70) 
at . 70430 . 70-30 

= — X 2sin sin 
2 2 

= sin 50 sin 20. 


6 6 6 
§ Problem 7.3.6. cos 20 cos ae cos 36 cos 5 = sin 50sin ~. 
§§ Solution. 


6 6 
cos 20 cos a cos 38 cos a 


=- [cos (20 | 5) + COS (20 >) 
2 u 2 
90 90 
= 304+ — 30 — — 
[cos ( +5) +08 >) 
1 50 30 150 ( >) 
= cos + COS cos cos 
2 2 2 2 2 
1 ( 50 30 150 =) 
cos + cos cos cos 
2 2 2 2 2 
1 ( 50 —*) 
= cos cos 
2 2 2 
1 , 1564560 . 150-50 
= 5 2sin sin 1 


6 
= sin 50 sin oe, 
2 


§ Problem 7.3.7. 
sin Asin(A + 2B) — sin Bsin(B + 2A) 
= sin(A — B) sin(A + B). 
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§§ Solution. 
sin Asin(A + 2B) — sin Bsin(B + 2A) 


= ; [cos(A — A — 2B) — cos(A+ A+ 2B)]| 


1 
; [cos(B — B — 2A) — cos(B + B+ 2A)] 
1 
ts [cos(—2B) — cos 2(A + B) — cos(—2A) — cos 2(B + A)]| 
1 1 2A+2B 2A—2B 
= — (cos 2B — cos2A) x 2sin ss sin 
2 2 2 2 


= sin(A + B) sin(A — B). 
Otherwise thus : 


sin Asin(A + 2B) = sin Asin [(A + B) + B] 
= sin A [sin(A + B) cos B + cos(A + B) sin B] 
sin Bsin(B + 2A) = sin Bsin[(B + A) + A] 
= sin B [sin(B + A) cos A + cos(B + A) sin A] 
.. sin Asin(A + 2B) — sin Bsin(B + 2A) 
= sin(A + B) (sin Acos B — cos Asin B) 
= sin(A + B) sin(A — B). a 


§ Problem 7.3.8. (sin3A + sin A) sin A+ (cos3A — cos A)cosA=0. 0 
§§ Solution. 
(sin 3A + sin A) sin A + (cos3A — cos A) cos A 


A+A A-A 
= (2 sin ae cos z ) sin A 
A A A-—3A 
t (2sin ae sin = ) cos A 
= 2sin2Acos Asin A — 2sin2Asin Acos A = 0. a 
§ Problem 7.3.9. 2sin(A —C)cosC —sin(A—2C) _ sinA 0 


2sin(B —C)cosC —sin(B—2C)  sinB’ 
§§ Solution. 
2sin(A — C) cosC — sin(A — 2C) 
2sin(B — C) cosC — sin(B — 2C) 
_ sin(A—C+C)+sin(A — C — C) — sin(A — 2C) 
sin(B — C+ C) +sin(B — C — C) — sin(B — 2C) 
sin A + sin(A — 2C) —sin(A-—2C) | sinA 


sin B +sin(B—2C)—sin(B-—2C)  sinB’ 
§ Problem 7.3.10. 
sin Asin2A + sin3Asin6A +sin4Asin13A 


sin Acos2A + sin3Acos6A + sin4A cos 13A 
= tan9A. 0) 
§§ Solution. The expression 


1 1 1 
5 (cos A — cos 3A) 4 5 (cos 3A — cos9A) + 5 (cos 9.A — cos 17A) 


1 1 1 
5 (sin 3A — sin A) 4 5 (sin 9A — sin3A) 4 5 (sin 17A — sin 9A) 
_ cosA—cos17A _ 2sin9Asin8A 
sinl17A —sin A 2cos9Asin8A 


= tan9A. i 


7.3. Converse Formulae 


§ Problem 7.3.11. 
cos 2A cos 3A — cos2Acos7A + cos Acos10A 


sin4Asin3A —sin2Asin5A+sin4Asin7A 
= cot6A cot 5A. 
§§ Solution. The expression 


A 1 1 
5 (cos A + cos 5A) 5 (cos 5.A + cos9A) + A (cos 9.A + cos 11A) 


1 1 1 
5 (cos .A — cos 7A) 5 (cos 3A — cos 7A) (cos 3.A — cos 11A) 


2 
_ cosA+cosllA _ 2cos6Acos5A 


cos A — cos11A 2sin6Asin5A 
= cot6A cot 5A. 


§ Problem 7.3.12. 
cos (36° — A) cos (36° + A) + cos (54° + A) cos (54° — A) 
= cos 2A. 
§§ Solution. We have 
cos (36° — A) = sin [90° — (36° — A)] = sin (54° + A) 
and cos (36° + A) = sin [90° — (36° + A)] = sin (54° — A). 
Hence the expression 
= sin (54° + A) sin (54° — A) + cos (54° + A) cos (54° — A) 
= cos [(54° + A) — (54° — A)] = cos2A. 


§ Problem 7.3.13. 
cos Asin(B — C) + cos B sin(C — A) 
+cosC sin(A — B) = 0. 


§§ Solution. The expression 
aye inca B-—C)-sin(A-—B+C)| 


[sin(B + C — A) —sin(B —- C+ A)] 


[sin(C + A— B)-—sin(C— A+ B)] =0. 


oR el) 


§ Problem 7.3.14. sin (45° + A) sin (45° — A) = 500 2A. 
§§ Solution. sin (45° + A) sin (45° — A) 
; [cos (45° + A — 45° + A) — cos (45° + A+ 45° — A)] 


1 1 
=o5 (cos 2A — cos 90°) = 5 cos 2A -,.cos90° = 0. 


§ Problem 7.3.15. versin(A+ B)versin(A—B) = (cos A — cos B)?. 
§§ Solution. 
versin(A + B)versin(A — B) 
= [1 — cos(A + B)] [1 — cos(A — B)} 
= 1- [cos(A + B) + cos(A — B)] + cos(A + B) cos(A — B) 
= 1-—2cos Acos B + cos? A — sin? B[Ex. 2, Art. 93] 
1 —2cos Acos B + cos? A — (1 — cos? B) 


cos? A — 2cos Acos B + cos? B = (cos A — cos B)? . 
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§ Problem 7.3.16. 
sin (6 — y) cos (a — 6) + sin (y — a) cos (6 — 6) 
+ sin (a — 8B) cos (y— 6) = 0. 0 


§§ Solution. The expression 
= Siena y+a—6)+sin(8-y—a+t+5)| 


[sin(y -a+8—64)+sin(y-—a-—6+5)| 


[sin (a — 8 +y—6) +sin(a— B-—7+9)] 


=5 ene y+a—6)+sin(8-y—-—a+6) 


+sin(y-—a+6-—6)—sin(-y+a+ 6-6) 
sin(—a+6-—7+6)—sin(-a+6+~7-—54)] by Art. 68 


=0. LI 
9 3 5 
§ Problem 7.3.17. 2cos = cos 2 + COS a + COs v= 0. r) 
13 13 13 13 
§§ Solution. 
T 9 T 37 5a 
2 cos cos + COs + COS 
13 13 13 13 
€ Tw An 
= 2cos cos + 2. cos cos 
13 13 13 13 
( on =) 
= 2cos cos + CO =0 
13 13 
( x) An 
cos — = —cos (7 — — — cos — 
1 13 13 
Otherwise thus : 
T on 37 
2.cos cos + COS + cos 
3 13 13 13 
8n On 3r 5a 
= cos + COS + COS + CO = 
13 13 13 13 
8r =) 57 
cos =-—cos (7 = — cos 
13 13 13 
107 ( <*) 30 
and cos =-—cos|(7 cos —. : 
13 13 13 


7.4 Tangent of The Sum of Two Angles 


§ Problem 7.4.1. It tanA = ; and tanB = 2 find the values of 


tan(2A + B)) and tan(2A — B). Verify by a graph and accurate mea- 
surement. > 
§§ Solution. 


2tanA 9 4 

tan2A = sa = Be es 
1—tan2 A ‘ (4) 3 

2 
anaes 
tan2A+tanB 313 
v, tan(2A + B) = BES aE yt, es 18 rer 
1—tan2AtanB at ei 3 49 

Sanne) 
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4 1 
tan2A —tanB 3. 3 13 9 
Also tan(2A — B) = bt eased pee eee ears =—. 
1+tan2Atan B a gc 9 13 9 
1+2X5 
3 3 
3 3 
§ Problem 7.4.2. If tan A = A and tan B = ee prove that 
4—V3 4+ V3 
tan(A — B) = -375. % 
§§ Solution. 
tan A—tanB 
tan(A — B) = ————_—_ 
an ) 1+tanAtanB 
V3 V3 
_ 4-3 4+v3 
v3 » v3 
4—-V3 443 
_  4V¥8 43-4343 6 Gn Bes yas 
(4- V3) (4+v3)+3 18+3 16 8 acd 
1 
§ Problem 7.4.3. If tan A = —— and tan B = ——, find tan(A + B). 
n+1 2n4+1 
0) 
§§ Solution. 
tanA+tanB 
tan(A + B) = ees 
1—tanAtanB 
n e 1 
m+ 2n+1 
n 1 
1 x ——— 
n+1 2n4+1 
= Qn?+n+tn+1 Wn? +2n4+1 _ = 
(n+1)(Qn+1)-—n  2n?42n+1 
1 
§ Problem 7.4.4. If tana = : and tan 8 = Te prove thata+ B= - 
Verify by a graph and accurate measurement. Q 
§§ Solution. 
t t 
tan(a + B) = tana + tan@ 
1—tanatan@ 
5 1 
6 L 
6 os 55+ 6 6 1 eat 
to 2 ye 66S 5 1 
6 TL a 
Hence one of the values of a + £ is ve : 
Prove that 
§ Problem 7.4.5. tan (= +0) x tan (=+0) =-l. >) 


§§ Solution. 


T 
ei ee _ 1+tan@ 


tan (7 | @) = 7 
4 Lien tan? 1—tan@ 
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37 
3a tan ae + tan@ 1+ tan6 
and tan Z +60)= 35 =a r 
1—tan ri tan@ aKben 
l+tan@d —(l1—tané 
«tan (746) x tan (+0) = ae x ( ae) 1. @ 
4 4 1—tand 1+tand 
§ Problem 7.4.6. cot GG @) cot G ) =1. 6 
§§ Solution. 
Tv 
cot — cotd—1 cot@—1 
cot ( + 6) = 7 = 
4 cot 7 + coté 1+ coté 
t cot +1 
cot — co 
and cot (* 0) = 4 eee 
4 cot 6 — cot — cot@—1 
4 
cot (4 +0) cot (4-6) =1 a 
ae ri ri =1. 
A A 
§ Problem 7.4.7. It tanAten = tan A'cot. —l=secA. oy 
§§ Solution. 
A sin A sin 2 
l+tanAt = 1 : 
sien ee 2 + cos A 
cos — 
A A 
cos A cos — + sin Asin — 
= 2 2 
cos A cos a 
s 2 
cos (4 — =) cos a 
= De ve! 2 
A A 
cos A cos — cos A cos — 
2 2 
= = A. 
cos A si 
Again, 
A in A 68 5 
tan A cot T= ‘aanieiagy 2 1 
2 cosA. 
sin — 
A : A 
sin A cos — — cos Asin — 
a 2 2 
A 
cos Asin — 
7 2 
sin (4 _ 5) 
= 2 
cos Asin — 
2 
_A 
sin — 1 
= 2 A = sec A. 
cos A sin — eos La 


Chapter 


The Trigonometrical Ratios of 
Multiple and Submultiple Angles 


8.1 Multiple Angles 
§ Problem 8.1.1. Find the value of sin2a when 
3 
1 se 
(1) cosa . 
12 
2) si = —, and 
(2) sina i an 
(3) tana = x é 
§§ Solution. (1) 


sina = 1/1 —cos?a Vs V5 =e 
5 


*.sin2a = 2sinacosa@ = + 


ji / 2 5 
=vV1 1 = 
cos @ sin? a 169 160 1S 


5 0. 
* 73 ig 


iN 


(2) 


.sin2a = + 
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(3) 
2x a 
2t 63 
sinQo Are. 108] = —_—_63- 
1+ tan2a 1+ (2) 
63 
= 2s [i+ BO] =, 8 He 
63° L 3969] 63 °° 4225 4225" 
§ Problem 8.1.2. Find the value of cos 2a when 
15 
1 == 
(1) cosa 7 
4 
(2) sina = 5’ and 
5 
3) t =—. 
(3) tana 1 
Verify by a graph and accurate measurement. % 
§§ Solution. (1) 
22 450 — 2 161 
cos 2a = 2cos?a—1=2x 2 i a Bee 
289 289 289 
2 1 2 2 
cos2a = 1—2sin?a=1—2.x eee = fi 
25 25 25 
(3) . 
1-t 
cos 2a = ——_* [Art. 109] 
+ tan2 a 
1 25 
_* Yaa _ 144-25 _ 119 
1425 144425 = 169 . 
144 
b 
§ Problem 8.1.3. If tan6 = —, find the value of acos20+ bsin26. © 
a 


§§ Solution. 


; 1 — tan? @ 2tané@ 
acos 26 + bsin20 =a x + bx 
14+tan? 6 1+tan?2 0 
_ a? — b? ; Qab2 
aX ae a4 be 


a? — b? + 2b? a? +b? 
wel) (eas 
Otherwise thus : 

acos 26 + bsin 20 =a (cos 20+ : sin 26) 


= a (cos 26 + tan @ sin 20) 
a 


(cos 20 cos 6 + sin 6 sin 20) 
cos 


28 cos(20 — 0) = * x cos@ =a. 
cos 8 cos 6 


Prove that 


§ Problem 8.1.4, —224 


——— =tanAa. 
1+ cos2A 
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sin2A 2sin A cos A sin A 


Solution. = - = =tanA. | 
s 1+cos2A 2cos? A cos A se 
sin2A 
Problem 8.1.5. ————— = cot A. 
$ 1—cos2A as @ 
in2A 2sin Acos A A 
§§ Solution. = = ea = = ae = cot A. . 
1—cos2A 2sin? A sin A 
1—cos2A 
Probl .1.6. ———— = tan? A. 
§ Problem 8 i eeDA an © 
1—cos2A 2sin2 A 
Solution. = = tan? A. . 
s 1l+cos2A 2cos2?A = 
§ Problem 8.1.7. tan A+ cot A = 2cosec 2A. 0) 
§§ Solution. 
. . 2 2 
Fare en ee sin A coe = BE Ach00s A 
cosA sinA sin Acos A 
2 
= = = 2cosec 2A. tt 
2sin A cos A sin2A 
§ Problem 8.1.8. tan A — cot A = —2cot 2A. r) 
§§ Solution. 
sinA  cosA sin? A — cos? A 
tan A —cot A= = 
cosA sinA sin Acos A 
—2 (cos? A— sin? A) —2cos2A 
= = = . 
2sin Acos A sin2A 
§ Problem 8.1.9. cosec 2A + cot 2A = cot A. >) 
1+cos2A 2cos? A 
lution. 2A + cot2A = — = cot A. 
§§ Solution. cosec co aon a ee co : 
1 A4 B A+B 
§ Problem 8.1.10, 1—°4 + 0B = cos( Matas > 
1+ cos A — cos B — cos(A + B) 
§§ Solution. 
1— cos A+ cos B — cos(A + B) 
1+ cos A — cos B — cos(A + B) 
_ 1—cos(A + B) — (cos A — cos B) 
1 —cos(A + B) + (cos A — cos B) 
sor B 


. ,A+B . 
2sin 5 + 2sin 


0 9 A+B ‘6 . 
2sin 2sin ; sin 


2 
Qi A+B ie A- 4 
sin n sin 
_ 2 2 
i ate Is A+B sin =" 
2 sin sin 
2 2 
_ A+B _ A-B 
sin + sin 5 
“A+B. A-B 
sin — sin 
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2sin — cos — 
A 
= 2 2 _ tan 3 cot 


An: 
2cos — sin — | 
2 2 
A A 
§ Problem 8.1.11. —<*— = tan (15° + 5). > 
1+sinA 2 
§§ Solution. 
De aR? A 
cosA cos* > — sin* 5 
a ee é + sin? Ae 2sin é cos 
2 2 g 
(v5 05) (om +05) 
cos sin cos + sin 
_ 2 2 2 
(cos Fein) 
cos — F sin — 
2 2 
_A 
cos — + sin — 
mee, 2 
A _ A? 
cos — + sin — 
2 2 
the upper or lower signs to be taken together, 
A 
1+ tan z r A 
=— J = tan 45 a: . 
1F tan — a 
2 
A-1 t A 
§ Problem 8.1.12. S¢8@—7 _ tan84 6 
sec4A — 1 tan2A 
§§ Solution. 
a 
sec8A—1 — Gos8A _ t __ cos 4A (1 — cos 8A) 
sec4A —1 1 1 cos8A (1 — cos 4A) 
cos4A 
_ cos4A 2 sin? 4A _ 2sin4dAcos4A — sin4dA 
cos8A 2sin22A cos 8A 2sin? 2A 
_ sin8A 2sin2Acos2A _ sin8A_ cos2A 
cos 8A 2sin2 2A > cos8A_ sin2A 
= tan8Acot2A = sane , a 
tan2A 
1+ tan? (45° — A 
§ Problem 8.1.13. Lt '22 (8° = 4) = cosec 2A. 6 
1 — tan? (45° — A) 
§§ Solution. 
i sin? (45° — A) 
1+ tan? (45° — A) _ cos? (45° — A) 
1 — tan? (45° — A) Fi sin? (45° — A) 
cos? (45° — A) 
__ cos? (45° — A) + sin? (45° — A) 
cos? (45° — A) — sin? (45° — A) 
1 
~ cos 2 (45° — A) 
i hi 
= = = cosec 2A. r 


cos(90° —2A)  sin2A 
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a+, 
sina +sin 8 ton 2 
§ Problem 8.1.14. — i ; 0) 
sina — sin@ a—B 
tan 5 
§§ Solution. 
nein 22 ogg 2-8 
sina+sinB _ ay ee 
sina — sin B pie re Oral 
2 2 
tan are 
~ +8 a-B _ 2 
an cot 5 er 
tan a 
2 
sin? A — sin? B 
Problem 8.1.15. =tan(A+ B). 
$ sin Acos A — sin Bcos B an ) ° 
§§ Solution. 
sin? A — sin? B os 2sin? A — 2sin? B 
sin Acos A — sin Bcos B 2sin Acos A — 2sin Bcos B 
_ 1—cos2A—(1—cos2B) _ cos2B—cos2A 


sin2A — sin2B 


sin2A — sin2B 


1 1 
2sin 5 2A + 2B) sin 5 (2A — 2B) 
=~ I if 
2.cos 5 2A + 2B) sin e (2A — 2B) 
in(A+B 
= SD aula ay rT 
cos(A + B) 
§ Problem 8.1.16. tan (4 ra @) tan G @) = 2tan 20. » 
§§ Solution. 
tan (- +) - tan (7 - 6) 
4 4 
1+tand 1—tand 
— , by Art. 100, 
1—tand 1+tand 
_ (i+tan 6)? — (1 — tan 6)? 
1— tan? 0 
2x 2tand 
a EIEN = eG: By ACOs: . 
1— tan? 0 
A-+sin A A-sinA 
§ Problem 8.1.17. “S@2 tS“ _ cs 47804 _ nA. 0 
cosA—sinA cosA+sinA 
§§ Solution. 
cosA+sinA cosA—sinA 
cosA—sinA cosA+sinA 
_ (cos A +sin A)? — (cos A — sin A)? 
cos? A — sin? A 
4cos Asin A 2sin2A 
= = = 2tan2A. r 
cos2A cos2A 
4cos2A 
§ Problem 8.1.18. cot (A + 15°) — tan(A— 15°) = % 


1+2sin2A° 
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§§ Solution. 
cot (A + 15°) — tan 


cos 


A— 15° 
A+ 15° 
A+15° 
A+ 15° 


— 


sin (A — 15°) 
cos (A — 15°) 
cos (A — 15°) — sin (A 4+ 15°) sin (A — 15°) 
sin (A + 15°) cos (A — 15°) 
cos [(A + 15°) + (A—15°)] _ 2cos 2A 
i in 30° 
a (sin 2A + sin 30°) pin 2A.sin 30 
2cos2A _—  4cos2A 
1+2sin2A’ 


sin 


wy |e nw 


pee ee 


cos 


1 
sin2A + — 
2 


in? in 20 
§ Problem 8.1.19. 7" +9" *" _ _ tang, 0 
1+cos@+ cos 20 
§§ Solution. 
sind+sin20  — — sin@+2sin@cosé 
1+cos@+cos20 1-+cos@+2cos?6—1 
_ sinO(1+2cos@) _ sind 
cos@(1+2cos@)  cosd 
1+ sin 6 — cos@ 0 
§ Problem 8.1.20. - = tan-—. ) 
1+ sin @ + cos@ 2 


=tand. r 


§§ Solution. 
1+sin9—cos@ _ (1—cos@)+sin0 
1+sin6+cos@ (1+ cos0)+sin0 


_ oO 6 
+ 2sin — cos — 


_ oO 0 
+2sin — cos — 
2 2 


§ Problem 8.1.21. 
sin(n + 1)A—sin(n—1)A 
cos(n + 1)A+2cosnA 4+ cos(n — 1)A 


= tan = % 

§§ Solution. a 
sin(n+1)A—sin(n—1)A 

cos(n + 1)A+2cosnA + cos(n — 1)A 


1 1 
2cos 5(nA tA+nA A)sin (nA + A—nA-+ A) 
7 I I 
20s 5 (nA + A+ nA —A)cos(nAtA—nA+ A) + 2eosnA 
= 2cosnA-sin A 
2cosnAcos A+ 2cosnA 
sin A 


A 
= =t by XVII. 4]. a 
cosA +1 sia [by 
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§ Problem 8.1.22. 
sin(n+ 1)A+ 2sinnA + sin(n—1)A 
cos(n — 1)A—cos(n+1)A 


= cot —. % 
§§ Solution. 2 
sin(n+1)A+4+2sinnA+sin(n—1)A 


cos(n — 1)A —cos(n + 1)A 
1 1 
2sin gay A+nA— A)cos Pan A-—nA+A)+4+2sinnA 


1 1 
Zeta (ret + A+nA-— A) sin 5 (nA + A—nA-+ A) 
_ 2sinnAcos A+ 2sinnA 


ye 2sinnA mera 
1 
et et ey Va 7 
sin A 2 
§ Problem 8.1.23. sin(2n + 1)Asin A = sin?(n + 1)A— sin? nA. ?) 


§§ Solution. 
1 
sin(2n + 1)Asin A = F [cos(2nA + A — A) — cos(2nA+ A+ A)] 
= 5 [cos 2nA — cos 2(n + 1)A] 
= ; [1 —2sin? nA — {1 —2sin?(n + 1)A}] 


1 
= [2 sin?(n + 1)A— 2sin? nA] 


= sin?(n + 1)A—sin? nA. a 
sin(A + 3B) + sin(3A + B) 
Problem 8.1.24. =2 A+B). 
. sin2A+sin2B ee 9 
§§ Solution. 
2sin : (4A + 4B) cos Z (2A — 2B) 


sin(A + 3B) + sin(3A + B) 
sin2A +sin2B 


ad Le) 


2 
2sin . (2A + 2B) cos 5A 2B) 
_ 2sin2(A + B)cos(A — B) 
2sin(A + B) cos(A — B) 


_ sin 2(A+ B) 
~ sin(A+ B) 
_ 2sin(A + B)cos(A + B) 
sin(A + B) 
= 2cos(A+ B). a 
. ; . ‘ A 3A 
§ Problem 8.1.25. sin3A +sin2A — sin A = 4sin Acos . cos O % 


§§ Solution. 
sin3A + sin 2A — sin A = (sin3A — sin A) + sin2A 


1 1 
= 2cos 3 (84 + A) sin 3 34 — A)+sin2A 


= 2cos2Asin A+ 2sin AcosA 
= 2sin A (cos 2A + cos A) 
A 


A 
Sein Woes = sees 
2 2 
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3A 


A 
= 4sin Acos — cos —. 
2 2 


§ Problem 8.1.26. tan2A = (sec2A + 1) Vsec? A —1. 


§§ Solution. 
sin2A — 2sin AcosA 


tan2A = 

cos2A cos2A 
2cos2 A sinA 2(1-—sin? A 

__ 2cos _sinA _ ( ) Pied 
cos2A 4 cos A cos 2A 
1—-2sin*A+1 2A+1 

= sin + tage cos + en 

cos 2A cos2A 


= (sec2A + 1) \/sec? A—1. 


§ Problem 8.1.27. cos? 20 + 3cos 20 = 4 (cos® 6 — sin® 0). 


§§ Solution. 
cos? 20 + 3.cos 20 = cos 20 (cos? 20+ 3) 


= cos 20 (4 — sin? 20) 


= 4cos 20 (1 — sin? 6 cos” 6) 
2 


= 4cos 20 (cos? 6 +sin? 6) — sin? 6 cos” 6] 


=4 (cos? 6 — sin? 6) (cos* 6 + cos? 6 sin? 6 + sin* 6) 


=4 (cos® 6 — sin® 6) ; 


§ Problem 8.1.28. 1+ cos? 20 = 2 (cos* 6 +sin4 0). 
§§ Solution. 


1+ cos? 20 = (cos? 6 + sin? 6)” + (cos? 6 — sin? 6)? 


= cos* @ + 2cos? 6 sin? 6 + sin* 6 


+ cos* 6 — 2cos? 6 sin? 6 + sin* 6 
= 2 (cos* 6+sin4* 0) : 
§ Problem 8.1.29. sec? A(1 + sec2A) = 2sec2A. 
§§ Solution. 


F 1 1 
2 
A(l1 2A) = iL 
see sith Sea) cos? A ( cos =a) 
= 1 ( cos2A +1 ) 
cos? A cos 2A 
“s 1 2cos? A 
~ cos? A cos2A 
2 
= = 2sec2A. 
cos2A 


§ Problem 8.1.30. cosec A — 2cot2Acos A = 2sin A. 


§§ Solution. 


1 2 2A A 
cosec A — 2cot2Acos A = oe 


sin A sin2A 
1 2cos2AcosA 1 cos 2A 
sin A 2sin Acos A sin A sin A 
1—cos2A 2Qsin? A : 
= = = 2sin A. 


sin A sin A 
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§ Problem 8.1.31. cot A = ; (cot a ace =). > 


§§ Solution. 
cosA _ cos A 


_A 
2sin — cos — 
2 2 


A A 
cos? — — sin? — 
= 2 2 
2 : A 
sin — cos — 
A : A 
1 cos? — sin? — 
2 
A A _A A 
sin — cos sin — cos 
ae 2 2 2 
1 
= (cot tan te a 
2 2 2 
1 
§ Problem 8.1.32. sin asin (60° — a) sin (60° + a) = ri sin 3a. 0) 


§§ Solution. 
sin a sin (60° — a) sin (60° + a) 
=sina (sin? 60° — sin? a) , by Ex. 2, Art. 93 


3 1 : 1 
= sina ( sin? a) = (3 sina — 4sin? a) = —sin3a. 
4 4 4 
Otherwise thus : 
sin a sin (60° — a) sin (60° + a) 


1 ° 
= sina X 7 (cos 2a — cos 120°) 


= — sina | cos 2a + = 
2 2 
Tigh : 

= (2sin a cos 2a + sina) 
Th i ; : 1, 

= -— (sin3a — sina +sina) = — sin3a. a 
d 4 

1 
§ Problem 8.1.33. cos acos (60° — a) cos (60° + a) = 708 3a. 0) 


§§ Solution. 
cos a cos (60° — a) cos (60° + a) 
= cosa (cos? 60° — sin? a) , by Ex. 2, Art. 93 


3 
cos a (cos? a — sin? 60°) = cosa (cos? a- >) 


1 : 1 

- (4cos? a- 3.cos @) = — cos 3a. 
4 4 
Otherwise thus : 


cos a cos (60° — a) cos (60° + a) 


1 5 1 1 
= cosa X 5 (cos 120 + cos 2a) = 5 cosa COR 20s 


1 
AG (2 cos a cos 2a — cos a) 


1 1 
=i (cos 3a + cos a — cosa) = i cos 3a. a 
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§ Problem 8.1.34. cot a + cot (60° + a) — cot (60° — a) = 3cot3a. 


§§ Solution. 


cot a + cot (60° + a) — cot (60° — a) 


_ cosa  cos(60° +a) cos (60° — a) 
sina  sin(60°+a)  sin(60° — a) 
_ cosa __ sin (60° — a) cos (60° + a) — cos (60° — a) sin (60° + a) 
sina sin (60° + a) sin (60° — a) 
_ cosa __ sin [(60° — a) — (60° + a)] 
sina sin (60° + a) sin (60° — a) 
_ cosa 2sin 2a 
sina  2sin(60° + a) sin (60° — a) 
_ cosa 2sin 2a 
sina cos2a@— cos 120° 
__ cos a@ 2X 4sinacosa 
ae 2(1-2sin?a + 5) 
__ cos a@ 8 sin? acosa 
sina 


sina (3 — Asin? a) 


3cosa — 4sin? acosa — 8 sin? acosa 


3sina —4sin? a 


3 (cos a — 4sin? acos a) 


sin 3a 


3 [cos a -4 (1 — cos? a) cosa] 


sin 3a 


3 (4 cos? a — 3cos a) 


sin 3a 


3cos 3a 


sin 3a 
Otherwise thus : 


cot a + cot (60° + a) — cot (60° — a) 


= 3cot 3a. 


4 1 1 
tana | tan(60°+a) tan (60° — a) 
ae! 1—tan60° tana 1+tan60° tana 
tana tan 60° + tana tan 60° — tana 
= 1 1—V3tana 1+ /3tana 


tana J/3+ tana V3 — tana 
1 8 tana 3 — tan? a — 8tan?a 


tana 3-— tana tan a (3 — tan? a) 
3 (1 — 3tan? a) 
3tana— tan? a 


= 3cot3a. r 


tan 3a 


1 
§ Problem 8.1.35. cos 20° cos 40° cos 60° cos 80° = —. >) 


§§ Solution. 


16 


al 
cos 20° cos 40° cos 80° = 5 008 20° (cos 120° + cos 40°) 
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os 1 ° 1 2 ° 
= gone l-; + (2cos 20° — 1) 
1 
= — cos 20° (2 cos? 20° — >) 
2 2 
1 : 1, 
== (4 cos? 20° — 3cos 20°) = — cos60° 
4 4 
° ° ° ° 1 2 ° 1 1 1 
.. cos 20° cos 40° cos 60° cos 80° = — cos* 60° = — X — = — t 
4 4 4 16 
3 
§ Problem 8.1.36. sin 20° sin 40° sin 60° sin 80° = 7 >) 
§§ Solution. 
sin 20° sin 40° sin 60° sin 80° 
1 
=5 sin 20° (cos 40° — cos 120°) 
1 1 
= ~sin 20° [2 — 2sin? 20° — (-3)| 
2 2 
af 
= —sin 20° GG — 2sin? 20° ) 
2 2 
1 . ° 3 ° 1 + ° 
= (3sin 20 — Asin” 20 ) = —sin60”. 
4 4 
1 1 3 3 
., sin 20° sin 40° sin 60° sin 80° = — sin? 60° = — x = = —. . 
4 4 4 16 
§ Problem 8.1.37. cos4a = 1 — 8cos? a + 8cos* a. ) 
§§ Solution. 
2 2 2 
cos 4a = 2cos* 2a—1= 2 (2cos a 1) -1 
=2 (4cos? a —4cos? a+ 1) -—1 
= 1—8cos* a+ 8cos*a. a 
§ Problem 8.1.38. sin4A = 4sin A cos? A — 4cos Asin? A. >) 
§§ Solution. 
sin4A = 2sin2Acos2A = 4sin Acos A (cos? A — sin? A) 
= Asin Acos® A — 4cos Asin? A. a 
§ Problem 8.1.39. cos6a = 32cos® a — 48 cost a + 18 cos? a — 1. ) 
§§ Solution. 
cos 6a = 2cos? 3a —1=2 (4cos? a-— 3cosa)” -—1 
= 2 (16 cos® a — 24cos* a + 9 cos? a) -—1 
= 32cos® a — 48 cos* a + 18 cos? a — 1. ry 
§ Problem 8.1.40. tan3Atan2Atan A =tan3A—tan2A—tanA. 0 


§8§ Solution. By Art. 107, we have 
tanA+tan2A 
tan3A = tan(A + 2A) = d 
ane ani ) 1—tan Atan2A 
., tan3A (1 — tan Atan2A) = tan A+ tan2A 


/,tan3Atan2Atan A = tan3A — tan2A — tan A. 


8.2. Submultiple Angles 114 


§ Problem 8.1.41. 


deed = (2cos0 — 1) (2cos 26 — 1) 
2cos?+1 
(2cos 276 - 1) en (2cos2"~16 - 1) ‘ 
% 
§§ Solution. 
We have 
(2cos@ + 1) (2cos@ — 1) = 4cos? 9-1 
= 2(1+ cos 20) —1 
= 2cos 26+ 1. 
Similarly, 
(2. cos 20 + 1) (2cos 20 — 1) = 2cos 276 +1. 
(2 cos 276 + 1) (2 cos 276 — 1) = 2cos 239 +1. 
(2cos 2-164 1) (2 cos 2"—19 — 1) = 2cos2"0+ 1. 
Hence,by multiplication and canceling, we have 
(2cos 6 + 1) (2cos @ — 1) (2cos 26 — 1) (2 cos 276 — 1) 
‘ (2cos2”~16 - 1) = 2cos2"0+1. 
yc eee ee = (2cos@ — 1) (2cos 26 — 1) 
2cos@ +1 
(2cos 276 — 1)... (2cos2”~16 — 1). Py 


8.2 Submultiple Angles 


§ Problem 8.2.1. If sind = ; and sing? = 7 find the values of 


sin(@ + ¢) and sin(20 + 24). y) 
§§ Solution. 
2 
sind = =; -.cos@ = 4/1 (5) enue 
2 2 2 
2 
sing= 5 “.cos@ = 4/1 =) =128 


“.sin(@ + ¢) = sin@ cos ¢@ + cos@sin d 


5 (24) +2) 3 


5 
5 


Again, 


2 
3 
sin 20 = \/1— cos? 26 = 1-(5 =. 
Ly? 2° 9 
also, cos2¢ = 1-2 = 2 =1 = 
cos 2p sin? 7) (3) 55 
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-.sin2¢ = Vi (2) = se 
9 9 
. sin (20 + 20) = sin 26 cos 2¢ + cos 26 sin 2¢ 
Vo -T 41 ( we) 7/3 +42 
ae a ee 2 a” 18 : 


§ Problem 8.2.2. The tangent of an angle is 2.4. Find its cosecant, 
the cosecant of half the angle, and the cosecant of the supplement 
of double the angle. y) 
8§ Solution. Cf. the figures of Arts. 31 and 50. Let 6 be the angle 
and let the length OM be unity and let the corresponding length of 
MP be 2.4. Then 


OP = \/OM? + MP? = 


/1+ (2.4)? = V6.76 = 2.6. 


OP 2.6 13 
., cosec 0 
MP 2.4 12 
and cos@ ou s a : 
MP 2.6 13 
Otherwise thus : 
Substitute in the formulae 
9 \/1+ tan? 6 q Q 1 
cosec 9 = ———__—__ and cos 9 = ————.. 
tan @ \/1+ tan2 6 
é 1 i 
sin x (1 —cos6) = af (1 72 ) 
2 2 2 13 
2 3 
V13 V13 
V13 V13 
.", COoSeC + or + . 
2 3 
Again, 
5 1 1 
cosec (180° — 26) = — S— 
sin (180° — 20) sin 20 


§ Problem 8.2.3. If cosa 


Se pclae sd 
2 


angles. 


§§ Solution. If cosa = a then 


and cos? ean oie 


1 


1 


= 2sin 0 cos @ + 2( 


12 
13 


J 


13 


— and sin8 = =, find the values of 


the angles a and 8 being positive acute 


% 


(a) 
sina = \/1—cos?a = 4/1— | — 
(a) 


-— (1 


(61 + 11)(61 — 11) 


a. am 


61) 


aut 


(61)? 


3600 60 
(61)2 61° 
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4 
If sin B = = then 


/ 1 
cos 8 = ,/1—sin? B= 4/1 nue 


“. cos(a — B) = cosacos 8 + sinasin 8 


_il 3,60 4 
~ 61 5. 615 
_ 334240 273 
~ 3058305 
zs 1 1 2 1 
+. sin? & Poe [1 — cos(a — B)] = = x aleopeees! 
2 2 2° 305 305 
Also, 
29a+6 1 Al S5— 20) 
cS Re ateEE Gp =-|1 
cos” — 5 [1 + cos(a + £)] 3 A 305 


eo zd ee 98 49 

2 305 2° 305 305° 

§ Problem 8.2.4. If cosa = : and cosB = > find the value of 

a—pB 
2, 


cos 


, the angles a and £ being positive acute angles. © 


4 
§§ Solution. If cosa = : and cos 8 = B” then 


775 V0 V5 sfl0 450° By? 
§ Problem 8.2.5. Given sec @ = ce find tan and tan@. Verify by a 
graph. 0) 
1 5 4 
§§ Solution. If secé = 7 = Z then cos 6 = a 


6 /1—cosé 
., tan = =+ 
2 1+cosé 
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Also, 


25 3 
tan@ = +,/sec26-1=+ 16 Sag | 


A 
§ Problem 8.2.6. If cos A = -28, find the value of tan S and explain 


the resulting ambiguity. 6) 
§§ Solution. 


A (= ee 
tan oS a 

2 1l+cosA 14. .28 

/ 72 / 72 ve 3 

~V 1.28 ~ V 128 16 4° 


A 
Since cos A = cos(2na + A), any equation giving tan — in terms of 


F F A)\ . A)\ . A 
cos A will give also tan (na + =) , 1e. tan (+ 5 ) i.e. + tan oe a 
§ Problem 8.2.7. Find the values of 
1° 
1) sin7- , 
(1) sin : 
(2) cosTs 
cosTS 
1° 
(3) tan 225 , and 


° 


1 
4) tanll—. 
(4) tan ji 


§§ Solution. (1) 


ee :) 
sin 7— (1 — cos 15°) = (1 es 
2 oat) 


—~V3-1_ ,/4-V6- V2 
ae 8 


(2) cosTS = 1/5 (1 + e085") = Y sa. 


1° 4/14 tan245°-1 11-1 
(3) tan 225 — ee = J: =VJ2-1. 


tan 45° 1 
(4) 
yi + tan2 22 
= — 2/2 1 
tan 113 
tan 225 v2-1 Vv2—-1 


= (4-22) (v2 +1)" - (v2+1) 
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= ¥/ (4—2v2) (8 +2v2) - (v2+1) 


= V442v2- (v2+1). 7 

§ Problem 8.2.8. If sin@ + sind = a and cos6 + cos¢ = b, find the 
9-6 

value of tan a 0) 


§8§ Solution. Squaring and adding the given equations, we have 
(sin? 6 + cos? 6) - (sin? ¢ + cos? ¢) + 2 (sin 6 sin ¢ + cos @ cos ¢) 
— 2 4p 
“141+ 2cos(@— ¢) =a? +0? 
“,2[1 + cos(0 — ¢)] = a? +0? 


2 b2 wD 
“. cos(0 — ¢) = +. 


6-— 1- o- 
“tan ¢ +4/ eae) , [by Art. 110, (3)], 
2 1+ cos(@ — ¢) 
2— (a? +? —2) Vee 
~V 24+ (2402-2) “Vo a+b 7 


Prove that 
§ Problem 8.2.9. (cosa + cos 8)” + (sina — sin)? = 4cos? see ?) 
§§ Solution. 
(cosa + cos 8)? + (sina — sin 8)? 
= cos? a + cos? B+ 2cosacos B + sin? a + sin? B — 2sinasin 8B 
= (cos? a + sin? a) + (cos? B +sin? 8) + 2 (cosa cos 8 — sina sin f) 
=14+1+42cos(a+ 8) = 2[14 cos(a + B)] = 4eos? 9*, Z 
§ Problem 8.2.10. (cosa + cos 8)? +(sina + sin 8)? = 4cos? x 7 a ?) 
§§ Solution. 
(cos a + cos 8)? + (sina + sin 8)? 
= cos? a + cos? B+ 2cosacos B + sin? a + sin? B + 2sinasin 8 
= 2[1 + cos(a — 8)] = 4 cos? aoe . 
§ Problem 8.2.11. (cosa — cos 8)? + (sina — sin 8)? = 4sin? ie ay ?) 
§§ Solution. 
(cosa — cos 8)? + (sina — sin 8)? 
-_ cos? a + cos? B - 2cosacos B + sin? a + sin? B — 2sinasin 8 
= 2—2(cosacos@ + sinasin 3) = 2 — 2cos(a — B) 
= 2[1 —cos(a 8)] = 4sin? =F rT] 
A 
2tan — 
§ Problem 8.2.12. sin A= ———2. 6 
1+tan? 3 


§§ Solution. See Art. 109. . 
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1— tan? — 
§ Problem 8.2.13. cos A = ——+. > 
14+ tan? i 
§§ Solution. See Art. 109. rT] 
§ Problem 8.2.14. sec (4 + 6) sec (G - @) = 2sec 20. ro) 
§§ Solution. 
TT TT 1 1 
sec (| — + 8) sec 6) = : 
G ) G ) cos = +6 cos = — 0 
4 4 
1 2 T 
T 7 ~ G08 20 E it a 0| 
i (cos 5 + cos 20) es 
= 2sec 20. 


Otherwise thus : 


“cos (4 +6) = sin [7 (< +@)] =sin(* 6) 
4 2 4 4 
sec (7 +8) sec (4 6) = a zi 7 
2sin (= — 8) cos (5-9) 
4 4 
2 


We have 


| 7 — = 2sec 20. 
sin (< - 26) cos 2 
Otherwise thus : 
By Ea. 2, Art. 93, we have 
cos (4 + @) cos (¢ - 6) = cos” ie sin? 0 
4 4 4 
1 1 
-.sec (4 +0) see (7 6) = a =F 
4 4 cos? 7 sin?0 == _ gin? 9 
2 2 

= = 2sec 20. r 


1 — 2sin? 6 = cos 20 


§ Problem 8.2.15. tan (45° t =) =4/ acca =secA+tanA. 90 
2 1—sinA 


§§ Solution. 


1 A 
: a A = + tan 5 
an { 45° 4 A [By Art. 100] 

1— tan — 
2 
_A 
sin . 

oF a (cos 4 +n 4)” 

= cS 7 5 2 

A 


Ce) 
cos — — sin — 
2 2 


120 


8.2. Submultiple Angles 
> (eee Aa A 
cos + Sin + 2. cos sin 
7 2 2 DD 
he aaa A 
cos* — + sin“ — — 2cos — sin — 
2 2 


_— f/i+sinA _ / (1 + sin A)? _ 1+sinA 
—sinA 1—sin? A cos A 
sin A 


= = A-+tan A. 
mater enon ee 


Otherwise thus : a 
: a) sin (4 + *) 
tan [{ 45° 4 = 


(ee) 
cos { 45° + — 
2 


1 — cos (90° + A) 


— fil+sinA _ / ( (1+ sin A)? _ 1t+sinA 
: —sinA 1—sin2 A cos A 
sin A 


= = A-+tan A. 
a + cos A ny ee 


§ Problem 8.2.16. sin2 (= + =) sin? (; =) int sin A. 
8 2 8 2) A 


§§ Solution. 


ma Gt) en a) 
=5[1 cos (“ + A)| ar cos (“ A)] 
elise s(4 A) cos (4 + A)] 


1 
2sin = sin Al = sin “ sin A = sin A. 


V2 


1+ cos (90° + A) 


§ Problem 8.2.17. cos? a + cos? (a + 120°) + cos? (a — 120°) = : 


§§ Solution. 
cos? a + cos? (a + 120°) + cos? (a — 120°) 


Oo 


= — [1+ cos 2a + 1+ cos (2a + 240°) + 1 + cos (2a — 240°)] 


NIWNI RNIN] eR 


(3 + cos 2a + 2 cos 2a cos 240°) 


1 
(3 + cos 2a — cos 2a) E cos 240° = — 5 


§ Problem 8.2.18. cos* 2 + cos* = + cos* = + cos* & a 
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§§ Solution. 


3 5 {4 
cos t cos* E t cos* = t cos* io 
8 8 8 8 
2 2 
1+cos— 1+ cos — 1+ cos — 
= i 
2 2 v 2 
2 
1+ cos — 
+ 
2 


- (454) + (Se) +(Se) +(S4) 
Q/2 " \ 9/2 QW/2 '\ 2/8 
=2[S42v2 , $-2V7) 25 3 


8 | 8 4.2 7 
§ Problem 8.2.19. sin* - + sin on + sin4 < L sin# ~ ro) 
§§ angers 
4 oT 4 57 4 Tt 
5 tsin® +S: + sin 8 
37 7 
1 — cos ea are ACRE 
2 = 2 
2 
1 Zee, t — 
2 2 
F a1) (2) (ES) (EE) 
t W/2 t W2 T 2/2 
2|! 3-2/2 | S29) Sts 
eee < 
8 8 4 2 
§ Problem 8.2.20. 
cos 20 cos 2¢ + sin? (9 — ¢) — sin? (0 + ¢) 
= cos (20 + 24). 0 


§§ Solution. 
cos 20 cos 2¢ + sin? (9 — ¢) — sin? (6 + ¢) 


= 5 [cos (20 + 2) + cos (260 — 26) + 1 — cos2(6 — ) —1+cos2(8+ 4)] 


= 5 X 20s (20 + 26) = cos2(0-+4). a 


§ Problem 8.2.21. 
(tan 4A + tan 2A) (1 — tan? 3A tan? A) = 2tan3Asec? A. 
§§ Solution. 
(tan 4A + tan 2A) (1 — tan? 3A tan? A) 


_ ( sin4dA sin2A ) (: sin? 3A sin? A ) 


+ 
cos4A  cos2A cos? 3A cos? A 
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_ (sin4Acos2A + cos 4A sin 2A ( cos? 3A cos? A — sin? 3A sin? 4) 
( cos 4A cos 2A ) cos? 3A cos? A 

_ [sin(4A + 2A) 

"; [= 4A cos + 

(cos 3A cos A — sin 3A sin A) (cos3A cos A + sin 3A sin A) 


cos? 3A cos? A 
” sin6A —— + A) cos(3A — 2) 


cos 4A cos2A cos? 3A cos? A 
3 sin6A cos 4A cos 2A 
cos4Acos2A cos? 3Acos2 A 
od sin6A _ 2sin3Acos3A 
cos? ras A cos*3Acos? A 
2si 1 
=yoeee : = 2tan3Asec? A. tt 


cos3A cos? A 


§ Problem 8.2.22. 
(1+ tan S sec <) (1 { tan < + sec ) 
2 2 2 2 


. 2a 
= sin asec a > 
§§ Solution. 
a a a a 
(1 + tan sec \(a + tan + sec ) 
a 2 2 2 


. 1 . 2a 
= sina - ———— = sinasec* —. 
2% 2 
cos? — : 
2 


Find the proper signs to be applied to the radicals in the three 
following formulae. 
§ Problem 8.2.23. 2cos = +J/1—sinA + /1+sin A, when “ = 
278°. > 
8§ Solution. If ‘ = 278°, then sin 4 is negative and numerically 


> cos g 
Al A : 
-, sin J + COs 5 = V1 +sin A, and 
sin 4 cos - V1—sin A. 
Hence, by subtraction, we have 
2eos = +VI sin A — /1+sin A. : 


§ Problem 8.2.24. asin S +/1—sin A+ /1+sin A, when “ = 
197 
aa 0) 
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A 1 1 
8§ Solution. If aa =, then, since = is slightly less than =, 


A. : F A 
sin a is negative and numerically > cos ae Hence 


sin 4 | cos S = Vi -+sin A, and 

sin “ cos “ = V1 —sin A. 
Hence, by addition, we have 

2sin 4 V1—sinA— V1+sin A. : 
§ Problem 8.2.25. 2cos A +/1—sin A + /1+sin A, when é = 
—140°. 0 


§§ Solution. If ‘ = —140°, then sin ‘ and cos é are both negative, 


but cos - is numerically the greater. Hence 
A A 


sin ; { cos =-—vV1+4sin A, and 
A A 
sin 5 cos 5 =4vV1-—sin A. 
Hence, by subtraction, we have 
A 
AOR V1—sinA—V1+sin A. r 


§ Problem 8.2.26. If A = 340°, prove that 
A 
2sin 5 V1l+sinA+vV1-—sin A, and 


A 
A008 V1i+sin A — V1 -— sin A. > 
A A 
§8§ Solution. If A = 340°, then a 170° and cos oF is negative and 


: A 
numerically > sin 3: Hence 


A 
sin 5 { cos S =-—vV1+sin A, and 
A A 
sin ; cos a tV1—sin A. 


Hence, by addition, we have 


A 
25m =-VY1+sinA+vV1—sinA 
and, by subtraction, we have 


2eos * = V1+sin A— V1 -— sin A. : 


§ Problem 8.2.27. If A = 460°, prove that 
2eos <= V1+sinA+V1—sin A. ) 
8§ Solution. If A = 460°, then ‘ = 230° and sin 4 is negative and 


: A 
numerically > cos 5° Hence 


A A 
sin 5 + Cos 5 =-—vV1+4sin A, and 
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A A 
sin cos — = —V1-—sinA, 


2 2 
Hence, by subtraction, we have 
A 
2cos > = V1l+sinA+ V1 -— sin A. : 


§ Problem 8.2.28. If A = 580°, prove that 
Hein =-V1+sinA— V1—sinA. ) 


§§ Solution. If A = 580° then + = 290° and sin 4 is negative and 


F A 
numerically > cos se Hence 


sin + Cos 5 = 1+sin A, and 
A A 
sin 5 cos — = —V1-—sinA. 
Hence, by addition, we have 
A 
2sin 5 V1+sin A— V1 -— sin A. : 


A 
§ Problem 8.2.29. Within what respective limits must m lie when 


(1) 2sin =V1+sinA+V/1—sinA 


A 
(2) 2sin > =-V1+sinA+ /1—sinA 


(3) 2sin 4 =4J/1+sinA—/1—sinA 


(4) deos <= VIF ana — VI= SA. r 
§§ Solution. (1) 2sin =vV1+sinA+ V1 -—sin A, 
when sin - + cos S =4+V1+sinA 
and sin 4 - cos = =+V1—sinA 


; _A. ngs : A 
i.e. when sin S is positive and numerically > cos oe 


‘ A... 3 
i.e. when ey lies between 2nz + “ and 2nz7 + os 


(2) sin 4 =-V1+sinA+ /1—sinA 


A A 

when Siig i COB ra = VASE om 
A A 

and sin ’ cos - =+V1-sinA 


, A, te : _A 
i.e. when cos mi is positive and numerically > sin a 


: A... 3 5 
i.e. when 5 lies between 2nz + = and 2nz + a 
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(3) 2sin =4V1+sinA—/1—sinA 


A A 

when sin 5 + COs - =4V1+4+sinA 
A A 

and sin 5 cos 5 =-vV1-sinA 


; A, rr . _A 
i.e. when cos a is positive and numerically > sin a 


. A.,. 
i.e. when 5 lies between 2nz — “ and 2nz + a 


A 
(4) 2cos 5 =VJ1+sinA— V1—sin A. 


A A 
when sin 5 + COS - =4V1+4+sinA 
_ A A - 
and sin 5 cos 5 =+V1-sinA 


: A, om ; A 
i.e. when sin = is positive and numerically > cos ri 
. A,. 3 

i.e. when 7 lies between 2nz + “ and 2n7 + oa 


§ Problem 8.2.30. In the formula 
2eos =4V1+4+sinA+V1—sinA 


A 
find within what limits o must lie when 


(1) the two positive signs are taken 
(2) the two negative signs are taken, and 


(3) the first sign is negative and the second positive. 


§§ Solution. (1) 2cos 4 =4+V/1+sinA+ V1—sin A, 


A A 

when sin 7 + COS 5 =4V1+4+sinA 
A A 

and sin 5 cos 5 =-vV1l-sinA 


‘ A, bo : _A 
i.e. when cos = is positive and numerically > sin a 


: A.,. 
i.e. when z lies between 2nz — “ and 2nz + a 


A 
(2) 2cos c= V1+sin A— /1—sin A 


A A 
when sin 5 + COS 5 =-Vl1l+sinA 
_ A A - 
and sin 5 cos - =+V1-sinA 


2 A, : . _A 
i.e. when cos 5 is negative and numerically > sin a 


. A... 3 a 
i.e. when s lies between 2nz + = and 2nz + me 
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(3) 20s =-vV1+sinA+ /1—sinA 


A A 

when om Oe oy Leama 
A A 

and sin 5 cos 5 =-vV1l-sinA 


; A, a : A 

i.e. when sin > is positive and numerically > cos 5 

‘ A... 5 7 

i.e. when a lies between 2nz + = and 2n7z + a a 


§ Problem 8.2.31. Prove that the sine is algebraically less than the 
cosine for any angle between 2nz — = and 2nr + “ where n is any 
integer. 0) 
§§ Solution. We have 


1 1 
sin A—cos A = V2 (sina _ cos A= | 
V2 V2 


= V2 (sin Acos “ —cos Asin *) = V2sin (A _ *) : 
Hence sin A — cos A is negative, i.e. cos A > sin A when sin (A - *) 
is negative, i.e. when (A — *) lies between 2nz — 7 and 2n7z, in the 
third and fourth quadrants, i.e. when A lies between 2nz — = and 
TT 
2 -. 
nT A 

Otherwise thus : 

Since 2nz is equivalent to n complete revolutions of the revolving 

3 

line, the angle 2nz — = corresponds to the position of the revolving 
line at OR, [cf. figure of Art. 116], which bisects the third quadrant 


and the angle 2n7 + * to the position of the revolving line at OP, 


which bisects the first quadrant. 

By Arts. 53, 54 and 55, we see that from R to B’ the sine and 
the cosine are both negative and the sine numerically > the cosine; 
hence the sine is algebraically < the cosine. 

From B’ to A the sine is negative and the cosine is positive; hence 
the sine is algebraically < the cosine. 

From A to P the sine and the cosine are both positive and the 
sine numerically < the cosine; hence the sine is algebraically < the 
cosine. rT 


§ Problem 8.2.32. If sin 2 be determined from the equation 
A 
3 


A 
sin A = 3sin 5 4sin 
prove that we should expect to obtain also the values of 
_Ww—-A _Wwta 
sin and — sin ao 


3 
Give also a geometrical illustration. ©) 
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§§ Solution. -: sin A = sin[nz + (—1)” A], any equation giving sin 2 


in terms of sin A should give also sin ; [nw + (—1)" A]. 


Now n is of the form 3m, or 3m +1. 


If n = 3m, then 


1 3m A 
sin z [naz + (—1)” A] = sin [mn qa) 


3 
‘: 3m . 3m A 
= sin m7 cos(—1) e + cos mz sin(—1) a 
A A 
= cos mr sin(—1)?" — = sin re 


whether m be even or odd, for sinmz = 0 and cosmz = +1 or —1 
according as m is even or odd. 
Ifn = 3m+1, then 
a+ con 
3 
ae (—1)39+1A4 


d. 
sin 5 [nz + (—1)" A] = sin ln + 


= cosm7 sin 


3 
_Ww—-A _Wwta 
= sin z or —sin ; 


3 
according as m is even or odd. 


If n = 3m — 1, then 


sl Bie ct at zc) 
smn [naz + (—1)" A] = sin ln eg 


1 (-1)39™-1A4 
= —cosm7 sin —— 3. 
_ w-A _awta 
= sin or sin 3 
3 3 
according as m is odd or even. 


A 
Hence we have two values in addition to sin 3 


; _1T-A _Wwta 
viz. sin and — sin : 
3 3 


§ Problem 8.2.33. If cos “ be found from the equation 


A 
cos A = 4cos? . 3.cos 


prove that we should expect to obtain also the values of 


2r —A Qr+A 
and cos ay 


cos 


Give also a geometrical illustration. > 


A 
8§ Solution. -«- cos A = cos(2na7 + A), any equation giving cos ae in 


terms of cos A should give also cos - (2nn + A). 


Now nis of the form 3m, or 3m +1. 
If n = 3m, then 


1 
ORs (2nn + A) = cos (2m + 
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Ifn = 3m + 1, then 
1 
ee (2nn + A) = cos (2m + + 


If n = 3m — 1, then 
1 
cos — (2n7m + A) = cos (2m -—H ) 
3 3 


= cos (2m 
Hence we have two values in addition to cos —, 
2r-—A Q+A 


viz. cos and — cos 
3 3 


8.3 Angles of 9°, 18°, 36°, 81° 


Prove that 


V5—1 
oo 


§ Problem 8.3.1. sin? 72° — sin? 60° = 
§§ Solution. 


10 +2V5 
4 


— 104+2V5 3 5 4+V5-6 V5-1 
16 4 8 8 


§ Problem 8.3.2. cos? 48° — sin? 12° = YO+!. » 


§§ Solution. . 

cos” 48° — sin? 12° = cos (48° + 12°) cos (48° — 12°) [By Ex. 2, Art. 93] 
1 V5+1_ vV5+1 
9° a a 


§ Problem 8.3.3. cos 12° + cos 60° + cos 84° = cos 24° + cos 48°. Verify 
by a graph. 0) 
§§ Solution. 
cos 12° + cos 60° + cos 84° = cos 12° + 2.cos 72° cos 12° 
= cos 12° (1 + 2cos 72°) 


ve-1) 
2 


sin? 72° — sin? 60° = 


= cos 60° cos 36° = 


= cos 12° (: + 


V5+1 


2 
= cos 24° + cos 48°. a 


2 4 
§ Problem 8.3.4. sin sin = sin ah sino 2 ; >) 


§§ Solution. 


- cos 12° = 2cos 36° cos 12° 


. . Tv . . . 
5 5 5 5 a 5 5 
= sin? © sin? =" = sin? 36° sin? 72° 
_ 10-275 104+2V5 5 
16 16 16° 
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1 1. 
§ Problem 8.3.5. sin pin +sin es on ro) 


10 10 2 
§§ Solution. 


oes _ 137 _ 67 
sin + sin = 2sin cos 
10 10 10 10 
eS 3 An 
= 2sin cos 
10 10 


= —2sin 54° cos 72° = —2 


4 4 2 
Otherwise thus : 
1 
sin — + sin cm sin — — sin oe by Art. 73, 
10 10 10 10 
-1 1 
= sin 18° — sin54° = v5 v5 + 
4 4 
2 1 
Bee fie oy 7 
4 2 
1 1 
§ Problem 8.3.6. sin = sin 2" = —-. 6 
10 10 4 
§§ Solution. 
.. #  » Ade ol ( ‘. =) 
sin — sin =sin sin 
10 10 10 10 
v5-1 V5+1_ 1 7 
4 4 4 
§ Problem 8.3.7. tan6° tan 42° tan 66° tan 78° = 1. ry 


§§ Solution. 
tan 6° tan 42° tan 66° tan 78° = EOP Shien OO Re. 
cos 6° cos 42° cos 66° cos 78° 


_ 2sin6° sin66° x 2sin 42° sin 78° 
2 cos 6° cos 66° X 2 cos 42° cos 78° 
_ (cos 60° — cos 72°) (cos 36° — cos 120°) 


(cos 60° + cos 72°) (cos 36° + cos 120°) 


Cae ea 
Gee es) 


_ - v5) (3+v5) _ 4 _ 


(V5+1)(v5-1) 4 © 7 
2 3 4 5 6 7 
§ Problem 8.3.8. cos i cos ui cos i COS — COs ——~ cos —~ cos — = 
15 15 15 15. LS 15 15 Q7 
§§ Solution. 
T An T T 
cos cos = (cos + COS ) 
15 15 5 
_1f1, v5+ ") _ 34+ V5 
2\2' 4 8 
1 30 
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130 
1f1 v5-1 3-V5 
2\2 4 8 
30 67 1 ( T =) 
cos cos _ cos + COS 
15 15 2 5 5 
1{/vV54+1 V5-1 1 
= = —-, and 
2 4 4 4 
a 
cos — =cos— = -—. 
3 2 
T 27 37 An 57 67 7 
cos cos cos cos cos cos cos 
15 15 15 15 15 15 15 
3+V5  3-V5_ 121 
= x x 
8 8 4 2 
1 1 1 1 
= x x x = 
2 8 4 2 27 
Otherwise thus : 
T (1 3 T 4 T 5 T 6m og 
cos cos cos Os cos cos cos 
15. 15 15 15 15 15 15 
7 t TT 2a An Tt 
2sin cos cos cos cos 
-_ 15 15 15 15 15 
a 
2 sin — 
15 
37 67 
2 sin — cos —— cos — 
x 15 15 Xx cos 
.. on 
2 sin — 
_ 20 26 An fas 20 20 
sin cos cos cos sin cos 
= 15 15 15 x 5 5 x 
s 2 
2sin — 2sin — 
15 
T T G0 An 
sin cos —— cos — sin — 
15 15 5 ieee 
SEO 2X 2sin — 2 
. 84 as ow 
sin — cos — sin — 
15a 1B te, ee 
7 7 
‘ : 2 
2x 2x 2sin — 2X 2sin — 
15 5 
70 147 
sin — cos — sin —— 
eee 15 _ 1 
23 sin — 23 97 sin = 2” . 


§ Problem 8.3.9. 16 cos = cos 2 coe 8 coe 147 
§§ Solution. 


T 4 T 81 14 T 
16 cos 15 cos cos cos 


, 20 An 87 147 
16 sin cos cos cos cos 
_ 15 15 15 15 
oS OT 
sin — 
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_ An An 8x 147 
8sin cos cos cos 


ee. 
sin 
15 
7 147 16 147 
4 sin — cos —— cos —— 2 sin —— cos —— 
1 15 15 15 15 
oe 
sin — sin — 
15 15 
T T 
2x ( sin ) ( cos ) 
15 5 
_ 20 
sin — 
15 
20 
2 sin — cos — n— 
LB 2. 15 _ 1 
cn ett _ 20 
sin — sin — r 
15 15 


§ Problem 8.3.10. Two parallel chords of a circle, which are on the 
same side of the center, subtend angles of 72° and 144° respectively 
at the center. Prove that the perpendicular distance between the 
chords is half the radius of the circle. ) 
§§ Solution. See figure of Art. 130. Let O be the center and r be 
the radius of the circle and let PP’ and QQ’ be the two chords, PP’ 
being the one nearer to O. 
Join OQ, OQ’, OP and OP’. Draw OMN perpendicular to PP’ and 
QQ’, bisecting them in M and N respectively. 
We have the ZQOQ’ = 72°, and the ZPOP’ = 144°. Hence the 
required distance 
= MN =ON—OM =rcosZQON — rcosZPOM 
= ros 36° — rcos72° = r (cos36° — cos 72°) 


= (4 V1) on x? r 


4 4 = 


AD. = 


§ Problem 8.3.11. In any circle prove that the chord which sub- 
tends 108° at the center is equal to the sum of the two chords which 
subtend angles of 36° and 60°. ) 
8§ Solution. Ifr be the radius of the circle, the lengths of the chords 
are 2rsin 54°, 2rsin 18° and 2r sin 30° respectively. 


541 5-1 1 
Now sin54° = vib + = ae + — =sin18° + sin 30°. 
Hence we have the required result. rT 


§ Problem 8.3.12. Construct the angle whose cosine is equal to its 
tangent. 0) 
§8§ Solution. If 6 be the angle, we have 
cos@ = tan@; .. cos? @ = sin 8; ..1- sin? @ = sin0 

“sin? @+sin@—1=0; 

-1l+vy1+4 5-1 
oi sue ve = 2sin18°. 

Describe a semicircle APB on AB as diameter. Make an angle 7PAB 
equal to 18°. Join BP. 


v. sind = 
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On this semicircle take a point Q, such that BQ equals 2BP. Join 
AQ. We then have 


sin ZBAQ = as = eer = 2sin 18°. 
AB AB 
Hence 7BAQ is the required angle. 7 
§ Problem 8.3.13. Solve the equation 
> 


sin 50 cos 30 = sin 96 cos 70. 


§§ Solution. 
sin 50 cos 30 = sin 96 cos 70 


., 2sin 50 cos 30 = 2 sin 90 cos 70 
“, sin 86 + sin 20 = sin 160 + sin 20 
., sin 840 = sin 160 = 2 sin 80 cos 80 

“, sin 80 = 0 or 2cos 80 = 1. 


If sin 80 = 0, then 80 = nz. 
1 
If 2cos 80 = 1, then cos 86 = 5 cos 
7,80 = 2nzt uw 
3 


nT 1\ a 
0= or (20 + ) r r 
8 8 


Chapter 


Identities And Trigonometrical 
Equations 


9.1 Tangent of The Sum of Angles 


§ Problem 9.1.1. Prove that 
5tan6 — 10tan? 6+ tan® 6 


tan 50 = 
1— 10tan? 6 +5tan4 6 


§§ Solution. 


81 — 83 + 85 
tan 50 = ah SE SSG 


1—s2+ 84 
o 5Cy tan @ — °C3 tan? @ + °Cs tan® 0 
1 — 8Co tan? 6 + C4 tan4 6 
_ 5tan@ — 10 tan? 6 + tan? 6 
1— 10tan2 6+ 5tan* 6 


9.2 Identities 


If A+ B+C = 180°, prove that 

§ Problem 9.2.1. sin2A + sin2B — sin2C = 4cos Acos BsinC. 

§§ Solution. 

sin2A + sin2B — sin2C = 2sin(A + B) cos(A — B) — 2sinC cosC 

= 2sinCcos(A — B) — 2sinC cosC 
= 2sin C [cos(A — B) — cosC] 
= 2sin C [cos(A — B) + cos(A + B)] 
= 2sinC -2cos AcosB 
= 4cos Acos BsinC. 
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§ Problem 9.2.2. cos2A+cos2B+cos2C = —1—4cosAcosBcosC. 9 
§§ Solution. 
cos 2A + cos 2B + cos 2C = 2cos(A + B) cos(A — B) + 2cos? C — 1 
= 2cos(A + B)cos(A — B) +2cosC'- cosC — 1 
= —2cosC cos(A — B) + 2cosC [—cos(A + B)] — 1 
= —2cosC [cos(A — B) + cos(A + B)] — 1 
= —2cosC’-2cos AcosB-—1 
= —1-—4cos Acos BcosC. a 


§ Problem 9.2.3. cos2A + cos2B—cos2C =1—4sinAsinBcosC. 9 
§§ Solution. 
cos 2A + cos 2B — cos2C' = 2cos(A + B) cos(A — B) — (2 cos” C — 1) 
= 2cos(A + B)cos(A — B) — 2cosC'- cosC +1 
= —2cosC cos(A — B) — 2cosC [—cos(A+ B)] +1 
= —2cosC [cos(A — B) — cos(A+ B)] +1 
—2cosC- 2sinAsinB+1 


= 1-—4sin Asin BcosC. La 
A B 
§ Problem 9.2.4. sin A+ sin B + sinC = 4cos 9 cos 5 cos . ro) 
§§ Solution. 
A+B A-B 
sinA+sinB+sinC = 2sin 3 cos { 2sin S cos S 
A-B A 
its Sel + 2cos ni ae 
2 2 2 2 
Cc A- A+B 
= 2cos cos + COS 
2 2 
B 
= 7606 . - 2cos — cos 
2 2 
A C 
= 4cos — cos — cos —. | 
2 2 
A B 
§ Problem 9.2.5. sin A+ sin B — sinC = 4sin a sin 5 cos Be >) 
§§ Solution. 
A+B A-—B 
sin A+ sin B — sinC = 2sin - cos e 2sin . cos = 
Cc A-—B A+B C 
= 2cos — cos 2.cos cos 
2 2 2 2 
Cc A-B A+B 
= 2cos cos cos 
2 2 2 
= 2cos 5 -2sin — sin 
A, C 
= 4sin — sin — cos —. a 
2 2 2 


A B 
§ Problem 9.2.6. cos A+cosB+cosC =1+4sin 5 sin 5 sin —. >) 
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§§ Solution. 
A+B A-B 


cos A + cos B + cos C = 2cos , cos 5 1 — 2sin? 
A+B A-B 2G. GE 
= 2cos cos 1 — 2sin — sin 
2 2 2 
€ A-—B A+B .C 
= 2sin — cos + 1 — 2cos sin 
7 i 2 2 
—B B 
= 2sin G [cos cos a +1 
2 2 2 
B 
Se wots sin + 1 
2 2 2 
_A, B,C 
= 1+ 4sin — sin — sin —. a 
2 2 2 
§ Problem 9.2.7. sin? A+ sin? B — sin? C = 2sin Asin BcosC. >) 


§§ Solution. 
sin? A + sin? B — sin? C 


1 IL 1 
i (1 — cos 2A) 4 . (1 — cos 2B) ; (1 — cos 2C) 


1 
= - [1 — (cos2A + cos 2B — cos 2C)| 


2 
1 
2 


[1 -— (1 —4sin Asin BcosC)] {By § Problem 9.2.3} 
= 2sin Asin BcosC. | 


§ Problem 9.2.8. cos? A+ cos? B+cos?C =1—2cosAcosBcosC. 4 
§§ Solution. 


1 
cos? A + cos? B + cos? C = git + cos2A + 1+ cos2B +1 +4 cos2C) 


al 
= [3 + (cos 2A + cos 2B + cos 2C)| 


1 
=a [3 — 1 — 4cos Acos Bcos C] { By § Problem 9.2.2} 


= 1-—2cosAcos BcosC. r] 


§ Problem 9.2.9. cos? A+ cos? B —cos?C =1—2sinAsinBcosC. 4 
§§ Solution. 


1 1 1 
cos? A + cos? B — cos? C = 5 (1 + cos 2A) 4 - (1 + cos 2B) ; (1 + cos 2C) 


1 
= [1 + (cos 2.A + cos 2B — cos 2C)| 

1 
ae [1+1-4sin Asin BcosC] {By §Problem 9.2.3} 
=1- 2sin Asin BcosC. rT 


§ Problem 9.2.10. sin? = + sin? z + sin? ee 1—2sin a sin a sin —. 

2 2 2 2 2 2 
0) 
§§ Solution. 


,B 


sin + sin 


2 


il 
= a cos A+ 1—cosB+1-—cosC) 
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1 
= [3 — (cos A + cos B + cos C)| 
1 A B C 
= [3 1 — 4sin — sin — sin {By §Problem 9.2.6} 
2 2 2 2 
= 1 — 2sin — sin — sin .. Z 
2 2 2 
A B Cc A B 
§ Problem 9.2.11. sin? + sin? sin? — = 1—2cos — cos — sin —. 
2 2 2 2 2 2 
0) 
§§ Solution. 
B 
sin? + sin? sin? c 
2 2 2 
reacts A) 2 Oe Gi eas) 
= — (1 —cos cos cos 
2 2 2 
1 
= [1 — (cos A + cos B — cosC)| 
il A B Cc 
=5 F +1 -—4cos 7 88S sin : {By Ex. 2, Art. 127} 
B 
= 1 — 2cos — cos — sin aly a 
2 2 2 
A B B 
§ Problem 9.2.12. tan 5 tan 5 + tan ; tan ttan—tan—=1. 9 
: A+B Cc 
§§ Solution. -- eo 90° — = 
A+B 6 1 
tan = tan { 90 = cot 
2 
tan — 
2 
B 
tan — + tan a 1 
a A B on by Art. 98 
1— tan — tan tan 
2 2 2 
A Cc B Cc A B 
tan — tan + tan — tan = 1-— tan — tan 
2 2 2 2 2 2 
A B B Cc A 
tan — tan + tan — tan + tan — tan = a 
2 2 2 2 2 2 
A B C A 
§ Problem 9.2.13. cot + cot - + cot . = cot — cot — cot ) 
: B C 
§§ Solution. |» ——— = 90° — e 
4 5 1 
., cot = cot | 90 = tan _ 
cot 
cot — cot — —1 1 
B ok by Art. 100 
cot + cot cot 5 
A B C B 
cot — cot cot cot = cot + cot 
2 2 2 2 2 
B Cc B Cc 
cot + cot + cot = cot cot cot —. a 
2 2 2 2 2 2 
§ Problem 9.2.14. cot Bcot C + cot Ccot A+ cot Acot B = 1. > 
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§§ Solution. -- A+ B+C=180°,..A+B=180°-C 
-. cot(A + B) = cot(180° — C) = — cot C 
_ cot Acot B—1 


5 =-—cotC 
cot A+ cot B 
“. cot Acot B— 1 = —cot C (cot A + cot B) 
“cot Bcot C + cot Ccot A+ cot Acot B = 1. a 
§ Problem 9.2.15. 
sin(B + 2C) + sin(C + 2A) + sin(A + 2B) 
B-C ,C-A A-B 
= 4sin sin sin ) 
2 2 2 


§§ Solution. 
“+ B+2C = 180° + C— A= 180° —(A-C) 
“, sin(B + 2C) = sin(A — C) 
., sin(B + 2C) + sin(C + 2A) + sin(A + 2B) 
= sin(A — C) + sin(B — A) + sin(C — B) 


_ B-C 2A-—B-C , B-C B-C 
= 2sin 5 cos 2sin cos 5 

: ( 2A-—B-C 255) 
= 2sin 

2 2 
B-A 
= 2sin xX 2si sin 3 
B-C ,. C-A A-—B 
= 4sin sin sin a 
2 2 2 


: ; _ € 
sin + sin + sin 1 
2 2 2 
ae B T C 
= 4sin sin ri sin i > 
§§ Solution. 
a ae sin S 1 
= cos + COS + COS 1 
2 2 2 2 2 2 
= 20s (5 A+ *) cos == + 1 ee ae 1 
-C A- (; “**)| 
= 2sin cos cos 
4 4 2 4 
{ (; a*) A+B ae 
cos in = si 
2 4 4 
2 C : ( >) . (4 =) 
= 2sin x 2sin sin 
4 4 4 4 
1 E _a-B,. r-C 
= 4sin sin sin | 
4 4 
§ Problem 9.2.17. 
a B Cc 
lg C08 =08 7 
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§§ Solution. 
A 


B 
cos + COS = 2cos cos 
2 2 4 


4 
7 A-B 
= 2cos cos 
4 4 
_ A+ A+B A+B 
cos = sin 2 A cos ri 
-C A+B - ( A+ =) 
= 2cos sin 2 cos 
4 4 2 4 
A B Cc 
“, COS — + COS — — cos — 
2 2 
rt—-C A-—B (; A+ =)] 
= 2cos cos cos 
4 4 2 4 
r-C _w-A ,. tr-B 
= 2cos x 2sin sin Z 
T-C G rT *) G tT =) 
= 4cos cos cos 
4 2 4 2 4 
r—-C T+tA T+B 
= 4cos cos cos ‘ a 
4 4 4 
in2A in2B in 2 A B 
6 Broblem 0.3.15, 20 ne ee ein a  B 
sinA+sinB+sinC 2 2 2 
§§ Solution. 
sin2A +sin2B+sin2C 
sinA+sinB+sinC 
Asin Asin B si 
=e a — [by Ex. 1, Art. 127 and § Problem 9.2.4] 
4 cos — cos — cos — 
2 2 2 
_A A _ B B eS: 
2 sin — cos x 2sin — cos x 2sin — cos 
= 2 2 2 2 2 
A Cc 
cos — cos — cos — 
2 2 
. _ B,C 
= 8sin — sin — sin —. | 
2 2 2 
§ Problem 9.2.19. 
sin(B + C— A)+sin(C + A— B)+sin(A+ B-C) 
= 4sin Asin BsinC. 0) 


§§ Solution. 
sin(B + C— A)+sin(C+ A-— B)+sin(A+B-—C) 
= sin (180° — 2A) + sin (180° — 2B) + sin (180° — 2C) 
=sin2A+sin2B + sin2C 
= 4sin Asin BsinC [by Ew. 1, Art. 127]. 


If A+ B+C = 2S, prove that 
§ Problem 9.2.20. sin(S — A) sin(S — B)+sin S sin(S — C) = sin Asin B. 
% 
§§ Solution. 
sin(S — A) sin(S — B) + sin S'sin(S — C) 


=e A) — cos(2S — A — B) + cosC' — cos(2S — C)| 


a Se) 


5 [cos(A — B) — cosC' + cos C — cos(A + B)] 
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1 
= [cos Acos B + sin Asin B — (cos Acos B — sin Asin B)| 


= sin Asin B. 


§ Problem 9.2.21. 
4sin S sin(S' — A) sin(S — B) sin(S — B) sin(S — C) 
= 1 —cos? A — cos? B — cos? C + 2cos Acos B cos C. 0 
§§ Solution. 
4sin S sin(S' — A) sin(S — B) sin(S — B) sin(S — C) 

= [cos A — cos(2S — A)] [cos(B — C) — cos(2S — B—C)| 

= [cos A — cos(B + C)] [cos(B — C) — cos A] 

= cos A [cos(B — C) + cos(B + C)] 

— cos” A— cos(B + C) cos(B — C) 


1 
= cos A - 2cos Bcos C — cos? A 5 (cos 2B + cos 2C) 


1 
= 2cos Acos Bcos C — cos? A — . (2cos* B - 1 + 2cos* C — 1) 


= 1 —cos? A — cos? B — cos? C + 2cos Acos B cos C. a 


§ Problem 9.2.22. 
sin(S — A) + sin(S — B) +sin(S — C) —sinS 


x oA i’ 
SOD Pg 0) 
§§ Solution. 
sin(S — A) + sin(S — B) +sin(S — C) —sinS 
_ 28-A-B A-B : 25-—C 
= 2sin 5 cos 2 sin — cos 5 
_C A-B eo A+B 
= 2sin — cos 2 sin — cos 
2 2 2 2 
iG. A-B A+B 
= 2sin cos 
2 2 
= 2sinS -2sin — sin 
_~A, B.C 
= Asin — sin — sin —. a 
2 2 2 
§ Problem 9.2.23. 
cos? S$ + cos*(,5 — A) + cos*(S — B) + cos?(S' — C) 
= 2+42cosAcos BcosC. % 


§§ Solution. 
cos? § + cos*(,$ — A) + cos*(.S5 — B) + cos?(S — C) 
=5 1+cos2S + 1+ cos(2S — 2A) + 1+ cos(25 — 2B)+ 
1+ cos(2S — 2C)] 
=2 5 [eos A | B+C) +cos(B + C — A) 
+ cos(A + C — B) + cos(B+ A-C)} 
=2+ ; [2 cos(B + C) cos A + 2cos Acos(B — C)| 


= 2+cos A [cos(B + C) + cos(B — C)] 
=2+cosA-2cosBcosC 
= 2+42cos Acos BcosC. La 
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§ Problem 9.2.24. 
cos? A + cos? B + cos? C + 2cos Acos BcosC 
= 1+ 4cos Scos(S — A) cos(S — B) cos(S — C). 0 
§§ Solution. 
cos? A + 2cos Acos Bcos C + cos? B + cos? C — 1 


1 
= cos? A + 2cos A cos B cos C + a (cos 2B + cos 2C) 


= cos? A + cos A [cos(B + C) + cos(B — C)] + cos(B + C) cos(B — C) 
= [cos A + cos(B + C)] [cos A + cos(B — C)| 

= [cos A + cos(2S — A)] [cos(2S — B—C) 4 
= 4cos S cos(S — A) cos(S — B)cos(S — C). 


cos(B — C)| 


§ Problem 9.2.25. Ifa+6+7+6 = 27, prove that 
(1) 


cosa + cos 3 + cosy + cosé 
a+, at+y ato 


4cos cos cos =0 
2 2 
(2) 
sina — sin@ + siny — sind 
t + + 6 
4cos — Beet 668 = =0 
2 2 2 
(3) 


tana +tan@+tany-+tand 
= tana tan $8 tan 7 tan 6 (cot a + cot 8 + cot y + cot 6). > 


§§ Solution. If a+ 6++7+6 =2n, then ote aes are, 


(1) 
cosa + cos 8 + cosy + cos 6 
a+ 6B a—B 


6 
= 2cos cos + 2. cos cos 
a+ 6 ( a-—pB y- *) 
= 2cos 3 cos cos 


= 2cos 


= 2cos 


at+Bl. (aty wm), (wm até 
= 4cos sin ( ) sin 
2 2 2 2 2 
ote at+y a+) 
cos cos - 


iw) 
iw) 


= 4cos 
2 2 


“.cosa@ + cos 8 + cosy + cos dé 


t + + 6 
eos 7 FF cos * * cos * = 0. 


(2) 
sina — sin@+siny— sind 


at+B . at+y at+o6 
ee eae ea cos 
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+ - —6 
= 2cos EE sin 9" + 2005 7 sin ~ 
at+B .aty at+6 
+ 4cos sin cos 
2 2 2 
a a—B Y= +7 a=) 
= 2cos sin sin + 2sin 
2 2 2 
at+tBl. —£B 7-6 f ( 1°) 
= 2cos sin sin + sin { a +4 
QL 2 2 
reac home 
+ sin 
rr | 
at+B[, a-B,. ( 148)) 
= 2cos sin + sin | a 
L 2 2 
+Bl, a-B ( o+*) 
= 2cos sin tsin|a+7 
L 2 2 
~ cog 2+ fein 2 4 a ( a5) 
cos sin + sin { 7 
L 2 2 
= 2cos +8 sin — sin (“5*)| =o. 
2 
(3) 
tan(a + 8) = tan [27 — (y + 6)] 
tana+tanB —— tany+tand 
“" 1—tanatan 8 1—tanytand 
..tana+tan8+tany+tand 
= tanatanytand + tan Gtanytan6 
+tanatan G6 tany+tanatan@ tand 
= tana tan 8 tan tan 6 (cot a + cot 8 + cot y + cot 6). : 


§ Problem 9.2.26. If the sum of four angles be 180°, prove that the 
sum of the products of their cosines taken two and two together is 
equal to the sum of the products of their sines taken similarly. ) 
§§ Solution. Let the four angles be A, B, C and D. 

-A+B+4+C+D=180° -.A+B=180° —(C+D) 

..cos(A + B) = —cos(C + D) 

“cos Acos B — sin Asin B = — cosC'cos D + sinC sin D 

.. cos Acos B + cosC' cos D = sin Asin B + sinC sin D. 
Similarly, cos AcosC + cos Bcos D = sin AsinC' + sin Bsin D 
and cos Acos D + cos BcosC = sin Asin D + sin BsinC. 
Hence, by addition, we obtain the required result. rT 


§ Problem 9.2.27. Prove that 
sin 2a + sin 28 + sin 2y 
= 2(sina + sin 6 + siny) (1 + cosa + cos 6 + cos) 
ifa+B+y=0. 0) 
§§ Solution. Since a+ 8 = —7, we have 
sin(a + 8) = —siny, and 
cos(a@ + 3) = cosy. 
sin 2a + sin 26 + sin 2y 
= 2sin(a + B) cos(a — B) + 2siny cosy 
= —2sinycos(a — 3) + 2sinycos(a + 6) 
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= —2sin 7 [cos(a — B) — cos(a + 6)] 
= —2siny-2sinasin§ = —4sinasin£ sin § 
OO ee Be Ba ey 


= —32sin — cos — sin — cos — sin — cos 
2 2 2 2 2 2 
Qa 


= —32sin 3 sin 9 sin — - cos — cos — cos 


_ a-68.atf,. 4 3| 
8 | cos sin Pei A C0 


2 2 
oY, at8 ct 
cos + cos cos 
2 2 
= 2(sina+sin 6 +siny) (1+ cosy +cosa + cos). 2 


§ Problem 9.2.28. Verify that 
sin® asin(b — c) + sin® bsin(c — a) + sin? csin(a — b) 
sin(a + b+) sin(b—c) sin(c—a)sin(a—b)=0. 0 
§§ Solution. Since sin3A = 3sin A — 4sin? A, we have 
sin® asin(b— c) + sin® bsin(c — a) + sin® csin(a — b) 


3 1 3 1 
= ( sina — 7 sin3a) sin(b—c) + (5 sin b — A sin 3) sin(c — a) 
(G ea 3c) sin(a — b) 
+ ri sinc 1 sin : 
Now 
sinasin(b — c) + sinbsin(c — a) + sincsin(a — b) 
= sinasin bcosc — sinacosbsinc + sinbsinccosa 


— sin bcoscsina + sincsinacosb — sinccosasinb = 0 


3 


: 3 csin(a — b) 


~.sin® asin(b — c) + sin? bsin(c — a) + sin 


1 
aaa [sin 3a sin(b — c) + sin 3bsin(c — a) + sin 3csin(a — 6)| 


1 
ae [cos(3a + b — c) — cos(3a — b +c) + cos(3b + c — a) 


cos(3b — c+ a) + cos(3c + a — b) — cos(3c — a + b)]. 
Hence taking the first and last terms together, the second and third 
terms together and the fourth and fifth terms together, within the 
square brackets, we have 


sin® asin(b — c) + sin® bsin(c — a) + sin® csin(a — b) 


= i sin(a + b + c) [sin 2(c — a) + sin 2(a — 6) + sin2(b—c)]. 
Now 
sin 2(c — a) + sin 2(a — b) + sin 2(b — c) 
= 2sin(c — b) cos(c — 2a + b) + 2sin(b — c) cos(b— c) 
= 2sin(b — c) [cos(b — c) — cos(c — 2a + b)] 
= 2sin(b — c) - 2sin(b— a) sin(c — a) 
= —4sin(b — c) sin(c — a) sin(a — b). 
Whence the required result follows. | 
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If A, B, C and D be any angles, prove that 
§ Problem 9.2.29. 
sin Asin Bsin(A — B) + sin BsinC sin(B — C) 
+ sinC sin A sin(C — A) 
+ sin(A — B) sin(B — C)sin(C — A) =0. 0) 


§§ Solution. 
sin Asin Bsin(A — B) + sin Bsin C'sin(B — C) + sinC sin Asin(C — A) 


1 
= sin B [cos B — cos(2A — B) + cos(2C — B) — cos B] 


+ sin C sin Asin(C — A) 
= —sin Bsin(A — B+ C)sin(C — A) + sinC sin Asin(C — A) 
1 

ae sin(C — A) [cos(A — 2B + C) — cos(A + C) — cos(C — A) 
+cos(A + C)] 
= —sin(C — A) sin(C — B) sin(B — A) 
= —sin(A — B)sin(B — C)sin(C — A) 

.. sin Asin Bsin(A — B) + sin BsinC sin(B — C) 
+ sinC sin A sin(C — A) 
+ sin(A— B)sin(B—C)sin(C-—A)=0. 


§ Problem 9.2.30. 

sin(A — B)cos(A+ B) + sin(B — C) cos(B + C) 

+ sin(C — D)cos(C + D) + sin(D — A) cos(D + A) = 0. 0) 
§§ Solution. The expression 


1 
= (sin 2A — sin2B + sin2B — sin2C + sin 2C 


sin2D + sin2D — sin2A) = 0. 2 


§ Problem 9.2.31. 

sin(A + B — 2C) cos B — sin(A + C — 2B) cosC 

= sin(B — C) {cos(B + C — A) + cos(C + A— B) + cos(A+ B-—C)}.0 
§§ Solution. 
sin(A + B — 2C) cos B — sin(A + C — 2B) cosC 


= ; [sin(A + 2B — 2C) + sin(A — 2C) — sin(A + 2C — 2B) — sin(A — 2B)] 
by taking the first and third terms together and the second and 
fourth terms together, 

= cos Asin(2B — 2C) + cos(A — B— C) sin(B — C) 

= sin(B — C) {2cos Acos(B — C) + cos(A — B— C)} 

= sin(B — C) {cos(A+ B-—C)+cos(A—B+C)+cos(B+C—A)}. @ 


§ Problem 9.2.32. 
sin(A+ B+C+D)+sin(A+ B-C-—D)+sin(A+ B-C+D) 

+sin(A+ B+C-— D) =4sin(A+ B)cosC cos D.0 
§§ Solution. The expression 

= 2sin(A + B)cos(C + D) + 2sin(A + B)cos(C — D) 

= 2sin(A + B) [cos(C + D) + cos(C — D)] 

= 2sin(A+ B)-2cosC'cos D 

= 4sin(A + B)cosC cos D. . 
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§ Problem 9.2.33. If any theorem be true for values of A, B and C 
such that 

A+B+C = 180° 
prove that the theorem is still true if we substitute for A, B and C 
respectively the quantities 


A B C 
(1) 90° — —, 90° — — and 90° — —, or 
2 2 2 


(2) 180° — 2A, 180° — 2B and 180° — 2C. 


Hence deduce § Problem 9.2.16 and § Problem 9.2.17. ) 
8§ Solution. (1) If A; =90° = B, = 90° ; and C, = 90° — - 
then 
A, + By + C, = 270° a ; a 270° — 90° = 180°. 


(2) If Ag = 180° — 2A, By = 180° — 2B and C2 = 180° — 20, then 
Ag + By + Cz = 540° — 2(A + B+C) = 540° — 360° = 180°. 
In § Problem 9.2.16, let 


Ae wT a B= wT Bo C= wT x 
2 2 2 7 2 2 
Then cos A = sin = and sin = sin” 7 = 
Also, at+t8+7=37-2(A+B4+C)=37-2r=7. 
pO a Be 22} 2 Oo TP TOY. 
/, sin + sin + sin—- = 1+4sin sin sin 
2 2 2 4 4 4 
In § Problem 9.2.17, let 
Aa0 8 pat ga 
2 2 2 2 2 2 
= C = 
Then sin A = cos sin — = sin i = cos — = cos eats 
2 2 4 2 
a=p i T=% 
cos + COS cos — = 4sin sin cos 
4 4 4 
T+a r+ p TY 
= 4cos cos cos : Py] 
4 4 4 


Ife+y+2z= xyz, prove that 
§ Problem 9.2.34. 
32 — 23 3y — y? ; 3z— 23 _ 3a x? 3y—y? 32-23 
1-322 " 1—3y2 ' 1-322 1-302 1-—3y2 1—322° 0) 
§§ Solution. As in Fx. 5, Art. 127, if 
x2=tanA, y = tan B, and z = tanC, 
we have A+B4+C=nr4+7 
3 3 


32-2 _ 3y-y* 3z-— 2 
““1-3H2 1-—3y2 1-322 
= 3tan A—tan? A ; 3tan B — tan? B ; 3 tan C — tan? C 
1—3tan2A "© 1-—3tan2B |° 1-—3tan2C 
= tan3A+tan3B + tan3C 
By a proof similar to that of Ex. 5, Art. 127 


= tan3Atan3B tan 3C 
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3 3 


3a—a3 By—y> 32-2 
1—322 1—3y? 1-322" 


Proof : 
“A+ B+C=(n+1)r =™mz, Say, where m is any integer, 
.383A+3B +4 3C = 3mr, ..3A+3B = 3mm — 3C 


t A+t B 
“. tan(3A + 3B) = —tan3C, .. SESS SpIOER ES & tan 3C. 
1—tan3Atan3B 
.,tan3A + tan3B + tan3C = tan3A tan 3B tan 3C. r 


§ Problem 9.2.35. 


(tv) (1-2) +y(1-4) (1-2) 


+z (1 - =) (1 _ y°) = 4ryz. ©) 
§§ Solution. As in Fx. 5, Art. 127, we have 
2a yk 2y 2z 
1-2 1-y? 1-22) 1-2? 1-y 1-72 
x y z Axyz 


1-22 1 ae 2 (l—-2#)(1—-y2)(— 2) 


(1-¥8) (1-2) +y(1-2) (1-2) 


z (1-27) (1—y?) = 4ayz. . 
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Solve the equations 
§ Problem 9.3.1. sin@ + sin 76 = sin 40. r) 
§§ Solution. 
sin@ + sin 70 = sin 46; .. 2sin 40 cos 30 = sin 40 
., sin 46 = 0 or 2cos30 = 1. 


If sin 40 = 0, then 40 = nz. 
1 
If 2cos 30 = 1, then cos36 = 5 = cos 7 
T 1 
2,30 = 2nd t (20 + ) TT. 
3 3 
nT 1\ a 
iO = or (20 + ) : : 
4 3/3 
§ Problem 9.3.2. cos@ + cos 70 = cos 4é. 0) 


§§ Solution. 
cos 8 + cos 70 = cos 46; ... 2cos 46 cos 30 = cos 40 


cos 40 = 0 or 2cos 30 = 1. 


Tv Tv TT TT 
If cos 40 = 0, then 460 = 2pm + 4pX = + 4p+1 
prt = 4px 5+ 5 = (pt), 


= an odd multiple of 5 = (2n +1)5 = (n+ 5) is 


1 
If 2cos 30 = 1, then 30 = (zn + *) a[ see last example]. 


9 ( +5)3 (2 “)3 
hy = n or 4 ¢ ea cat ‘ 
2) 4 3) 3 - 


§ Problem 9.3.3. cos 6 + cos 30 = 2cos 20. >) 
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§§ Solution. 
cos 8 + cos 30 = 2cos 26; .°. 2cos 20 cos 8 = 2. cos 20 
., cos 20 = 0or cosé=1. 


1 
If cos 20 = 0, then 20 = (n + 5) m.[ see last example]. 
If cos@ = 1, then 6 = 2nz. 
1\ a 
LO eae Pe : 
§ Problem 9.3.4. sin 40 — sin 20 = cos 390. ry 


§§ Solution. 
sin 40 — sin 20 = cos 36; ... 2cos 30 sin 0 = cos 30 
., cos 30 = 0 or 2sin@ = 1. 


1 
If cos 30 = 0 then 30 = (n+ 5) Tr. 
1 
If 2sin@ = 1 then sind = — =sin= 
2 6 
7 
2 O=nn+(-1)"—. 
6 
1 7 
= (n+ ;) 5 RE : 
§ Problem 9.3.5. cos@ — sin30 = cos 206. > 


§§ Solution. 
cos 8 — sin 30 = cos 26; ... cos @ — cos 20 = sin 36 


. 30. 6 . 30 30 
28 sin — = 2sin cos 
2 2 2 2 
. 360 . 6 30 
.. sin — = Oor sin - = cos —. 
2 2 2 
0 6 
If sin a = 0 then a =nn. 
2 2 
30 _ 6 ( wT >) 
If cos sin cos ; 
2 2 2 2 
30 ( T 5) 
we have = 2nr7+ ; 
2 2 2 
Taking the upper sign, 
20 = 2nw + 5 
Taking the lower sign, 
6 = 2nr — se 
2 
2nt 1 1 
‘0 = — or (n+ 5) ror (20-5) x. : 
3 4 2 
§ Problem 9.3.6. sin 70 = sin @ + sin 30. ) 


§§ Solution. 
sin 70 = sin@ + sin 30 
., sin 70 — sin@ = sin 30 
.. 2cos 40 sin 390 = sin 30 
~. sin 30 = 0 or 2cos 46 = 1. 
If sin 30 = 0 then 30 = nz. 
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1 T 
If 2cos 40 = 1, then CORLO 5  CO8 
ch 40 =2nn t= 
3 
0= iad or (20+ 3) an 
3 3/ 4 


§ Problem 9.3.7. cos@ + cos 20 + cos 36 = 0. 
§§ Solution. 
cos 6 + cos 20 + cos 34 = 0 
.. cos 8 + cos 39 + cos 20 = 0 
.. 2cos 26 cos 8 + cos 20 = 0 
“. cos 20 (2cos@+ 1) =0 
“cos 20 = 0 or 2cosd+1=0. 


1 
If cos 20 = 0 then 20 = (n+ *) T. 
1 2 
If 2cos8+1=0, then cos = —> = cos 
2 
20 =Qnrt au 
3 
9 ( de >) w 2 Qn 
O=|(n or 2ntt : 
Qf 3 
§ Problem 9.3.8. sin6 + sin36 + sin50 = 0. 
§§ Solution. 
sin@ + sin3@ + sin5@ = 0 
.,sin@ + sin 56 + sin 30 = 0 
., 2sin 34 cos 20 + sin 30 = 0 
, sin 30 (2cos 20+ 1) =0 
.. sin 30 = 0 or 2cos20+1=0. 
If sin 30 = 0 then 30 = nz. 
I 27 
If 2cos 20+ 1=0 then a a LT 
20 
“, 20 = 2n7rt —. 
3 
a ee or (n+ *) T. 
3 3 
§ Problem 9.3.9. sin 20 — cos 26 — sin@ + cos@ = 0. 
§§ Solution. 
sin 20 — cos 26 — sin@ + cos? = 0 
., sin 20 — sin @ = cos 20 — cos 
6 6 6 6 
/, 2.cos 2 sin — = —2sin sin 
2 2 2 2 
. 6 3 _ 36 
sin — = 0 or cos — = —sin —. 
2 2 2 
6 6 
If sin — = 0 then = = nr. 
2 2 
6 6 6 
If ee = dine thon np eee 
2 2 2 4 


9=2 (= 4, >) 
“0 = 2nr or | —+—)z. 
3 2 
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§ Problem 9.3.10. sin(3@ + a) +sin(3@ — a) +sin(a — 0) —sin(a + 6) = 
cos a. © 


§§ Solution. 
sin(30 + a) + sin(30 — a) + sin(a — 6) — sin(a+ 0) = cosa 
., 2sin 30 cosa — 2cosasin@ = cosa 


1 1 
/, sin 36 — sin? = > “,2cos 20 sin @ = - 
1 
2(1 — 2sin? 0) sind = = 
2 
-, 8sin? 6 — 4sind +1=0 


“. (2sin@ — 1) (4sin? 6 + 2sin@ — 1) =0 
“,2sin@ — 1 =0or 4sin? 6 +2sind—1=0. 


' . 1 uh 
If 2sin@ —1=0 then pS Sn! 
If Asin? 6 + 2sin@-—1=0 
+V5-1 3 
then sin 6 = ue = sin = or sin (-=) 
4 10 10 
T 
2O0=nn + (-1)"— 
r+ (-"e 
T 
or + (-1)"— 
nn + (-1) 10 
or nt — aye . 
10 
§ Problem 9.3.11. cos(30 + a) cos(30 — a) + cos(50 + a) cos(50 — a) = 
cos 2a. © 
§§ Solution. 
cos(36 + a) cos(30 — a) + cos(56 + a) cos(50 — a) = cos 2a 
., cos 69 + cos 2a + cos 100 + cos 2a = 2. cos 2a 
.. cos 69 + cos 106 = 0;.°. 2 cos 84 cos 20 = 0 
., cos 80 = 0 or cos 20 = 0. 
If cos 80 = 0, then 806 = nz + . 
If cos 20 = 0, then 20 = nz + = 
oa (nts) Eo (nts) g ' 
-0=(n+—)—or (n+—]) =. 
27 8 2/ 2 
§ Problem 9.3.12. cosn@ = cos(n — 2)0+sin0. ?) 


§§ Solution. 
cos n@ = cos(n — 2)6 + sind 
“cos né — cos(n — 2)@ = sind 
“, —2sin(n — 1)@sin@ = sind 
“sin @ = 0 or 2sin(n — 1)6 = -1. 
If sin #0 = 0 then 6 = mz, where m is any integer. 


1 
If 2sin(n — 1)6 = —1 then sin(n — 1)0 = a sin ( =) 


*.(n—1)0 = ma — (-1)™ 
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i -—1 
§ Problem 9.3.13. sin ~~~ = sin “—~“0 + sind. 
§§ Solution. 
1 = 
a @=sin™ wf, + sind 
2 2 
_ nti _n-ti . 
/. sin 6 — sin 6 = sind 
2 2 
nod. @ _ 6 6 
/, 2COS sin — = 2sin —cos —. 
2 2 2 
‘ no 0 
., sin = = 0 or cos — =cos =. 
2 2 2 
. 6 6 
If sin = = 0 then = = mr. 
2 2 
6 0 0 
If cos ~~ = cos , then m= mr + 
2 2 2 2 
taking the upper sign, 
(n —1)0 = 4mr 
taking the lower sign, 
(n+ 1)0 = 4mr. 
mr 
“0 = 2mrn or ; 
n=l 
§ Problem 9.3.14. sinmé + sinné = 0. 
§§ Solution. 
sinmé@ + sinné = 0 
as Op eg gang 
2 2 
ip Gee ae ph = 0, 
If sin "9 =0 then "9 = re, 
where r is any integer. 
If cos 9 = 0, then "9 = rr 4 ie 
2 2 
2 
(2 or (2r +1) a 
m+n m—-n 


§ Problem 9.3.15. cosmé@ + cosn@ = 0. 
§§ Solution. 


cosm@ + cosné = O[Cf. §Problem 6.1.28.] 


m+n m—-n 
/. 2COS 6 - cos 06=0 
2 2 
m+n m—-n 
*, COS 3 6 =0or cos 06=0 
m+n m+n T 
If cos 6=0 then O@=rn7+—. 
2 2 2 
m—n m—n T 
If cos 6 = 0, then O@=rn7+-—. 
2 2 2 
wT 
= (2r +1) 
mtn 


§ Problem 9.3.16. sin? n6 — sin?(n — 1)0 = sin? 0. 
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§§ Solution. 
sin? nO — sin?(n — 1)0 = sin? 6 
«sin [n6 + (n — 1)6] sin [nO — (n — 1)6] = sin? 0, by Ex. 2, Art. 93 
.. sin(2n — 1)@sin 0 = sin? 6 
..sin@ = 0 or sin(2n — 1)@ = sin@. 


If sin@ = 0 then @ = mz. 
If sin(2n — 1)0 = sin@, 
then sin(2n — 1)0 — sind =0 


“. 2cosn@sin(n — 1)6 =0 
“.cosn@ = 0 or sin(n —1)0@=0 


If cosn@ = 0 then n@ = m7 + ; 
If sin(n — 1)0 = 0, then (n—1)0 = mr. 
( >) T mr 
..9=mr or |m+—)-—or | 
2) n n—-1 
§ Problem 9.3.17. sin36 + cos 20 = 0. >) 
§§ Solution. 
sin 30 + cos 20 = 0 
, cos 20 — cos (¢ +36) =0 
( ~) : (3 5) 
2sin t sin { =0 
4 2 4 2 
(3 *) 0 ( 4 >) 0 
sin{ — + —]=Oor sin{ —+-—]= 
4 2 4 2 
0 6 
If sin (24) =o1then 24° =n 
4 2 4 2 
6 
If sin (4 + ) =0then 5 { =n 
4 2 4 
1 7 
“0 = = (ann— =) or 2nnz — = rT 
§ Problem 9.3.18. 3cos@ + sin@ = V2. 4) 
§§ Solution. 3cos6 4+ sin@ = V2. 
Dividing both sides of the equation by /3 + 1, i.e. 2, we have 
1 1 
V3 aos + —sin9 = (9.1) 
2 2 J2 
in (3 +8) =sin 7 
“sin ( = = sin — 
tS) tS) 4 
a n 0) = | 1 nt 
G a a 
Tv Tv 
(0= | 1)" 9.2 
net (-1n —2 (9.2) 


Otherwise thus : 
From Eq. (9.1), we have 


cos (6 =) = cos 4; Bae) ut = 2nzr+ a 


0=2nr 4 = or Ing — = (9.3) 
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To show that Eq. (9.2) and Eq. (9.3) give the same values for 6 : 
in Eq. (9.2) let n be even (= 2m, say) and we have 
Tv Tv 


6 = 2mr7 4 a = 2mr 
4 3 12 
let n be odd (= 2m +1, say) and we have 
6=(Q2m41)n—-— — 7 =2mr 4 (= =) nee. / 
4 3 12 12 
§ Problem 9.3.19. sin@ + cos@ = V2. > 


§§ Solution. sin + cos@ = V2. 
Dividing both sides of the equation by 1 +1, i.e. V2, we have 


1 
sin 6 4 cos6= 1. 


V2 V2 
1 
-. 60s (8 “)=1 8 © = ann ie. 0= (2042) m. 
4 4 4 


Otherwise thus : 


: T\ 
we have sin (@ + *) = 
6+ —=2n7+ z 
2 
(2 + ;) | 
= (2n+—)7n. 
4 
§ Problem 9.3.20. V3sin6 — cos@ = V2. .) 


§§ Solution. /3sin6 — cos@ = V2. 
Dividing both sides of the equation by /3 + 1, i.e. 2, we have 


V3, 1 1 
sin 6 cos 0 . 
2 V2 
-.sin (6 =) =sin“; @—- =nr4 (—1)” 
6 4 6 
panna le, 7 
4 6 
§ Problem 9.3.21. sinz + cosx = V2cos A. ) 


§§ Solution. sinz +cosxz = V2cos A. 
Dividing both sides of the equation by 1 +1, i.e. V2, we have 


I... _ it rl 
sin x 4 cos az = cos A. 
V2 J2 
, COS (« - “) =cosA 
4 
Tv 
“@-—=2n7rtA 
4 
TT 
{2 S22 —tA. | 
v nT + r 
§ Problem 9.3.22. 5sin@ + 2cos@ = 5 (given tan 21°48’ = -4). ) 


§§ Solution. 5sin@ + 2cos@=5. 
Dividing both sides of the equation by V5? + 22, i.e. /29, we have 


2 sin 8 + : cos @ = z 
V29 V29 V29° 


“, cos 21°48’ sin 6 + sin 21°48’ cos 8 = cos 21°48’ 
“sin (0 + 21°48") = cos 21°48’ = sin (90° = 21°48") = sin 68°12’ 
“0 + 21°48! = n x 180° + (—1)” (68°12') 
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“0 = —21°48! +n x 180° + (—1)” (68°12') . . 
§ Problem 9.3.23. 6cosx + 8sinx = 9 (given tan53°8’ = 15 and 
cos 25°50! = -9). ) 
8§ Solution. 6cosz + 8sinz = 9. 


Dividing both sides of the equation by V6? + 82, i.e. 10, we have 
9 
10° 
”. cos 53°8’ cos + sin 53°8/ sina = -9 
.. COS (« a 53°8') = cos 25°50’ 
“,@ — 53°8' = 2n x 180° + 25°50’ 
“.@ = 2n X 180° + 78°58! or 2n x 180° + 27°18’. 7 


4 
cosx+ —sinx = 


§ Problem 9.3.24. 1+ sin? 6 = 3sin@cos6@ (given tan 71°34’ = 3). © 
§§ Solution. 1 + sin? 6 = 3sin@cos@. 
“2+ 2sin? 0 = 6sin@cos@ 
-,2+1-— cos 26 = 3sin 20 
-, cos 26 + 3sin 20 = 3. 
Dividing both sides of this last equation by V1 + 32, i.e. V10, we have 
1 3 3 
—= cos 29 + ——= sin 20 = ——. 
V10 V10 Vv 10 
“, cos 71°34’ cos 20 + sin 71°34’ sin 20 = sin 71°34’ 
“. COS (20 = 71°34’) = cos (90° _ 71°34’) = cos 18°26! 
“, 20 — 71°34’ = 2n x 180° + 18°26’ 


“, 20 = 2n x 180° + 90° or 2n x 180° + 52°8’ 


“.0=nX 180° + 45° or n X 180° + 26°34’. 7 
§ Problem 9.3.25. cosec 6 = cot@+ V3. >) 
§§ Solution. cosec 6 = cot@4+ V3. 
1 cos 0 
= +V3 


‘ sind sin@ 
-.cos@ + V3sin@ = 1. 
Dividing both sides of this last equation by v1 + 3, i.e. 2, we have 


1 
cos @ 4 sind = —. 
2 2 
cos (o- =) = cos — 
3 
@—~ =2nn ct is 
3 3 
20 
0 = Qn or 2nz + ae r 
§ Problem 9.3.26. cosec x = 1+ cotz. 0) 


§§ Solution. cosec x = 1+ cotz. 


1 Cos & . 
Ls =l1+- ; ..cosx+sing = 1. 
sin x sin x 


Dividing both sides of this last equation by /1+ 1, i.e. V2, we have 


1 
cos x +4 sinz = 


v2 v2 V2 
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4 
Tv Tv 
e-—=2n7t-— 
4 4 
2. @ = Qn or Inm + —. | 
§ Problem 9.3.27. (2 + v3) cos@ = 1—sind. % 


§§ Solution. (2 + v3) cos@ = 1—sin#@. 


wT 
. 1+cos(= +0) 
pore ene 2 


nm @ 
= cot ( | ) [§Problem 8.1.4] 
4 2 


cos 6 sin (= fe 6) 
wT (7 >) nm 6 w 
“cot = cot { te ee + =nr+ 
12 4 2 4 2 12 
6 wT 
..c=nt 3 ..0=2n0 


Also, both sides of the original equation become zero if 


cos? = 0 and 1—sin@ =0, i.e. if 0 = 2nm + &. t 
§ Problem 9.3.28. tan@ + sec@ = V3. © 
§§ Solution. tan6 +sec@ = V3. 
sin 0 1 
: + = V3 


“cos@  cos@ 
-. V3cos6 — sin@ = 1. 


Dividing both sides of this last equation by \/3 + 1, i.e. 2, we have 


a 3 

PSSM Oar tt 
§ Problem 9.3.29. cos 26 = cos? 6. >) 
§§ Solution. cos 26 = cos? 0. 

. cos? @ — sin? 6 = cos? 6; ., sin? 6 = 0; -. 8 = nr. a 
§ Problem 9.3.30. 4cos6 — 3sec@ = tané. 4) 
§§ Solution. 4cos6 — 3sec@ = tan. 
3 sin 0 
~. 4cos 6 — = 


cos@-cos0 
-, 4cos? 6 — 3 =sin0; “4 (1 — sin? 6) —3=sin0 
“.4sin? @+sind-1=0 
1 141 +¥V 
7. sing = — = a tT 
8 8 
§ Problem 9.3.31. cos 26+ 3cos@ = 0. r¢) 
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§§ Solution. cos 20+ 3cos@ = 0. 
“,2cos? 96 —1+3cos@ =0 


34+V794+8 +V17-3 
*,cos0 = ‘ 


4 4 
—/17—3 V1l7—-3 
The value = ns = is inadmissible, .-. cos @ = a | 
§ Problem 9.3.32. cos30 + 2cos@é =0. 
§§ Solution. cos 30 + 2cos@ = 0. 


“. 4cos? @ — 3cos @ + 2cos 6 = O[Art. 107] 
~. 4cos° 6 — cos@ = 0; .. cosé (4cos? 6 — 1) =0 
“. cos @ = 0 or 4cos? 9@—1=0. 


cos =0 then @ = nm + =. 


If 


1 
If 4cos? 6 —1=0 then cosé = 


cos 


2 3° 
1 wv 
26=(n45) mornmd ‘ 


= i 
3 
§ Problem 9.3.33. cos 20 = (v2 + 1) (cos = 


1 

"al ” 

§§ Solution. cos 26 = (V2+ 1) (cose - a3): 
1, 2e0s? 1 = (VE +1) cos —1~ 7 

=0 

1 
“. (2cos @ — 1) (cose - =) = 0: 
1 


“. 2cos? 6 (v2 } 1) cos 6 4 


Nw 


1 

If 2cos@—1=0, then ie aaa 
1 I 

If 


cos 9 — —~ = 0, then cos? = 
V2 


6 2nr 4 


T 
t — or 2nt 
3 


§ Problem 9.3.34. cot 6— tan @ = 2. 
§§ Solution. cot 6 — tand = 2. 
cos @ sin 0 


- - = 2; . cos? @ — sin? 6 = 2sin@ cos @ 
sinO cos 


oe cos 20 = sin 20 = cos (= (= — 26) 


26) 5 7,20 = Qn7 


T 1\ 7 
*4¢0=2 [2.0 = | ; 
TE 5 (n ;) 5 
Otherwise thus : 

By § Problem 8.1.5: 


cot 0 — tan @ = 2 cot 20 
/, 2cot 20 = 2; .. cot 20 = 1 = cot é 
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1 
1 2=nnt 5, .0=(n4 )%. ry 
4 4] 2 


§ Problem 9.3.35. 4cot 26 = cot? 6 — tan? 6. ro) 
§§ Solution. 4cot 26 = cot? 6 — tan? 6. 
“, 2 (cot @— tan@) = cot? 6 — tan? 6 [see last example] 
.. cot @— tan@ = 0 or 2=cot@+ tané. 


1 
If cot 6 — tan@ = 0, then —— — tan#d=0 
tan 0 
T 


: 


-1—tan?6= 0; ..tand = +1, t.e.0=nar+ 


1 
If cot@+tan@ = 2, then —— +tan0@ =2 
tan 0 


“tan? @— 2tan?+1=0, i.e. (tan@— 1)? =0 
~, tan @ = 1, which is included in the former solution. 
Otherwise thus : 


The given equation may be written 
4 


tan20 tan26 
4 (1 — tan? 6) 1 —tan* 0 
2tan 6 tan2 6 
1+tan? 6 
tand 


— tan? 6 


--1—tan?@=0or2= 


’ 


and the solution follows as before. 


§ Problem 9.3.36. 3 tan (6 — 15°) = tan (6 + 15°). .) 
§§ Solution. 3 tan (6 — 15°) = tan(@ + 15°). 
_tan(@—15°) 1 


““tan(@+15°) 3° 
New tan(9—15°) _ sin(@— 15°) sin (0 + 15°) 
tan(@+15°)  cos(@—15°)  cos(@4+ 15°) 
2cos (6 + 15°) sin (0 — 15°) 
2 sin (6 + 15°) cos (6 — 15°) 
_ sin 26 — sin 30° 
sin 20 + sin 30° 
_ sin 20 — sin 30° 1 2sin 20 4 


‘sin20+sin30° 3’ °° 2sin30° 2 
1 
“sin 29 = 2 x sin30° = 2x 5 1, 


/, 20 = 2nr 4 Es O=nr-4 a 
2 4 

§ Problem 9.3.37. tand + tan 20 + tan 36 = 0. >) 
§§ Solution. tan 6 + tan 20 + tan30 = 0. 

sin @ sin 20 sin 30 

% t + =0 
cos@  cos20  cos30 
_ sin @ cos 30 + sin 36 cos 0 sin20 


cos 6 cos 30 " cos 20 
_ sin(@+30)  sin20 _ é 


“ cos@cos30 cos 26 
sin 40 sin20 


: cos@cos36 cos 20 
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_ 2sin 26 cos 20 sin20 


cos@cos3@ | cos 20 


*, either sin20=0, ..20 =nz7, t.e.0= oe or 

2.cos? 20 + cos 6 cos 30 = 0. 

“.2(1+ cos 46) + cos 40 + cos 20 = 0 
..3cos 46 + cos 20 +2 =0 

. 3 (2cos” 20 — 1) + cos20+2=0 
“. 6cos? 20 + cos20—-1=0 

. (2cos 20 + 1) (3 cos 20 — 1) =0 
“,2cos 20+ 1=0o0r 3cos20—1=0. 


1 2 
If 2cos20+1=0, then cos 20 = —> = cos 
Qi « wT 
*20=2n07+ ,te.0=nr+ 
If 3cos 20 —1=0, then cos 20 = @ 
1. a 
J, 20 = 2na7 +a, where cosa = a te.0=nr+ ey t 
§ Problem 9.3.38. tané + tan 26 + /3tan0@ tan 20 = V3. ry 


§§ Solution. tan@ + tan 26 + /3tan@ tan 20 = V3. 
-, tan @ + tan 26 = V3 (1 — tan @ tan 20) 
tan@ + tan 20 
ate ees = V3 =tan= 
1 — tan @ tan 20 3 
“, tan 36 = tan 2 [Art. 107] 


1 
30 =ne +7; .0=(n4 )z 


a 
3/ 3 
§ Problem 9.3.39. sin 3a = 4sinasin(x + a) sin(a — a). ?) 
§§ Solution. sin 3a = 4sinasin(zx + a) sin(a — a). 
“. 3sina — 4sin3 a = 4sina (sin? x — sin? a) [By Arts. 107 and 93] 
-. 3sina = 4sinasin? Be 12, sin? 2 = . 
. 3 : T ay 
“sing = + sin (+ ) ;..eS=nrt—. a 
2 3 3 


§ Problem 9.3.40. Prove that the equation x? —2x+1 = Ois satisfied 
by putting for x either of the values 
V2sin 45°, 2sin 18° and 2 sin 234°. % 
§§ Solution. 2° — 2x+1=0. 
(2 1S + x 1) =0 


“@—-1=0ore?+2—-1=0. 


If a«—-1=Othenz=1. 
If o h2—1=0thene = 2¥Oo} 
Now Jdeinds? =V2x = =1 
V2 
pemrarsoe Vo Wt aa 


4 2 
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x VB+1 _ -vb-1 


2sin 234° = —2sin 54° = —2 rT] 
4 2 
§ Problem 9.3.41. If sin (a cos 0) = cos (sin 0), prove that 
wT 1 
0 a ae = 
cos ( ) aD) 6 


§§ Solution. sin (7 cos 6) = cos(msin@). 


.. COS (G — 7 cos @) = cos (7 sin 0) 


mcos@ = 2nx + 7sin0, where n is any integer. 


,cos@+ sin9 = he 2n 


1 ; 1 1—4n 
“.cos@- sin 6 - — 
V2 V2 2/2 
(0 _ ") 1—4n 
.. COS +- — }] = ——. 
4 2/2 


Now n must be zero; for otherwise, since it is an integer, the right- 
hand member would be numerically greater than unity 


6+ —) = ——. 
cos ( =) 22 | | 
§ Problem 9.3.42. If sin(zcot@) = cos(mtan@), prove that either 


: 1 ‘ wate . 
cosec 26 or cot 20 is equal to n + Z where n is a positive or negative 


integer. 0) 
§§ Solution. sin (a cot 0) = cos (7 tan@). 


.. cos (7 tan 8) = cos (= — mcot 0) é 


“wtand = 2n7 + (S 7™ cot 6) : 


where n is zero or some positive or negative integer. 


Taking the upper sign, 


1 1 2 
2n+ — =tand+ cot? = — = 
2 : sin 6 cos @ sin 20 


= sin 20 
Taking the lower sign, 


= 26= -. 
cosec n+ q 


2 cos 20 1 
5 7. cot 20 = i —n. 


1 
2n = tan@ — cot@ = — 
2 sin 2 


i 5 1 
Thus either cosec 26 or cot 20 is equal n + ry rT 


Chapter 


Logarithms 


10.1 Characteristics, Mantissa and Proper- 


ties 


§ Problem 10.1.1. Given log 4 = .60206 and log 3 = .4771213, find the 


logarithms of 
8, .003, .0108 and (.00018)7 . 
2° 


8 
Solution. .8 = — = — 
s aah 10 10 


. log(.8) = 3log 2 — log 10 = 3 log (v4) — log 10 


3 = 
=— log 4 — log 10 = .90309 — 1 = 1.90309 


003 = = 
1000 108 - 
. log(.003) = log 3 — 3 log 10 = .4771213 — 3 = 3.4771213 
o1og — 108 _ 4% 27 _ 4 x 33 
: 104 104 104 
. log(.0108) = log 4 + 3log 3 — 4log 10 
.60206 + 1.4313639 — 4 = 2.0334239. 
18 2x3?) V4x 3? 
10° 108 10° 


a 1/1 
. log(.00018)7 = = G log 4 + 2 log 3 — 5log 10) 


-00018 = 


1 4 
=7 (.30103 + .9542426 — 5) = 1.4650389. 


% 


§ Problem 10.1.2. Given log11 = 1.0413927 and log13 = 1.1139434, 


find the values of 
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(1) log 1.43 

(2) log 133.1 

(3) log */143, and 
(4) log Y.00169. 


0) 
143, 11x13 
Solution. 1) 1.43 = —= 
i ad 100 102 
~. log 1.43 = log 11 + log 13 — 2 log 10 
= 1.0413927 + 1.1139434 — 2 = 1553361. 
1331 118 

(2) 133.1 = —— = — 

10 10 

~, log 133.1 = 3log 11 — log 10 = 3.1241781 — 1 = 2.1241781. 

(3) ; 

log V143 = log Y11 x 13 = a (log 11 + log 13) 

1 
= 7 (21553361) = .5288340. 

169 = 13? 
(4) .00169 = —= = — 

105 105 : ; 

~. log 00169 = : (2log 13 — 5log 10) = : (2.2278868 — 5) 
Te _ 
ie (3.2278868) = 1.0759623. 2 


§ Problem 10.1.3. What are the characteristics of the logarithms 
3 

of 243.7, .0153, 2.8713, .00057, .023, \/24615 and (24589)4 ? 0) 

§§ Solution. 


log 243.7 = 2. ...[Art. 142, (i)]. 
log(.0153) = 2. ... [Art. 142, (éi)]. 
log 2.8713 = 0. ...[Art. 142, (4)]. 

log(.00057) = 4. ...[Art. 142, (d)]. 
log(.023) = 2. ...[Art. 142, (ii)]. 
log 24615 = 4. ...[Art. 142, (i 
1 
v. log 724615 = . log 24615 =0. ... 
log 24589 = 4. ...[Art. 142, (i 


3 3 
.. log (24589) 4 = 7 log 24589 = 3. ... Z 


§ Problem 10.1.4. Find the 5‘” root of .003, having given log3 = 
.4771213 and 


log 312936 = 5.4954243. % 
§§ Solution. 


1 
log(.003)3 = = (3.4771213) , by §Problem 10.1.1 


ly : 
; (5 + 2.471213) = 1.4954243 = log(.312936) 
+. (.003)3 = .312936. . 
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§ Problem 10.1.5. Find the value of 
(1) 77 
(2) (84)5, and 


(3) (.021)5 


having given 
log 2 = .30103, log3 = .4771213 
log 7 = .8450980, log 132057 = 5.1207283 
log 588453 = 5.7697117 and log 461791 = 5.6644438. % 
§§ Solution. (1) 
1 1 1 

log 77 = 7 log 7 = 7 (8450980) 

.1207283 = log 1.32057 


= 1.32057. 


“I 
AIF 
| 


(2) 
84=12x7=27x3x7 


2 
a log(84) 8 = = (2log2 + log3 + log 7) 


5 
2 
= 5 (.60206 + 4771213 + .8450980) 
2 
= 5 (1.9242793) = 7697117 = log 5.88453 
+. (84)3 = 5.88453. 
1 21 3x7 
Sieve ee 
BCC) S Tos aps 


1 ioe 
+, log(.021)5 = 5 (log 3 + log 7 — 3log 10) = = (2.3222193) 


i : 
: (5 + 3.322193) = 1.6644439 = log(.461791) 
+. (.021)3 = .461791. . 


§ Problem 10.1.6. Having given log3 = .4771213, find the number 
of digits in 


(1) 348 
(2) 3?” and 
and the position of the first significant figure in 
(1) 3-18 
(2) 3-43 and 
(3) 732°. > 
§§ Solution. (1) log3*? = 43log3 = 43 x .4771213 = 20.5162159. 
Hence there are 21 digits in 34°. 
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(2) log32” = 27 log 


(3) log 3°? = 62 log 


(4) log3~!8 = -13 


imals. 


(5) log 3-43 = —43 


decimals. 


(6) log3~® = —65 


Hence the first significant figure is in the thirty-second plac 


of decimals. 


§ Problem 10.1.7. 


3 = 27 X .4771213 = 12.8822751. 


Hence there are 13 digits in 32”. 


3 = 62 X .4771213 = 29.5815206. 


Hence there are 30 digits in 3°. 


og 3 = —13 x .4771213 = —6.2025769 = 7.7974231. 


Hence the first significant figure is in the seventh place of dec- 


og 3 = —43x.4771213 = —20.5162159 = 21.4837841. 


Hence the first significant figure is in the twenty-first place of 


og 3 = —65x.4771213 = —31.0128845 = 32.9871155. 


.8450980, solve the equations 


(Ly es =e 


(2) g2a+1 . 33a+2 = 


(3) 72% + 27-4 = 33%-7 and 


(4) 


€ 
a 
Given log 2 = .30103, log3 = .4771213 and log7 = 
yan 
TTY x g2etY = 9g 
BP gee = ge > 


§§ Solution. (1) 2%-3%+4=77. 
Taking logarithms of both sides, we have 


xlog2+ (a +4) log3 = xlog7 
.. & (log 2 + log3 — log 7) = —4log3 
4log3 


Hae 
log 7 — (log 2 + log 3) 


1.9084852 _ 1.9084852 _ 


28.5... 
8450980 — .7781513 -0669467 


(2) g2a+1 E 33a+2 = yan 


Taking logarithms of both sides, we have 
(2a + 1) log 2 + (3a + 2) log 3 = 4x log7 


log 2 + 2log3 


** 4log7 — (2log2 + 3log3) 


= 1.2552726 _ 12552726 _ 4, 

3.3803920 — 2.0334239 -1.3469681 
(3) 728 ws gr—4 — 332-7 

Taking logarithms of both sides, we have 
2x log 7 — (a — 4) log 2 = (3a — 7) log3 
Tlog3 + 4log2 
oe 
3 log 3 + log 2 — 2log7 
: 491 + 1.20412 4.54 1 
3.3398491 + 1.20 _ 4.543969 — 107.68... 


~ 1,7323939 — 1.6901960 .0421979 
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(4) We have 
(x+y) log7+ (2x + y) log3 = i} 
(a — y) log 3 + (2y — x) log2 = xlog3 


(a+ y)ce+ (2x + y)b = 2b 
(x — y)b+ (2y— x)a = coh 
where a = log2, b = log3 and c = log7 
J. (e+ 2b)a + (c+ b)y = 2b 
ax + (b— 2a)y =0 \ 
Solving these equations, we have 
2b(2a — b) 2ab 
and y = : 
5ab + 3ac — 2b? — be 5ab + 3ac — 2b? — be 


§ Problem 10.1.8. From the tables, find the seventh root of .000026751. 


or 


0) 
§§ Solution. 
log(.000026751) = 5.4273400 
ie 
+, log(.000026751)7 = - (5.4273400) 
= + (7 4 2.4273400 
= 7 (7+2. ) 
= 1.3467629 © log(.22221) 
+, (000026751)7 & .22221. . 


Making use of the tables, find the approximate values of 
§ Problem 10.1.9. */645.3. 0) 
§§ Solution. 
log 645.3 = 2.8097617 
1 


log ¥645.3 = 3 (28097617) 
= .9365872 ~ log 8.6415 
-, 645.3 © 8.6415. . 
§ Problem 10.1.10. 982357. ) 


§§ Solution. 
log 82357 = 4.9157005 


1 
«log 782357 = = (4.915700) 


= .9831401 ~ log 9.6192 
+, 9/82357 & 9.6192. . 


V5 x V7 
VBx Yo 
_VvVbx V7 
~ x V9 


logx = i log 5 4 B log 7 (; log8 + lo 9) 
a T 
s 2 s 3 s | s 5 s 


= .6311843 — .4166210 = .2145633 & log 1.6389 
“2 & 1.6389. a 


§ Problem 10.1.11. 


§§ Solution. Let x 
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§ Problem 10.1.12. oC 
9.4 + 16.5 

§§ Solution. Let « = (es 
9.4 + 16.5 


vloga = ; [log 7.2 + log 8.3 — (log 9.4 — log 16.5)] 
= ; [(log 7.2 + log 8.3 + log 16.5) — log 9.4] 
= - [2.9938945 — .9731279] 
= 5 (2.0207666) = .6735889 = log 4.7162 
va & 4.7162. 
85 x 113 
§ Problem 10.1.13. ea gS 
: 85 x 113 
§§ Solution. Let « = Ese Te 


-logaz = 


NIRPNI REN] R 


E 2 dee ( T4421 02) 

oO. oO oO — 10 

5 log8 + 3 log 5 108 5 los 
io 

[.5277489 — 1.2930942] = = (1.2346547) 


(2 + 1.2346547) = 1.6173274 © log(.41431) 
va &% 41431, 


Chapter 


Tables of Logarithms And 
Trigonometrical Ratios, Principle 
of Proportional Parts 


11.1 Proportional Parts 


§ Problem 11.1.1. 


Given log 35705 = 4.5527290 
and log 35706 = 4.5527412 
find the values of log 35705.7 and log 35.70585. 0) 


§§ Solution. 
The difference for 1 = 4.5527412 — 4.5527290 = .0000122. 
., the difference for .7 = .0000085 
~. log 35705.7 = 4.5527290 + .0000085 = 4.5527375. 

Again, we have log 35.705 = 1.5527290 

and log 35.706 = 1.5527412. 

Hence the difference for .001 = .0000122 

., the difference for .00085 = .0000104 


~. log 35.70585 = 1.5527290 + .0000104 = 1.5527394. LI 
§ Problem 11.1.2. 
Given log 5.8743 = .7689487 
and log 587.44 = 2.7689561 
find the values of log 58743.57 and log .00587432. % 
§§ Solution. 
Given log 58743 = 4.7689487 


and log 58744 = 4.7689561. 


11.1. Proportional Parts 166 


The difference for 1 = .0000074. 
., the difference for .57 = .0000042 
~. log 58743.57 = 4.7689487 + .0000042 = 4.7689529. 
Again the difference for .2 = .0000015 
., log 58743.2 = 4.7689487 + .0000015 = 4.7689502 


, log .00587432 = 3.7689502. LI 
§ Problem 11.1.3. 
Given log 47847 = 4.6798547 
and log 47848 = 4.6798638 
find the numbers whose logarithms are respectively 
2.6798593 and 3.6798617. 0) 
§§ Solution. We have 
log 478.47 = 2.6798547 (11.1) 
and log 478.48 = 2.6798638 (11.2) 
Let log (478.47 + x) = 2.6798593 (11.3) 
From Eq. (11.1) and Eq. (11.2), we have the difference for 
.01 = .0000091. 
From Eq. (11.1) and Eq. (11.3), we have the difference for 
x = .0000046. 
_ & _ .0000046 
“*01 ~~ .0000091° 
.46 
“a2 = — X .01 = — ®& .005. 
91 91 
., the required number = 478.47 + .005 = 478.475. 
Again, let log (478.47 + y) = 2.6798617 (11.4) 
From Eq. (11.1) and Eq. (11.4), we have the difference for y = .0000070. 
y= 0 yo = 2! w 0077. 
91 91 - 
.. log(478.4777) = 2.6798617; .. log .004784777 = 3.6798617. 
., the required number = .004784777. a 
§ Problem 11.1.4. 
Given log 258.36 = 2.4122253 
and log 2.5837 = .4122421, 
find the numbers whose logarithms are 
4122378 and 2.4122287. % 
§§ Solution. We have 
log 2.5836 = .4122253 (11.5) 
and log 2.5837 = .4122421 (11.6) 
Let log (2.5836 + x) = .4122378 (11.7) 


From Eq. (11.5) and Eq. (11.6), we have the difference for 
-0001 = .0000168. 
From Eq. (11.5) and Eq. (11.7), we have the difference for 
x = .0000125. 
125 -0125 


Hence we have x = —— x .0001 = ——— #& .000074. 
168 168 
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Hence the required number 
= 2.5836 + .000074 = 2.583674. 


Again, we have log .025836 = 2.4122253 (11.8) 
and log .025837 = 2.4122421 (11.9) 
Let log (.025836 + y) = 2.4122287 (11.10) 


From Eq. (11.8) and Eq. (11.9), we have the difference for 
.000001 = .0000168. 
From Eq. (11.8) and Eq. (11.10), we have the difference for 
y = .000034. 
Hence we have 


4 ‘ A 
y= a x .000001 = Ce = .0000002. 
168 
Hence the required number 
= .025836 + .0000002 = .0258362. LI 
§ Problem 11.1.5. From the table in Art. 144, find the logarithms 
of 
(1) 52538.97 
(2) 527.286 


(3) .000529673, 
and the numbers whose logarithms are 


(4) 3.7221098 
(5) 2.7210075, and 
(6) .7210386. 0 


§§ Solution. (1) 
log 52538 = 4.7204735 
diff. for .9 = .0000074 
diff. for .07 = .0000006 
“, log 52538.97 = 4.7204815 


(2) 
log 52728 = 4.7220413 
diff. for .6 = .0000049 
. log 52728.6 = 4.7220462 
. log 527.286 = 2.7220462 


(3) 
log 52967 = 4.7240054 


diff. for .3 = .0000025 
., log 52967.3 = 4.7240079 
~. log .000529673 = 4.7240079 


(4) 
Let log x = 4.7221098 
We have log 52736 = 4.7221072 
diff. = .0000026 
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diff. for .3 = .0000025 
~. log 52736.3 = logx 
2. @© = 52736.3. 
Hence the required number is 5273.63. 


(5) 
Let log x = 4.7240075 
We have log 52967 = 4.7240054 
diff. = .0000021 
diff. for .2 = .0000016 
diff. for .06 = .00000049 
. log 52967.26 = log x 
/. © = 52967.26. 
Hence the required number is .05296726. 


(6) 


Let log x = 4.7210386 
We have log 52606 = 4.7210353 
diff. = .0000033 
diff. for .4 = .0000033 
.. log 52606.4 = logax 
.@ = 52606.4. 
Hence the required number is 5.26064. a 


§ Problem 11.1.6. 


Given sin 43°23’ = .6868761 
and sin 43°24’ = .6870875, 
find the value of sin 43°23'47". 0 


§§ Solution. Foran increase of 60” in the angle, there is an increase 
of 
.6870875 — .6868761, 2.e. .0002114, 
in the logarithm. 
Hence for an increase of 47” in the angle, the corresponding in- 
crease in the logarithm 


47 
=a 0002114 = .0001656. 
“, sin 43°23'47” = .6868761 + .0001656 = .6870417. ] 


§ Problem 11.1.7. Find also the angle whose sine is .6870349. ©) 
§§ Solution. Let the required angle be 43°23’ + x’, so that 
sin (43°23 + 2”) = 6870349. 
: elt __ .6870349 — .6868761 — .0001588 
“" 60” .6870875 — .6868761 .0002114 


x2 = 60” 1388 45” 
2114 
Hence the required angle is 43°23/45”. rT 
§ Problem 11.1.8. 
Given cos 32°16’ = .8455726 
and cos 32°17 = .8454172 


find the values of cos 32°16’24” and of cos 32°16/47"". ©) 
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§8§ Solution. For an increase of 60” in the angle, there is a decrease 
of 

.8455726 — .8454172 = .0001554 in the logarithm. 
Hence, for an increase of 24” in the angle, the corresponding de- 
crease in the logarithm 


24 
= 60 X .0001554 = .0000622. 


And, for an increase of 47” in the angle, the corresponding decrease 
in the logarithm 


4 
= - x .0001554 = .0001217. 


“, cos 32°16/24”” = .8455726 — .0000622 = .8455104 
and cos 32°16'47” = .8455726 — .0001217 = .8454509. . 


§ Problem 11.1.9. Find also the angles whose cosines are 
.8454832 and .8455176. 0) 
§8§ Solution. (1) Let the required angle be 32°16’ + x’. 


COS (32°16 + x’) = 8454832. 
_ a! 8455726 — 8454832 0000894 
"60" 8455726 — 8454172  .0001554 


894 
va = 60" x —— = 35". 
1554 


Hence the required angle is 32°16/35”. 


(2) Let the required angle be 32°16’ + y”. 
cos (32°16' + y’”) = .8455176. 
: yl! _ .8455726 — .8455176 — .0000550 
“" 60” .8455726 — .8454172 .0001554 


“a = 60" x ous 21", 
554 


Hence the required angle is 32°16’21”. a 


§ Problem 11.1.10. 


Given tan 76°21’ = 4.1177784 
and tan 76°22’ = 4.1230079, 
find the values of tan 76°21'29” and tan 76°21/47". 0 


§§ Solution. 
tan 76°22’ = 4.1230079 
tan 76°21’ = 4.1177784 
-. diff. for 60” = .0052295. 


2 
-, diff. for 29” = = X .0052295 = .0025276 


4 
. diff. for 47” = x x .0052295 = .0040964. 
“, tan 76°21/29” = 4.1177784 + .0025276 = 4.1203060 


“, tan 76°21'47” = 4.1177784 + .0040964 = 4.1218748. 7 
§ Problem 11.1.11. 
Given cosec 13°8’ = 4.4010616 
and cosec 13°9’ = 4.3955817, 


find the values of cosec 13°8'19” and cosec 13°8/37’’. % 
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§§ Solution. 
cosec 13°9! = 4.3955817 
cosec 13°8’ = 4.4010616 


-. diff. for 60’ = —.0054799. 
. 19 
-. diff. for 19” = es (—.0054799) = —.0017353 
: 37 
-. diff. for 37” = a0 * (—.0054799) = —.0033793. 
cosec 13°8/19”” = 4.4010616 — .0017353 = 4.3993263 
cosec 13°8/37” = 4.4010616 — .0033793 = 4.3976823. ] 
§ Problem 11.1.12. Find also the angle whose cosecant is 4.396789. 
» 
§§ Solution. 
Let cosec 13°8/a"" = 4.3967890 
cosec 13°8’ = 4.4010616 
-. Giff. for 2’ = —.0042726. 
. Se _ 0042726. a year 
60”  .0054799 
-, required angle = 13°8/47”. i] 
§ Problem 11.1.13. 
Given L cos 34°44” = 9.9147729 
and L cos 34°45" = 9.9146852, 
find the value of L cos 34°44°27”. 0) 
§§ Solution. 
L cos 34°45” = 9.9146852 
Los 34°44" = 9.9147729 
, diff. for 60’ = —.0000877. 
, 27 
-. diff. for 27” = rie (—.0000877) = —.0000395 
«, Lcos34°44°27”" = 9.9147729 — .0000395 = 9.9147334. I] 
§ Problem 11.1.14. Find also the angle 6, where 
L cos 6 = 9.9147328. % 
§§ Solution. 
Let L cos 34°44'x” = 9.9147328 
L cos 34°44’ = 9.9147729 
-. diff. for 2’ = —.0000401. 
But diff. for 60’’ = —.0000877 
401 
“02 = — xX 608 27 
877 
1, @ = 34°44'27". rT] 
§ Problem 11.1.15. 
Given Lcot 71°27’ = 9.5257779 
and L cot 71°28’ = 9.5253589, 


find the value of L cot 71°27/47"”, 
and solve the equation L cot 6 = 9.5254782. % 
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§§ Solution. 
L cot 71°28’ = 9.5253589 
Lcot 71°27! = 9.5257779 
-. diff.for 60’ = —.0004190. 
AT 


-. diff. for 47” = 60 x (—.0004190) = —.0003282. 


«, Lcot 71°27'47” = 9.5257779 — .0003282 = 9.5254497. 
Again, let 6 = 71°27’z’’. Then 
Lcot 71°27'x” = 9.5254782 
Lcot 71°27’ = 9.5257779 


-. diff. for «’”” = —.0002997. 

But diff. for 60’ = —.0004190 

2 

n= ree x 60 = 43; ». 6 = 71°27'43”". 

4190 
§ Problem 11.1.16. 
Given Lec 18°27’ = 10.0229168 
and L sec 18°28’ = 10.0229590, 


find the value of L sec 18°27'35”. 

§§ Solution. 
Lsec 18°28’ = 10.0229590 
Lsec 18°27’ = 10.0229168 


.. diff. for 60’ = .0000422. 
-. diff. for 35” - x (.0000422) = .0000246 


~, Lsec 18°27'35”” = 10.0229168 + .0000246 = 10.0229414. 


§ Problem 11.1.17. Find also the angle whose L sec is 10.0229285. 


§§ Solution. 
Let Lsec 18°27'a"’ = 10.0229285 
Lsec 18°27’ = 10.0229168 
-. Giff. for x” = .0000117. 


But diff. for 60’’ = .0000422 
117 
— xX 60= 17 
422 


*, required angle = 18°27/17”. 


§ Problem 11.1.18. Find in degrees, minutes and seconds the angle 


whose sine is .6, given that 
log 6 = 7781513, Lsin 36°52’ = 9.7781186 


and Lsin 36°53’ = 9.7782870. 
§§ Solution. 
Let sind= 6= us 
10 
-, Lsin@ = 10 + log 6 — log 10 = 9.7781513. 
Let 6 = 36°52' x". 
Then Lsin 36°52'2”" = 9.7781513 
Lsin 36°52’ = 9.7781186 
-. diff. for x” = .0000327 


Lsin 36°53’ = 9.7782870 
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L sin 36°52’ = 9.7781186 
-. diff. for 60” = .0001684 


2 
ge Es eae: 
1684 
-, the angle = 36°52/12”. rT] 
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§ Problem 11.2.1. Find 6, given that cos @ = .9725382, 


cos 13°27’ = .9725733, diff. for 1’ = 677. > 
§§ Solution. 
Since cos 8 < cos 13°27’, .,@ > 13°27’. 
Let then cos (13°27'2"’) = 9725382. 
Since .9725733 — .9725382 = .0000351 
351 
we have z= 60" x —s 31". 
677 
Hence 6 = 13°27'31”. I] 


§ Problem 11.2.2. Find the angle whose sine is , given 
sin 22°1’ = .3748763, diff. for 1’ = 2696. 0) 
8§ Solution. Since ; = .375, let the required angle be 22°1’+2’’, so 
that 
sin (22°1' + a'") = .375. 
*, 3875 — .3748763 = .0001237, 


we have x = 60" x —— & 28”. 
2696 

Hence the required angle is 22°1'28”. rT 
§ Problem 11.2.3. 
Given cosec 65°24’ = 1.0998243 

diff. for 1’ = 1464, 
find the value of cosec 65°24'37”. 
and the angle whose cosec is 1.0997938. 0) 


8§ Solution. Since = x 1464 = 903, we have 
cosec 65°24'37” = 1.0998243 — .0000903 = 1.0997340. 
Again, let 6 be the required angle. 


“ cosec 8 < cosec 65°24’, 0 > 65°24’. 
Let then 6 = 65°24’ + a” 


", cosec (65°24 + a = 1.0997938. 


*, 1.0998243 — 1.0997938 = .0000305, 


“a = 60" x oD: 12.5”. 
1464 


2.0 = 65°24/12.5". : 
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§ Problem 11.2.4. 
Given L tan 22°37’ = 9.6197205 
diff. for 1” = 3557, 
find the value of L tan 22°37'22”, 
and the angle whose L tan is 9.6195283. 0) 
22 
§§ Solution. Since 60 x 3557 = 1304, we have 
L tan 22°37'22” = 9.6197205 + .0001304 = 9.6198509. 
Again, let @ be the required angle. 
“> Ltand < Ltan 22°37’, ».@ < 22°37’. 
Let then 6 = 22°37’ — 2”, -. Ltan (22°37' = x’) = 9.6195283. 
*.+ 9.6197205 — 9.6195283 = .0001922 
1922 
x = 60" x —— & 32" 
3557 
0 = 22°37! — 32 = 22°36/28”. . 
§ Problem 11.2.5. Find the angle whose L cos is 9.993, given 
L cos 10°15’ = 9.9930131, diff. for 1’ = 229. > 
§§ Solution. Let @ be the required angle. 
-- Lcos@ < Lcos10°15”, «. 6 > 10°15’. 
Let then 6@=10°15’ + 2”, ». Lcos@ = 9.993. 
-.* 9.9930131 — 9.993 = .0000131 
131 
“,@ = 60” det 34”, 
229 
1.0 = 10°15'34”. . 
§ Problem 11.2.6. Find the angle whose Lsec is 10.15, given 
Lsec 44°55’ = 10.1498843, diff. for 1’ = 1260. > 
§§ Solution. Let @ be the required angle. 
-- Lsec@ > Lsec 44°55’, °. 0 > 44°55’. 
Letthen 6 = 44°55’ +2”, -, Lsec (44°55 + #) = 10.15. 
* 10.15 — 10.1498843 = .0001157, 
1157 
v.a@ = 60 xX —— 255. 
1260 
1.0 = 44°55'55"". 7 


§ Problem 11.2.7. From the table in Art. 159, find the values of 


(1) Lsin 32°18/23” 

(2) Lcos32°16'49” 

(3) Lot 32°29/43” 

(4) Lsec 32°52/27” 

(5) Ltan57° 45/28” 

(6) Lcosec 57°48/21”, and 
(7) Lcos57°58/29”. 
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. 23 
§§ Solution. (1) Since 20 x 1998 = 766, we have 
L sin 32° 18/23” = 9.7278277 + .0000766 = 9.7279043. 


: 49 
(2) Since a0 x 798 = 652, we have 


L cos 32°16'49” = 9.9271509 — .0000652 = 9.9270857. 


é 43 
(3) Since 50 xX 2788 ~ 1998, we have 


L cot 32°29'43” = 10.1960915 — .0001998 = 10.1958917. 


: 27 
(4) Since ‘0 xX 817 © 368, we have 
L sec 32°52/27” = 10.0757539 + .0000368 = 10.0757907. 


: 28 
(5) Since a x 2800 ~ 1307, we have 


L tan 57°45'28” = 10.2000030 + .0001307 = 10.2001337. 


F 21 
(6) Since é0 x 795 = 278, we have 


Lcosec 57°48/21” = 10.0725305 — .0000278 = 10.0725027. 


, 29 
(7) Since 50 x 2020 = 976, we have 
L cos 57°58/29” = 9.7246138 — .0000976 = 9.7245162. | 


§ Problem 11.2.8. With the help of the table in Art. 159, solve the 
equations 


(1) Ltané = 10.1959261 

(2) Loosec @ = 10.0738125 
(3) Lcos@ = 9.9259283, and 
(4) Lsin@ = 9.9241352. 


§§ Solution. (1) 
+ Ltan 57°30’ = 10.1958127 
diff. for 1’ = 2788 


Let = 57°30! + 2” 
-, Ltan (57°30 + a) = 10.1959261. 
Since 10.1959261 — 10.1958127 = .0001134 
“x = 60” x nee we 24". 
2788 


7,0 = 57°30/24”. 


(2) 
-- Lcosec 57°32’ = 10.0738099 
diff. for 1’ = 805 
Let 6 = 57°32! — a" 
-, Lcosec (57°32! = x") = 10.0738125. 
Since 10.0738125 — 10.0738099 = .0000026 
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26 
va = 60" x — 2". 
805 
2,0 = 57°32! — a” = 57°31'58". 


(3) 
-- L-cos 32°32! = 9.9258681 
diff. for 1’ = 806 


Let 6 = 32°32! — a" 
-, Leos (32°32! = x") = 9.9259283. 
Since 9.9259283 — 9.9258681 = .0000602 
v1 602 7 
“2=60° x — #45". 
805 


7,0 = 32°32! — 45” = 32°31'15”. 


(4) 
-- Lin 57°6’ = 9.9240827 
diff. for 1’ = 817 


Let 6=57°6' +2” 
-, Lsin (57°6! + i) = 9.9241352. 
Since 9.9241352 — 9.9240827 = .0000525 
525 
“2 = 60" x = = 39”. 
817 
7,0 = 57°6/39". ] 


§ Problem 11.2.9. Take out of the tables L tan 16°6'23” and calcu- 
late the value of the square root of the tangent. ) 
§§ Solution. 

Ltan16°6’ = 9.4603492 


. pte 
diff. for 23” = i x 4740 = 1817 


-, Ltan 16°6'23” = 9.4603492 + .0001817 = 9.4605309 
, log tan 16°6’23” = L tan 16°6’23” — 10 = 1.4605309. 


Let x = Vtan 16°6/23”. 


Taking logarithms of both sides, we have 
log a = x (log tan 16°6'23””) = ES (1.4605309) 
2 2 


ye = 
= (2 + 1.4605309) = 1.7302655. 


Now log 53736 = 4.7302653, diff. for 1 = 81. 
Let log (53736 + y) = 4.7302655. 
2 
We then have y= a 02 
~. log 53736.02 = 4.7302655. 
“, © = .5373602. 7 


§ Problem 11.2.10. Change into a form more convenient for loga- 
rithmic computation (i.e. express in the form of products of quanti- 
ties) the quantities 


(1) 1+ tanztany 


11.2. Logarithmic Sines, Tangents And Secants 


176 


(2) 1—tanxtany 
(3) cota +tany 


(4) cota —tany 


1- 2 
(5) —<8** and 
1+ cos 2x 


tanz + tany 


(6) 


cot x + cot y : 
§§ Solution. (1) 


sinzsiny 
1+tanztany = 1+ ——— 


cos £ COs y 
cosxcosy + sinzsiny 


cos x cos y 
= cos(x — y) sec x sec y. 


(2) 
sina siny 
1-—tanztany = 1 — ———— 
cos £ Cos y 


cosxcosy — sinxzsiny 


cos x cos y 
= cos(x + y) sec x sec y. 


(3) 


cosx  siny 
+ 


cotx + tany = — 
sin x cos y 


cosxcosy + sinzsiny 


sin x cos y 
= cos(x — y) cosec x sec y. 


(4) 
cosx  siny 
cot x —tany = — 
sinx cosy 


cos xcosy — sinxsiny 


sin x cos y 
= cos(x + y) cosec x sec y. 
1 — cos 2x 2sin? x 


(5) = = tan? x. 
1+cos2x 2cos?x 


(6) 
tanz+tany _ [= ; ae ; ZS ae 


sin x siny 


T 
cot x + cot y COS & cos y 


ee : eee 


COS © COS Y 
sinzsiny 

= —— =tanrtany. 
COs £ COS y 


sina sin y 


Chapter 


Relations Between The Sides and 
The Trigonometrical Ratios of 
The Angles of Any Triangle 


12.1 Basics 


In a triangle 
§ Problem 12.1.1. Given 
a= 25, b= 52 and c= 63; 
find tan a tan _ and tan c. > 
§§ Solution. We have 
s= 5(25 +52 + 63) = 70, s—a=45, s—b=18ands—c=7. 


A 18x 7 1 B 7x 45 1 
.. tan = =-+, tan = =-, 
2 70x45 5 2 70x18 2 
C 45x18 9 
and tan — = =-. : 
2 70 X 7 7 


§ Problem 12.1.2. Given 

a= 125, b= 123 andc = 62; 
find the sines of half the angles and the sines of the angles. ) 
§§ Solution. 


1 
So 5 eb ch 128-7 62) 10; 18 a= 30, s—b=32 ands —c=93. 
.. \/s(s — a)(s — b)(s — c) = VI155 X 30 X 32 X 93 
= V31X5x5x3x 64x 31x 3 
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=31x5x3x8. 
A / 32 x 93 4. B [93x30 3 
-.sin = = = , sin — = — 
2 123 x 62 VAL 2 62 x 125 5 
Oe [30x32 8 
2 125x123 5/41 


: 2 40 
sin A = —— xX 31X5xX3x 8= — 
123 x 62 41 
2 24 
sin B = ——— x 31x5x3x 8= — 
125% 62 25 
2 496 
and sinC = — x 31x5x3x 8= —. r | 
125 x 123 1025 


§ Problem 12.1.3. Given 
a= 18, b= 24 andc= 30, 
find sin A, sin B and sinC. 
Verify by a graph. ©) 
§§ Solution. 
s= 5(18 +24 +30) = 36, s—a=18, s—b=12ands—c=6. 


. 4/s(s — a)(s — b)(s — c) = V36 x 18x 12 x6 
= (36 X 36 X 6X6 = 36 X6. 


2 
pha we = = mo Wg oan 
24 x 30 5 
2 4 
sin B = —— x 36x 6= = 
18 x 30 5 
2 
and sinC = —— x 36x 6=1. 
18 x 24 


§ Problem 12.1.4. Given 

a= 35, b= 84andc=91, 
find tan A, tan B and tanC. 0 
§§ Solution. 


1 
gag sos et +91) = 105, s—a=70, s—b=2lands—c=14. 


A / 21x14 1 
., tan = =, 
2 105 x 70 5 

A 


2tan — 
2 1 2 25 5 
and tan A = = + (1 ) — — 
1—tan? — 5 25 5 24 12 
2 
B / 14 x 70 2 
tan = — 
2 105 x 21 3 
2t B 
an — 
4 4 4 9 12 
and tan B= : (2 ) x 
Ll tan? = 3 9 3 5 5 


2 

Cc / 70 x 21 
tan — = ee eT 

2 105 x 14 
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Cc 
2tan — 2 2 
and tanC = a =: 400% 
oC 
1—tan- — 
2 


§ Problem 12.1.5. Given 

a=13, b=14andc= 15, 
find the sines of the angles. Verify by a graph. ©) 
§§ Solution. 


1 
See ea te) = 21, s—a=8, s—b=Tands—c=6 


- 4/s(s a)(s— b)(s —c) = V21X8xX7X6=V42x4x 42 = 42 x 2. 


2 4 2 
v.sin A = —— x 42x2=-, sinB= ganas 
14x 15 5 13 x 15 65 
. ie 12 
and sinC = —— x 42x2= —. : 
13 x 14 13 
§ Problem 12.1.6. Given 
a = 287, b= 816 and c = 865, 
A 
find the values of tan a and tan A. ) 


§§ Solution. 
1 
s= 5 (287 + 816 + 865) = 984, s—a= 697, s—b= 168, s—c=119. 


ey a ee ae: 
2 984 x 697 41x 24x17x 41 41 
A 
a ea 49 )-4 41x 41 287 


a Av Ag. “ix4i) 41 ~~ 1632 16° 
1 = tan? 4 x 63 816 » 


§ Problem 12.1.7. Given 
2 
a= V3, b=V2andc= Aa 


find the angles. 0) 
§§ Solution. We have 
2 
2 V6+V2 2 
b+ 2 —a2 (v2) +( 2 ) ~ (v3) 
cos A = 5 = Tea 
IC 
aE) 
24+24+V3-3 V3+1 1 2 
= = = — =cos60 
2/3 +2 2(v3+1) 
-, A= 60°. 
e+a2—-b? 247343-2 
cos B= = 
2ca 3V2+ V6 
3+ V3 1 a 
= = = cos 45 
V2(3+V3) v2 
., B= 45° 
“.C = 180° — (A+ B) = 180° — 105° = 75°. . 
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12.2 Sides And Angles of A Triangle 


In any triangle ABC, prove that 


Se Problem 12017 so ee > 


a 2 
b c 


a 
Solution. -. = = =k , we have 
= a snA sinB  sinC Coa) Mi . 


b-—c¢ ksinB—ksinC — sinB—sinC 


a ksin A sin A 
B+C , B-C 
2 cos sin 
= 2 
_A 
2 sin — cos 5 
A B-C . B-C 
sin — sin sin 
= 2 _ 2 
A 
sin — cos — cos — 
B-C b-—c A 
sin cos —. 
a 2 
Otherwise thus : 
, B-C iB C B.C 
sin = sin — cos cos — sin 
2 2 2 2 


2 
oy (ct Cat 10 (DED 
ca ab ca ab 


§ Problem 12.2.2. 6? sin2C + c? sin2B = 2bcsin A. ro) 
§§ Solution. 
b? sin 2C' + c? sin2B = 2b? sinC' cos C + 2c? sin Bcos B 
= 2bsin C (bcos C + ccos B) 
= 2absin C = 2besin A. a 


§ Problem 12.2.3. a(bcosC — ccos B) = b? — c?. 0) 


§§ Solution. 
24 42 _ 2 2 gif? 
a(bcosC — ccos B) = ~ = c c _ 


=b?—?. ant 


§ Problem 12.2.4. (b+c) cos A+(c+a) cos B+(a+b) cosC =a+b+c. 
§§ Solution. 
(b+ c)cosA+(c+a)cosB+ (a+b) cosC 
= (bcos A + acos B) + (ccos B + bcosC) + (ccos A + acosC) 
=c+a+tb, by Art. 170. a 


§ Problem 12.2.5. a (cos B + cosC) = 2(b+ c) sin? .. ?) 
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§§ Solution. From the equations 
b=ccosA+acosC, and 
c=acosB+bcosA 
we have, by addition, 
ccosA+acosC +acosB+bcosA=b+c 


a (cos B + cosC) = (b+ c) (1 — cos A) = 2(b + €) sin? <. 


Otherwise thus : 


cos B + cos C = 2cos 5 cos 


_A B 
= 2sin — cos 
2 

B 


_A 
2 sin — cos 
2 


sin A 
2 sin? x 2cos — cos 
2 2 


sin A 


A B B- 
2 sin? x 2sin ee cos e 
2 2 2 


sin A 
2 sin? ‘ (sin B + sinC) 
sin A 
2sin? “0 +c) 


a 


A 
a (cos B + cos C) = 2(b +) sin? —. a 


§ Problem 12.2.6. a (cos C — cos B) = 2(b — c) cos? .. o) 


§§ Solution. From the equations 
b=ccosA+acosC, and 
c=acosB+bcosA 

we have, by subtraction, 

a(cos C — cos B) + (c — b)cosA = b—c 


a (cos C — cos B) = (b— c) (1 +. cos A) = 2(b — c) cos? = 
Otherwise thus : 


B 
cos C’— cos B = 2sin +S sin 


A.B 
= 2cos — sin 
2 

B 


2cos — sin 
2 


a sin A 4 
2 cos? x 2sin — sin 
2 2 


sin A 
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2 cos? Se ee 
_ 2 2 
sinA 
2A. p 
2.cos 5 (sin B — sinC) 
~ a sin A 
2cos*? —(b — 
7 cos" 5 (b—c) 
a 
9A 
“.a(cos C — cos B) = 2(b — c) cos 5 rT] 
: a 2_ 2 
SProblena2o7< eS > 
sin(B + C) a? 
§§ Solution. 
sin(B—C) _ sin(B —C)sin(B + C) 
sin(B + C) sin?(B+C) 
= EB ai _ (a8)! (s25)" 
sin? A sin A sin A 
b\? c\2 b? — ce? 
- (<) (5) elas - 
b A+B A-—B 
§ Problem 12.2.8. 27” = tan 212 cot 6 
a—b 2 2 
§§ Solution. We have ~ = se 
b sin B 
_a+b_ sinA+sinB 
“a—b  sinA—sinB 
_ A+B A-B 
2sin cos ; 
= A+B. A-B 
2 cos sin F 
A+B A-B 
= tan cot a 
2 2 
_ {A _A 
§ Problem 12.2.9. asin (F + B) = (b+ c)sin a ?) 
§§ Solution. 
b+c  ksinBt+ksinC — sinB+sinC 
a ksin A sin A 
asin { B A A 
_ sinB+sin(A+B) _ ee 3 Py ae a 
sin A ; 
2 sin — cos — 
2 2 
A A 
asin (4 +3) = (Ore en 5 . 


a? sin(B — C) 


b? sin(C' — A) c? sin(A— B) _ 


§ Problem 12.2.10. 


sinB+sinC sinC’+sin A 
0. 


sin A+sin B 
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b 
§8§ Solution. Since = - - = k (say), the given ex- 
; sin A sin B sin C 
pression 
— 72 ae + C) sin(B — C) es sin Bsin(C + A) sin(C — A) 
sinB+sinC sinC' + sin A 
+ sin C sin(A + B) sin(A — =| 
sin A+ sin B 
sin A (sin? B sin? Cc) sin B (sin? C — sin? A) 
=k? + 
sinB+sinC sinC +sinA 
sinC (sin? A— sin? B) 
+ sin A+sinB 
= k? [sin A (sin B — sin C) + sin B (sin C — sin A) + sinC (sin A — sin B)| 
=0. a 
B A 
§ Problem 12.2.11. (6+c-— a) (cot 5 + cot 5) = 2acot me ?) 


§§ Solution. 


Ne ig s(s — b) ’ s(s—c) 
( Ws: (@—a)(@—) 


s—b+s-c 
= 2s: (s—a) 
| 
2s — (b+c) 
= 2/s-(s—a) 
Paar 
= 20 alsa) = 2acot a 
s—b)(s—c) 2° ba 


§ Problem 12.2.12. a? +b? +c? =2(becosA+cacosB+abcosC). © 
§§ Solution. By Art. 164, we have 

b? +c? — a? = 2bccos A 

+a? — b? = 2cacos B, and 
a? +b? — c? = 2abcosC. 


Hence, by addition, 


a? +b? +c? = 2(bcecos A + cacos B + abcosC). a 
§ Problem 12.2.13. (a? —b2 4 @) tan B= (a? +b? — ) tanC. >) 
§§ Solution. 
tanB _ sinBcosC _ sinBcosC 
tanC cos BsinC sinC cos B 
_ beosC _ a? +b?-c?  c#+a?—0? 
ccos B 2a ° 2a : 
a (a? —b? + e) tan B= (a? +02 — ¢*) tan C. a 


§ Problem 12.2.14. c? = (a — b)? cos? & + (a+b)? sin? e ro) 
2 2 
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§§ Solution. 
2 =a? +b? — 2abcosC 


(0? + 6%) ( 


2 


cos g + sin? 
2 


— sin* — 


2 


5) ~ 2ab (cos? S 5) 
2 2 


= (a? — 2ab+ b?) cos” = + (a? + 2ab+ b?) sin? c 

= (a — b)* cos? c + (a +b)? sin? e . 
§ Problem 12.2.15. asin(B — C)+bsin(C — A)+csin(A—B)=0. 0 
§§ Solution. Since ae eae <5 = = = k (say), we have 
asin(B — C) + bsin(C — A) + csin(A — B) 


= ksin Asin(B — C)+ksin Bsin(C — A) + ksinCsin(A — B) 
= k {sin(B + C) sin(B — C) + sin(C + A) sin(C — A) 

+sin(A + B) sin(A — B)] 

+ sin? C — sin? A + sin? A — sin? B] 


=k [sin B-sin? C 4 
[by Ex. 2, Art. 93] 
= 0. 
Otherwise thus : 
asin(B — C) + bsin(C — A) + csin(A — B) 
= a(sin Bcos C — cos BsinC) + b (sin C'cos A — cos C'sin A) 
+ c(sin Acos B — cos Asin B) 
= cos C (asin B — bsin A) + cos B (csin A — asin C) 
+ cos A (bsin C — csin B) 


=0, 
‘asin B = bsin A, csinA = asinC and bsinC = csinB. @ 
asin(B—C)  bsin(C— A) — csin(A— B) 
§ Problem 12.2.16. Row a ee » 
b c 
Solution. Since = = =k , we have 
ss sinA  sinB sinC (say) 
asin(B—C) _— ksin Asin(B—C) 
b2 — c? k2 sin? B — k? sin? C 
_ 1. sin(B + C)sin(B—C) 
k sin? B — sin? C’ 
1 sin? B — sin? 
= BE sp) eto Anos 
k sin? B—sin?C 
_ 1 bsin(C—A)_csin(A—B) 
k a) wom similarly. ] 
§ Problem 12.2.17. 
_ A, B-C iB, —A 
asin — sin bsin — sin 
2 2 2 
s0Ce —B 
csin — sin = 0. o) 
2 2 
§§ Solution. 
_ A, B-C . _ C- _C . A-B 
asin — sin + bsin sin + csin — sin 
2 2 2 2 
B+C , B-C C+A . C-A A+ _ A-B 
= acos 5 sin 5 + be 5 si 5 + c€cos sin 3 
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b 
(sin B — sinC) 4 5 eG sin A) 4 5 (sin A sin B) 


a 
2 
, . asin B = bsin A, csinA = asinC and bsinC = csin B. 7 
§ Problem 12.2.18. 
a? (cos? B — cos? Cc) +b? (cos? C —cos? A) 
+? (cos? A — cos? B) = 0. 0) 
§§ Solution. 
a? (cos? B — cos? C) +b? (cos? C — cos? A) +7 (cos? A — cos? B) 
=k? [sin? A (cos? B — cos? Cc) + sin? B (cos? C — cos? A) 
+sin? C (cos? A — cos? B)] 
=k? [sin A (sin? C — sin? B) + sin? B (sin? A-—sin? Cc) 
+sin? C (sin? B—sin? A)] 


= k?[0] = 0. 7 
§ Problem 12.2.19. 
2 2 B29 
2 sin2A + i : sin2B 
2 b2 
a2 _ b2 : 
ar sin2C = 0. o 
§§ Solution. 
b2 — ¢2 k? sin? B — k? sin? 
esing2aA=" =" - ii -2sin AcosA 
k2 sin? A 
2 Asin(B in(B — 
_ 2cos Asin( ve) sin( o by Ex. 2, Art. 93 
sin A 


= 2cos Asin(B — C), °. sin(B+ C) =sinA 
= —2cos(B + C) sin(B — C) = sin2C — sin 2B. 


ce — a? 
Similarly, B sin2B = sin2A — sin2C 
a2 7 b2 
and 7 sin 2C =sin2B— sin2A. 
Cc 
Hence the given expression 
= sin2C — sin2B+4+sin2A — sin2C +sin2B — sin2A = 0. LJ 


A B Cc 
(a bb+c)? eo coe eon 


Problem 12.2.20. —— = ; 
apron 2 a2 + b? + c2 cot A+ cot B+ cotC y 


§§ Solution. 
(a+b+c)? — (sinA+sinB+ sin C)? 
a2+62+c? sin? A+sin? B+sin?C 


A B Cc 
16 cos? 3 cos? — cos? oi 
n“A , by §Problem 9.2.4 
sin? + sin? B+ sin? C § eee 


A B C sin Asin BsinC 
= 2cot — cot — cot x 
2 2 2 sin? A+ sin? B + sin? C’ 
A B C . sin? A+sin? B+ sin? C 
= 2cot — cot — cot : 
2 2 2 sin Asin B sin C 
A B C sin A sin B sinC 
= 2cot — cot — cot t { 
2 2 2 sinBsinC  sinAsinC  sinAsinB 
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A B C [es +C) . sin(A+C) | sin(A+ B) 
= 2cot — cot — cot : t t 
2 2 2 sin BsinC sin AsinC sin Asin B 
A B C 
= 2cot 5 cot ; cot 5 ~ [cot C + cot B + cot C + cot A+ cot B + cot A] 
A B C 
cot — cot — cot 2 


cot A+ cot B+ cot C 


A B Cc 
dar Wier Wale 


= 2 , by §Problem 9.2.13. 
cot A+ cot B+ cotC 


Otherwise thus : 
(a+b+c)? — (sinA+sinB+ sinC)? 
a2+b2+c?2 sin? A+sin? B+sin?C 
B 
16 cos? 3 cos? — cos? i 


2 . 
= , by §Probl 9.2.4 and Ex. 3 of Art. 127 
2(1+ cos Acos B cos C) ee eas Maal 


A B C jee eee 

= cot — cot — cot 5 , 
2 2 2 sin Asin BsinC 

by dividing numerator and denominator by 2sin Asin BsinC, 


and putting cos(A+ B+C)=-1. 


Now 
cos Acos Bcos C — cos(A+ B+C) 


sin Asin BsinC 


= cot Acot Bcot C — cos(A + B+ C) 
sin Asin BsinC 
= cot Acot Bcot C — (cot Acot Bcot C — cot A — cot B— cot C), 


by expanding cos(A + B+ C), as in Art. 124; 


A B C B 
also cot — cot — cot — = cot + cot + cot 
2 2 2 2 
A B G 
(a+b+c)? 7 Bob reel ee 
"a2 +b? + c? cot A+ cot B+ cotC © _ 
§ Problem 12.2.21. 
a? cos(B — C) + 6? cos(C — A) 
+? cos(A — B) = 3abe. % 


§§ Solution. 
a? cos(B — C) +b? cos(C — A) +c? cos(A — B 
=k [sin® Acos(B — C) + sin? Bcos(C — A) + sin? Ccos(A — B)] 
=k [sin? Asin(B + C) cos(B — C) + sin? B sin(C + A) cos(C — A) 
+sin? C'sin(A + B) cos(A — B)] 


k3 
= [sin? A(sin2B + sin 2C) + sin? B (sin 2C + sin 2A) 
+sin? C (sin2A + sin 2B)] 
=k? (sin? Asin Bcos B + sin? Asin C cosC 
+sin? BsinCcosC + sin? Bsin Acos A 
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+sin? C'sin Acos A + sin? Csin B cos B) 
= k° [sin Asin B (sin Acos B + cos Asin B) 
+sin B sin C (sin BcosC + cos BsinC) 
+sin C’sin A (sin AcosC + cos Asin C)| 


= k? [sin Asin Bsin(A + B) + sin BsinC'sin(B + C) 
+sin C'sin Asin(A + C)] 
= k? (sin Asin BsinC + sin Bsin C'sin A + sinC sin Asin B) 
= 3k? sin Asin BsinC = 3abe. a 


§ Problem 12.2.22. In a triangle whose sides are 3, 4 and 38 feet 
respectively, prove that the largest angle is greater than 120°. ©) 
§§ Solution. Ifa =3, b=4andc= V38, then C is the largest angle. 
We have 

a®+b?—c? 9416-38 18 


cosC = : 

2ab 2x3xA4 24 
1 12 
Now cos 120° = —-~ = ——. 
2 24 


‘> cosC is less than cos 120°, 
“ZC > 120°. rT 


§ Problem 12.2.23. The sides of a right-angled triangle are 21 and 

28 feet; find the length of the perpendicular drawn to the hypotenuse 

from the right angle. 0) 

§§ Solution. Let ABC be the right-angled triangle and CD be the 

perpendicular drawn to the hypotenuse from the right angle ZC. 
Let BC = 21 feet and AC = 28 feet. 

In the triangle ABC, we have 


21 
tan A = — = a so that sin A = a 
28 4 5 


In the triangle ACD, we have 

Cp aA0 nda Sie feet. : 

5 5 5 

§ Problem 12.2.24. If in any triangle the angles be to one another 
as 1: 2:3, prove that the corresponding sides are as 1: V3: 2. ©) 
8§ Solution. Let A, 2A and 3A be the angles, so that A+2A+3A = 
6A = 180° and A = 30°; i.e. the angles are 30°, 60° and 90°. Ifa, b 
and c denote the sides opposite these angles respectively, we have, 
by Art. 163, 


a = b = c 

sin 30° sin 60° sin 90° 
1 
“.a:b:¢e=sin30° : sin60° : sin90° = 5) VB pati vi:2 : 
§ Problem 12.2.25. In any triangle, if 

5 B 20 
tan — = — and tan— = —, 
2 6 2 37 


find tan < and prove that in this triangle a+ c = 2b. ) 


12.2. Sides And Angles of A Triangle 188 


§§ Solution. We have 


A+B A+B 
tan < = tan (90° ze ) = cot a 
A 
1 1— tan — tan — 
= = 2 2 
A+B A B 
tan tan 5 + tan 3 


6 37 _ 222-100 122 2x61 2 


20 185+120 305 5x61 5 


C_ /[(s—b)(s—e) Soe 
2 s(s —a) : 

~5 2  s—b 1 ate—b 
"65 a °° 3 a@beto 
3-1 »b 


ora 7 ace a 


‘tan — tan 
if 


§ Problem 12.2.26. In an isosceles right-angled triangle, a straight 
line is drawn from the middle point of one of the equal sides to the op- 
posite angle. Show that it divides the angle into parts whose cotan- 
gents are 2 and 3. ) 
§§ Solution. Let ACB be the triangle, right-angled at C and D be 
the middle point of AC. Join DB. 

Let AC = a=CB. We then have 


cot ZDBC = BE = = 2; 
oo AG) 


cot ZABD = cot (ZABC — ZDBC) 
_ cot ZABC cot ZDBC +1 


cot ZDBC — cot ZABC 
_2+1 


Also, 


BC 
‘cot ZABC = — =1. 

on AC " 
§ Problem 12.2.27. The perpendicular AD to the base of a triangle 
ABC divides it into segments such that BD, CD and AD are in the 
ratio of 2, 3 and 6; prove that the vertical angle of the triangle is 
45°, > 
§§ Solution. Denote the 7BAD by a and the ZDAC by £. In the 
triangle ABD, 


we have tana = 


In the AACD, we have tan B = 


Dl! wal w 
Nl Rwle 


In the AABC, we have 
tana + tan 


tan A =t =o ee 
= an(ont 2) 1—tanatan 6 
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5 fo} 
=-—=1=tan45". 
5 


The angle A is therefore 45°. | 


§ Problem 12.2.28. A ring, ten inches in diameter, is suspended 
from a point one foot above its center by 6 equal strings attached 
to its circumference at equal intervals. Find the cosine of the angle 
between consecutive strings. % 
§§ Solution. Let O be the center of the ring and P be the point of 
suspension, so that OP = 12”. 

Let A, B, C, D, Eand F be the points of attachment of the strings 
to the circumference. Then A, B, C, D, E and F are the angular 
points of a regular hexagon inscribed in the ring. 

Consider the points B and C. Join BC. 

We have, BC = radius of ring = 5’’. Also 


PB = PC = \/OP? + 00? = y/(12)? +5? = V144 4 25 = 13". 
(13)? + (13)? — 5? 
2x 13x 13 

_ 313 
~ 338 

§ Problem 12.2.29. If a?, b? and c? be in A. P., prove that cot A, 

cot B and cot C are in A. P. also. © 

§§ Solution. Given a? — b? = b? — c?, ie. sin? A— sin? B = sin? B 

sin? C; 


“.cosZBPC = 


= the cosine of the angle required. rT 


., sin(A + B)sin(A — B) = sin(B + C) sin(B — C). 
Dividing both sides of this last equation by sin Asin B sin C, we have 
sin(A—B) _ sin(B—C) 
sin Asin B sin BsinC 
_ sinAcosB—cosAsinB _ sin BcosC — cos BsinC 


sin Asin B sin BsinC 
., cot B— cot A= cotC — cot B 


., cot A— cot B = cot B— cotC 
*, cot A, cot B and cot C are in A. P. 


Otherwise thus : 
We have 2b? = a? +c? 
: b2 at +c? —b2 , sin? B 
“ac ac ‘sin Asin C 
snB  — 2cosB_— sin(A+C) _ 2cosB 


“e . . . FceS . . . 
sin AsinC sin B sin AsinC sin B 


A 2 B 
a oe GORE ee ; -.cotA+cotC = 2cot B 
sin A sinC sin B 


-, cot A, cot B and cot C are in A. P. 7 


=2cosB 


§ Problem 12.2.30. Ifa, b and c be in A. P., prove that cos A cot *, 


B C 
cos B cot a and cos C cot a are in A. P. >) 
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§§ Solution. 


Given a—b=b-c, ..sinA—sinB =sin B—-sinC 
A+B ._. A-B B+C , B-C 
*,2cos sin = 2cos sin F 

2 2 2 2 


A B 
Dividing both sides of this last equation by 2sin a sin ei sin S, we 
have 


: = _ B-C 
sin sin 
= 2 
A.B B,C 
sin — sin sin — sin 
2 2 2 2 
A B A.B _ B Cc 
sin — cos cos — sin sin — cos cos — sin 
2 2 2 2, 2 2 2 2 
; _ B B,C 
sin — sin — sin — sin — 
2 2 2 2 
B A C B 
cot cot = cot cot 
2 2 2 2 
A B B Cc 
cot cot = cot cot 
2 2 2 


A B 
“. cot 5? cot oi and cot — are in A. P. 
Also sin A, sin B and sinC are in A. P.: 


A C 
“cot oo sin A, cot ooo sin B and cot a sinC are in A. P. 


A A 
Now cot sin A 2 2sin — cos 
2 _ A 2 
sin — 
2 
cos — 
A A 
= 2 (2 2 sin? ) = cot — cos A. 
_ A g 2 
sin — 
2 


Similarly, 


B B 
cot — — sin B = cot — cotB 
2 2 
Cc Cc 
and cot i sin C = cot ri cot C. 


A B Cc : 
Hence cos A cot ou cos B cot % and cos C cot a are in A. P. r 


5A 
§ Problem 12.2.31. If a, b and c are in H. P., prove that sin? a 


B 
sin? o and sin? c are also in H. P. 6) 
§§ Solution. 
Given a:c=a-—b:b-c 


*, sin A (sin B — sinC) = sin C (sin A — sin B) 


_A A B+C . B-C 
., 2sin — cos — - 2cos sin 


2 
é A+B _. A-B 
= 2sin — cos + 2cos sin 
2 2 2 2 


12.2. Sides And Angles of A Triangle 191 


9A B+C , B-C .2C , A+B ,. A-B 
sin sin sin = sin sin sin 
2 2 2 2 2 2 
sin? (sin? 2 sin? 5) = sin? (sin? sin? >) 
2 2 2 2 
A B 
-, sin? a? sin? = and sin? . are in H. P. r | 


§ Problem 12.2.32. The sides of a triangle are in A. P. and the 
greatest and least angles are 6 and 4; prove that 
4 (1 — cos @) (1 — cos 8) = cos@ + cos ¢. % 


§8§ Solution. The third angle of the triangle is 7 — (9+ ¢). We are 
given 


sin @ + sin ¢ = 2sin [x — (0+ ¢)] = 2sin(6+ 4) 


_O+¢ O-¢ _ O+¢ O+¢ 
“2s co Asin cos 
2 2 2 2 
6—¢ 6+¢ 
cos = 2 cos ——— 
2 2 
. ¢ 8 g a Oc 
cos — cos + sin — sin — = 2cos — cos 2sin — sin 
2 2 2 2 
6 
-,3sin sn 2 = cos aoe (12.1) 
2 2 2 2 
: @ : 
by adding sin . sin £ to each side of Eq. (12.1): 
0 0 6- 
4sin — sin — cos — cos g + sin — sin a cos a (12.2) 
2 2 2 2 2 2 
6 
by subtracting sin 3 sin : from each side of Eq. (12.1): 
0 0 6 
2sin anf = cos ae sin 5 sin $ = cos +o (12.3) 
Hence, from Eq. (12.2) and Eq. (12.3), by multiplication, we have 
6 6 6- 
16 sin? — sin? i = 2cos at cos $ 
2 2 2 2 
..4(1 — cos 6) (1 — cos ¢) = cos 6 + cos ¢. 
Otherwise thus : : 
Let a be the least side. Since b = Fs (a +c), we have 
a? + b? — ¢? a? — ¢? b? a-—-c ate 5a — 3c 
cos 6 = = t = t = , and 
2ab 2ab 2ab a da da 
‘ b? +c? — a? (c+ a)? +4 (c? — a?) c+ta+4(c—a)  5c—3a 
cos ¢ = = = = : 
2be 4c(c + a) 4c 4c 
= = i a 2. 2 
“,4(1 —cos@) (1—cos¢) = (3c —a)(3a—c) _ 10ac — 3a? — 3c 
4dac 4dac 
(5a — 3c)e+ (5c —3a)a — 10ac — 3a? — 3c? 
..cos@+ cos ¢ = -_ 
4dac 4dac 
“.4(1 — cos 6) (1 — cos ¢) = cos 6 + cos ¢. . 


§ Problem 12.2.33. The sides of a triangle are in A. P. and the 
greatest angle exceeds the least by 90°; prove that the sides are 
proportional to /7 +1, V7 and V7 —1. ) 
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§§ Solution. Let A be the greatest and C be the least angle of the 
triangle ABC. 
Given, a+c=2b (12.4) 
and A-C=90° (12.5) 
From Eq. (12.4), we have 
sinA+sinC = 2sin B= 2sin(A+C) 

A+C A-C _ A+C A+C 

cos = n Cos 


/.2sin Asi 
2 a 2 4 2 2 
cos —— 2 2c a = 2si 
2 
cos 45° = a 2sin 
V2 
1 B _»7B_ v7 
sin — = —— and cos = 4/1-—sin = 
2 2/2 2 2 2/2 
B B 
.,sin A +sinC = 2sin B = 4sin — cos = Ag 
2 2 2 
Also 
A A- B 
sin A — sinC' = 2cos +e sin —< = 2sin 5 sin 45° = 
Hence, by addition, we have 
1 1 
2sin A = ae ,.sinA = vie 
and, by subtraction, we have 
—1 —1 
ee ae ee ee ; 
2 4 
v.a:b6:c=sinA:sinB:sinC 
=V74+1:V7:V7-1. 2 
§ Problem 12.2.34. If C = 60°, then prove that 
1 ee 3 
ate b+ce a+bt+e 
0) 
§§ Solution. We have 
1 es 3 
ate b+e a+b+c 
if (2e+a+b)(c+a+t+b) = 3(c+a)(c+b) 
i.e. if a” —ab+b? =c? 
i.e. if a? — ab+b? =a? — 2abcosC +b? 
i.e. if 2cosC =1 
i.e. if C=60°. 7 


§ Problem 12.2.35. In any triangle ABC, if D be any point of the 
base BC, such that BD: DC ::m:nand if ZBAD =a, ZDAC = £, 
ZCDA=06and AD =z, prove that 

(m+n) cot 6 = mcota —ncot B 

= ncot B— mcotC 

and (m+n)? +2? = (m+n) (mb? + nc?) — mna?. > 
8§ Solution. Take the figure of Art. 218, with m and n for x and y 
respectively. 
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We have 
m BD _BD AD — sinZBAD sinZACD 


n DC AD DC sinZABD sinZDAC 
sin (9 — B) sinC 
sin B sin (0+ C) 
sin@cot B—cos@ _ cot B—cot0 
sin 6 cot C + cos@ cot C + cot 
(m+n) cot d= ncot B— mcotC. 


BC 
Again, we have BD=BDx — 
gain, w vi Bo 
and HOH] DER eee ™ 
BC m+n 
and pea 
m+n 
Hence in the triangle ADC, we have 
2 
AD? +( = ) 2AD. —~— . cos0 = (12.6) 
mtn m+n 
Hence in the triangle ADB, we have 
2 
AD? ( ue ) + 2AD.- is -cos6 = c? (12.7) 
m+n m+n 
Multiplying Eq. (12.6) by m and Eq. (12.7) by n, by addition, 
2 
(m+n)AD? 4 me” = mb? + nc? 
m+n 
“.(m+n)?AD? = (m+n) (mb? + ne”) —mna?. a 


§ Problem 12.2.36. If in a triangle, the bisector of the side c be 
perpendicular to the side b, prove that 
2tanA+tanC = 0. 0) 
§§ Solution. Let D be the middle point of c. Then the ZACD = 90°. 
Through B, draw BE parallel to DC, meeting AC produced in E. 
Then, 
‘-* AD = DB, .. AC=CE. 


DC 
We have tan A = —— 
vi an AG 
BE 2DC 
d tanC 2tan A. 
an an OR AG an 
“,2tanA+tanC =0. r 


§ Problem 12.2.37. In any triangle, prove that, if 6 be any angle, 
then 


bcos @ = ccos(A— 6) + acos(C +8). ) 
§§ Solution. By Art. 170 and -. csin A = asinC; we have 
bcos @ = (ccos A + acosC) cos @ + (csin A — asin C) sin 0 
.. bcos @ = c(cos Acos @ + sin Asin 0) + a (cos C'cos @ — sin C'sin 0) 
= ccos(A—6)+acos(C +4). 7 


§ Problem 12.2.38. If p and q be the perpendiculars from the an- 
gular points A and B on any line passing through the vertex C of the 
triangle ABC, then prove that 

a? p? + b?q? — 2abpq cos C = ab? sin? C. % 
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§§ Solution. Let p and q meet the line through C in M and N re- 
spectively. We then have 


sin ZACM = 7 and sin ZBON = 2. 
a 


Also, ZACM + ZBCN = 180° —C 
-.cos(ZACM + ZBCN) = cos (180° — C) 
“.cosZACM cos ZBCN — sin ZACM sin ZBCN = — cosC 


2 2 
; pf, @ op |q_ 
AL 7 1 ” Bg cos C 
2 2 2 
oa (ee - xl Z =(% cos C’) 
b2 a? ab 


Pog pa _ pa? pa 
b2 a2 | a2b2 ab? ab 
a? p? + b7q" — 2abpqcosC = ab? (1 — cos? Cc) = a*b* sin? C. 7 


cos C+ cos? C 


§ Problem 12.2.39. In the triangle ABC, lines OA, OB and OC are 
drawn so that the angles ZOAB, ZOBC and ZOCA are each equal to 
w; prove that 
cotw = cot A+cot B+cotC 
and cosec ? w = cosec? A + cosec? B + cosec? C. 0) 
§§ Solution. Since the OBC = ZOCA 
-. ZBOC = 180° — ZOCB — ZOCA = 180° — C. 
Similarly, ZCOA = 180° — A, and ZAOB = 180° — B. 
In the triangle OAB, we have 
OA _ sin(B—w) 


c sin B 

In the triangle OAC, we have 
b — sinA 
OA sinw’ 


Hence, by multiplication, we have 
6 sin(B—w) sinA 


c sinw sin B 
snB-snB  sin(B—w) | sinBcosw—cosBsinw 


‘sinC-sin A sin w sinw 
sin? B 
*/ ———— _ = sin Bcotw — cosB 
sin C’sin A 
sin B sin(A+C 
“,cotw = cot B+ — - =cot B+ ul - ) 
sin C’sin A sin C'sin A 


“.cotw =cot A+cot B+cotC. 
Again, 
cosec? w = 1+ cot? w 
=1+4+ cot? A+cot? B+ cot? C 
+ 2 (cot Acot B + cot Bcot C + cot C cot A) 
= 3+ cot? A+ cot? B+ cot? C, by § Problem 9.2.14 
=1+4+ cot? A+1+cot? B+1+cot?C 
= cosec ? A + cosec? B + cosec? C. a 


Chapter 


Solution of Triangles 


13.1 Solution of Right-Angled Triangles 


§ Problem 13.1.1. In a right-angled triangle ABC, where C is the 
right angle, if a= 50 and B = 75°, find the sides. 
[tan 75° = 2+ V3.] 0) 


b 
§§ Solution. By Art. 177, we have ac tan 75° =24+/3 
“b= 50 (2 + v3) = 50 x 3.73205 = 186.60... 


Also, gee A ae a ‘ 
cos B cos 75° 
-1 
Now by Art. 93, cos 75° = v3 
2/2 


7 1002 7. 100V2 (v3+ 1) 
V3-1 2 


= 50 (v6 + v2) 
= 50 [2.4494 + 1.4142] = 193.18. » 
§ Problem 13.1.2. Solve the triangle of which two-sides are equal 


to 10 and 20 feet and of which the included angle is 90° ; given that 
log 20 = 1.30103, and 


L tan 26°33’ = 9.6986847, diff. for 1‘ = 3160. ) 
§§ Solution. In Art. 176, putting a = 20 and b = 10, we have 
1 
tan B = ay, = . 
20 2 


-, Ltan B = 10 — log2 = 10 — 1.30103 = 9.69897. 
Let B = 26°33’ +2”, -, Ltan (26°33! ae a) = 9.69897. 
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The diff. for x” = 9.69897 — 9.6986847 = .0002853. 
2853 


3160 
-, B = 26°33/54”; -, A = 90° — B = 63°26'6”. 


Also, c = \/ 202 + 10? = 10V5 feet. . 


§ Problem 13.1.3. The length of the perpendicular from one angle 
of a triangle upon the base is 3 inches and the lengths of the sides 
containing this angle are 4 and 5 inches. Find the angles, having 
given 


Hence x = 60” x ww 54” 


log 2 = .30103, log 3 = .4771213 
Lsin 36°52’ = 9.7781186, diff. for 1‘ = 1684 
and Lsin 48°35” = 9.8750142, diff. for 1! = 1115. 0) 
§§ Solution. Let AD(= 3 inches) be the perpendicular from A upon 
BC the base of the BABS and let AB = 4 inches cae Ate = 5 inches. 


We then have sinC = — = and sinB=—-=—. 
5 4 22 


.. LsinC = 10 + log3 + log 2 — log 10 
= 10+ .4771213 + .30103 — 1 = 9.7781513. 


Let C = 36°52/ +2”, ». Lsin (36°52! + a) = 9.7781513. 
The diff. for «x = 9.7781513 — 9.7781186 = .0000327. 
2 
va = 60" x cae we 12”; +. C = 36°52/12”. 
1684 
Again, Lsin B = 10+ log3 — 2log2 
= 10 + .4771213 — .60206 = 9.8750613. 
Let B = 48°35! + a” 


+, Lsin (48°35/ + #”) = 9.8750613. 
The diff. for 2” = 9.8750613 — 9.8750142 = .0000471. 


471 
“a2 = 60" x —— & 25” 
1115 
«B= 48°35'25”". 
Also, A = 180° — (B+ C) = 94°32/23”. . 


§ Problem 13.1.4. Find the acute angles of a right-angled triangle 
whose hypotenuse is four times as long as the perpendicular drawn 
to it from the opposite angle. ?) 
§§ Solution. Let ABC be the triangle, C the right angle and CD be 
the perpendicular from C upon AB. We are given AB = 4CD. 
v, AC sec A = 4AC'sin A 
“,4sin AcosA = 1 
“2sin2A=1 
. 1 : ‘ 
-.sin2A = a= sin 30° or sin 150° 
“, 2A = 30° or 150° 
v, A= 15° or 75°. 
If A= 15°, then B= 90° — 15° = 75°. 
If A= 75°, then B = 90° — 75° = 15°. r 
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13.2 Solution of Non-Right-Angled Triangles 


§ Problem 13.2.1. If the sides of a triangle be 56, 65, and 33 feet, 
find the greatest angle. 0) 
§§ Solution. The greatest angle is opposite the greatest side, so 
that if a = 56 feet, b = 65 feet and c = 33 feet,then B is the required 
angle. We have 


1 
s= 5 Ane + 65+ 33) =77, s—a=21, s—b=12, ands—c= 44. 


B 44 x 21 4 
J. tan — == tan4s 
77 x 12 


2 
cs . = 45°, and -.B=90°. 
Alternative Sol. Since 65? = 56? + 332, the angle opposite the side 


65 is a right angle. | 


§ Problem 13.2.2. The sides of a triangle are 7, 4/3, and /13 yards 
respectively. Find the number of degrees in its smallest angle. ©) 
§§ Solution. If a = 7 yards, b = 4\/3 yards, and c = V13 yards, then 
C is the required angle. 


72+ (4v3)° — (v3)? _ 49+ 48-13 


We have cosC = 


2x7x 4/3 56V3 
4 
is = v3 cos 30°. 
56/3 2/3 2 
“C= 30°. r 


§ Problem 13.2.3. The sides of a triangle are x? + «+1, 2x+1 and 
x? — 1; prove that the greatest angle is 120°. ©) 
§§ Solution. If 6 be the required angle, we have 
Ce - 1) + (2a +1)? — (@? +at 1)” 

2 (a2 — 1) (2x4 1) 
a — Qn? +1440? + 4 +1— (a+ 203 + 4x? + 22 + 1) 
> 2 (a2 — 1) (22 +1) 


cos 9 = 


— (203 + 2? — 2a — 1) 1 
= : - = = cos 120°. 
2 (2x3 + x2 — 27 — 1) 2 
“6 = 120°. P| 


§ Problem 13.2.4. The sides of a triangle are a, band Va? + ab + b? 
feet; find the greatest angle. y) 
§§ Solution. If 6 be the required angle, we have 
a? + b? — (a? + ab + 6?) —ab 1 
= = = cos 120°. 
2ab 2ab 2 
“49 = 120°. Py 


cos 6 = 


§ Problem 13.2.5. Ifa = 2,b = /6and c = 3-1, solve the triangle. 
» 
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§§ Solution. We have 


(v6)* + (v3-1 72? Ged aye od 
cos A = = 
2V6 (v3 - 1) 2V6 (v3 - 1) 
ee seed) f = cos 45° 
V6(V3-1) V6(v3-1) v2 
+ A= A5° 
(V3-1)°+22-(V6)”  4-2V3 44-6 
cos B= = 
4 (v3 = 1) 4 (v3 = 1) 
= 1- v3 ee = cos 120° 
2(V3-1) 2 
-, B= 120°. 
“C= 180° — (A+ B) = 180° — 165° = 15°. . 
§ Problem 13.2.6. Ifa = 2,b = V6 and c = V3+1, solve the triangle. 
> 
§§ Solution. We have 
von a . (18) +(v3+1)"-? _ 6+ 442va—4 
2V6 (v3 +1) 2V6 (v3 + 1) 
v3(v3+1) 1 ’ 
= = = cos45°. 
V6(v3+1) v2 
v A= 45°. 
(v3+1)° +2? - (v6)° A4+2/3+4-6 
cosB= — 
4(v3+1) 4 (V3 +1) 
= V3 +1 Ps = cos 60° 
2(v3+1) 2 
-,B=60°. 
“C= 180° — (A+ B) = 180° — 105° = 75°. . 
§ Problem 13.2.7. If a =9, b= 10 and c= 11, find B, given 
log 2 = .30103, L tan 29°29’ = 9.7523472 
and Ltan 29°30’ = 9.7526420. 
> 


§§ Solution. We have 
s= -—(9+104+11)=15, s-a=6, s—b=5ands—c=4 


B rE x6 J 8 / 25 
J, tan = = — 
2 1Bx5 25 100 


B 1 
., Dtan a= 104 5 (5 log 2 — 2) = 9.7525750. 


B 
Let > = 29°29/ +2”, », Ltan (29°29! + x”) = 9.7525750. 


The diff. for x! = 9.7525750 — 9.7523472 = .0002278. 
The diff. for 60” = 9.7526420 — 9.7523472 = .0002948. 
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2278 
“a = 60" x —— & 46.3”. 
2948 
B 
a 29°29'46.3” and B = 58°59'33”. : 


§ Problem 13.2.8. The sides of a triangle are 130, 123 and 77 feet. 
Find the greatest angle,having given 

log 2 = .30103, L tan 38°39’ = 9.9029376 
and Ltan 38°40’ = 9.9031966. 0) 
§§ Solution. If a = 130 feet, b = 123 feet andc =77 feet, then A is 
the required angle. We have 


(130 + 123 + 77) = 165, s—a= 35, s—b=42 ands—c=88 


A /42x88 4. 23 
tan = = = 
2 165x 35 5 10 


A 
., Ltan ries 10 + 3log 2 — log 10 = 9.90309. 


1 
ee 
2 


A 
Let ee 38°39’ + x”, so that L tan (38°39’ + x’) = 9.90309. 


The diff. for  _x”” = 9.90309 — 9.9029376 = .0001524. 
The diff. for 60’’ = 9.9031966 — 9.9029376 = .0002590. 


1524 
va = 60” x —— & 35.3”. 
5 2590 
aoe aes 38°39'35.3” and A = 77°19'11”. . 


§ Problem 13.2.9. Find the greatest angle of a triangle whose sides 
are 212, 188 and 270 feet, having given 
log 2 = .30103, log3 = .4771213, log 7 = .8450980 
L tan 38°20’ = 9.8980104 and L tan 38°19’ = 9.8977507. > 
§§ Solution. If a = 242 feet, b = 188 feet and c = 270 feet, then C is 
the required angle. 


We have ‘ 
$= 5 (242 + 188 + 270) = 350, s— a = 108 
s—b=162ands—c=80. 
C yj oe Vee 
tan — = - 
2 350 x 80 7 x 108 
Cc 1 
.. Dtan a> 10 5 (7 log 3 + log 2 — log 7 — 3 log 10) 
dL: 
=10+ 5 (3.3398491 + .3010300 — .8450980 — 3) = 9.8978905. 
Let c = 38°19’ + x”, so that L tan (38°19’ + x”) = 9.8978905. 


The diff. for x" = 9.8978905 — 9.8977507 = .0001398. 
The diff. for 60” = 9.8980104 — 9.8977507 = .0002597. 


i 
Hence x = 60" x ELAS 32.3” 
2597 


< = 38°19'32.3” and C = 76°39/5”. 1. 
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§ Problem 13.2.10. The sides of a triangle are 2, 3 and 4; find the 
greatest angle, having given 
log 2 = .30103, log3 = .4771213 
Ltan 52°14’ = 10.1108395 
and Ltan 52°15’ = 10.1111004. 0) 
§§ Solution. If a = 2, b =3 andc = 4, then C is the required angle. 
We have 


1 9 5 
s= 524344) = 


3 
,s—-b=—ands—c= 


2 2 
ee [10 
3 3x2 


Cc 1 
-. Dtan oo 104 5 (log 10 — log 2 — log 3) = 10.1109243. 


Let c = 52°14’ + x”, so that Ltan (52°14’ + x”) = 10.1109243. 


The diff. for 2x” = 10.1109243 — 10.1108395 = .0000848. 
The diff. for 60” = 10.1111004 — 10.1108395 = .0002609. 


848 
va = 60” x —— 19.5” 
2609 
= S = 52°14/19.5” and C = 104°28/39”. Py 


Making use of the tables, find all the angles when 
§ Problem 13.2.11. a = 25, b = 26 andc = 27. © 
§§ Solution. We have 


(25 + 26 + 27) = 39, s-a=14, s—b=13 ands—c=12 


A [13x12 qe 
.. tan = = 
2 39 x 14 7 
A 1 
., Ltan a 104 5 (log 2 — log 7) = 9.7279660. 
Now L tan 28°7’ = 9.7278048, diff. for 1’ = 3039. 


A 
Let > = 28°7' +”, so that L tan (28°7' + 2!) = 9.7279660. 


The diff. for a” = 9.7279660 — 9.7278048 = .0001612. 
1612 
3039 


ars 28° 7/32" and A = 56°15'4”". 


: B 12x 14 2V14 
Again, tan = = 
2 V 39x 13 13 


B 1 
.. Ltan hr 10 + log 2 4 5 log 14 — log 13 = 9.7601506. 
Now Ltan 29°55’ = 9.7599794, diff. for 1’ = 2922. 


s= 


1 
2 


“a2 = 60" x ee 32” 


> 


B 
Let a= 29°55’ + x”, so that L tan (29°55’ + x’) = 9.7601506. 
The diff. for 2” = 9.7601506 — 9.7599794 = .0001712. 
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1712 


Hence = 60" x —— & 35” 
¥ 2922 
B 
Lai 29°55'35” and B = 59°51'10”. 
Also, C=180° —(A+B) =180° — 116°6'14” = 63°53/46”. . 
§ Problem 13.2.12. a = 17, b = 20 and c = 27. >) 


§§ Solution. We have 
1 
ay + 20+ 27) = 32, s-a=15, s—b=12ands—c=5 


A /12x5 / 1 
“ tan = = = 
2 32 x 15 23 
A 1 
.. Ltan ie 104 ; (log 1 — 3log 2) = 9.5484550. 
Now L tan 19°28’ = 9.5483452, diff. for 1’ = 4019. 


A 
Let a 19°28’ + 2”, so that L tan (19°28 + 2’) = 9.5484550. 
The diff. for =x” = 9.5484550 — 9.5483452 = .0001098. 


1 
x2 = 60" oe ~ 16.4” 
4019 
A 
So 19°28/16.4” and A = 38°56/33”. 


ae ee) [5x 15 5 10 
Py an => => => 
2 2 32x12 Var 99 


(9 log 2) = 9.6453650. 


ae Ltan 5 = 10+ log 10 ; 
Now Ltan 23°50’ = 9.6451743, diff. for 1’ = 3417. 
Let 2 = 23°50’ + x”, so that L tan (23°50! + a’) = 9.6453650. 
The diff. for 2” = 9.6453650 — 9.6451743 = .0001907. 


1907 
Hence a = 60" x —— & 33.5” 
3417 
B 
ee 23°50'33.5” and B = 47°41'7". 
Also, C=180° —(A+B) =180° — 86°37/40” = 93°22/20". . 
§ Problem 13.2.13. a= 2000, b = 1050 and c = 1150. oy 


§§ Solution. We have 
1 
a 5 (2000 + 1050 + 1150) = 2100, s—a= 100, s—b= 1050 
and s —c = 950. 


tan 4 — , [1080 x 950 _ vi9 
pre B 2100x1002 


A 1 
.. tan 5 = 104 5 log 19 — log 2 = 10.3383468. 
Now L tan 65°21/ = 10.3382897, diff. for 1’ = 3334. 
A 
Let oo 65°21’ + 2”, so that Ltan (65°21’ + x’) = 10.3383468. 


The diff. for 2” = 10.3383468 — 10.3382897 = .0000571. 


1 
“a2 = 60" x Bay =~ 10.276” 
3334 
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A 
a 65°21/10.276” and A = 130°42'20.5”. 


B_ 950 x 100 _ v19 
2 2100 x 1050 21 


Again, tan 


., Ltan > = 104 ; log 19 — log 21 = 9.3171575. 
Now Ltan 11°43’ = 9.3167950, diff. for 1’ = 6349. 
Let ; = 11°43’ + x”, so that L tan (11°43 + 2’) = 9.3171575. 
The diff. for = #”” = 9.3171575 — 9.3167950 = .0003625. 


3625 


Hence a = 60" x —— & 34.25” 
6349 


B 
a 11°43'34.25” and B = 23°27'8.5”. 
Also, C=180° —(A+B) =180° — 154°9/29” = 25°50/31”. . 


13.3 Two Sides and Included Angle 


§ Problem 13.3.1. If b = 90, c= 70 and A = 72°48'30”, find B and C, 
given 
log 2 = .30103, L cot 36°24'15” = 10.1323111 
Ltan9°37' = 9.2290071 
and Ltan 9°38’ = 9.2297735. 0) 
§§ Solution. We have 


B-C b-c A 1 Al ee 
tan = cot = — cot = cot 36° 24°15 
2 b+e 2 8 2 2 
», Ltan ——— = log 1 — 3log2 + Lcot 36°24/15” 
= 0 — .90309 + 10.1323111 = 9.2292211. 
B-C 


Let = 9°37’ + 2”, so that L tan (9°37! + #”) = 9.2292211. 


The diff. for a’ = 9,.2292211 — 9.2290071 = .0002140. 
The diff. for 60’ = 9.2297735 — 9.2290071 = .0007664. 


w= 60" x 2 a7" 
7664 
B= 
er e = 9937/17" (13.1) 

A 
But A - oe 90° e = 90° — 36°24/15” = 53°35/45/" (13.2) 
By adding (13.1) and (13.2), we have B = 63°13/2”. 
By subtracting (13.1) from (13.2), we have C = 43°58/28”. : 


§ Problem 13.3.2. If a = 21, b = 11 and C = 34°42'30”, find A and 
B, given 

log 2 = .30103 
and L tan 72°38'45” = 10.50515. % 
§§ Solution. We have 
A-b_a-b C10 


‘ot — = — cot 17°21/15” 


tan C 
2 a+b 2 32 


13.3. Two Sides and Included Angle 203 


A-B 
-, Dtan — log 10 — 5log2 + L tan 72°38/45” 
= 1— 1.50515 + 10.50515 = 10. 


~. 10+ log tan a 10 
A-B 
~. log tan Sail 0, .. tan a7 1=tan45 
A-B 

ae 45° (13.3) 
but 2 = ie 90° < = 90° — 17°21/15” = 72°38/45/" (13.4) 
By adding (13.3) and (13.4), we have A = 117°38/45”. 
By subtracting (13.3) from (13.4), we have B = 27°38/45”. : 


§ Problem 13.3.3. If the angles of a triangle be in A. P. and the 
lengths of the greatest and least sides be 24 and 16 feet respectively, 
find the length of the third side and the angles, given 
log 2 = .30103, log 3 = .4771213 
and Ltan19°6’ = 9.5394287, diff. for 1’ = 4084. 0) 
§§ Solution. Let A, B and C be the angles. Since they are in A. P., 
we have 
2B=A4+C 
.3B=A+B+C=180°; ..B=60° and A+C = 120°. 
Let a = 24 feet and c= 16 feet. We then have 
A-C_a Cran tte 2 _ 2/3 


= tan 60° 
2 at+e 2 10 10 


A- 1 
., Ltan 5 Oe 10 + log 2 4 : log 3 — log 10 
= 10+ .30103 + .2385607 — 1 = 9.5395907. 


Let = 19°6’ + x”, so that L tan = 9.5395907. 


The diff. for = x” = 9.5395907 — 9.5394287 = .0001620. 
The diff. for 60’” = .0004084. 


tan 


“a2 = 60" x s20 we 24" 
4084 
. ss © ~ 196/24" (13.5) 
A 
But +O _ G92 (13.6) 


2 
By adding (13.5) and (13.6), we have A = 79°6/24”’. 
By subtracting (13.5) from (13.6), we have C = 40°53/36”. 
Also, 6? = a? +c? — 2accos B = 576 + 256 — 384 = 448 = 64 x7 


“b= 8Vv7 feet. | 
§ Problem 13.3.4. Ifa =13,b=7 and C = 60°, find A and B, given 
that 
log 3 = .4771213 
and Ltan 27°27’ = 9.7155508, diff. for 1’ = 3087. % 
§8§ Solution. We have 
3 
“no = Oe? ue = cot 30° = oye se 
2 a+b 2 10 10 10 
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A-B 
., Ltan a 104 5 log 3 — log 10 = 10 + .7156819 — 1 = 9.7156819. 
A-B 


Let = 27°27' +. x”, so that L tan (27°27' + x”) = 9.7156819. 


The diff. for  «’’ = 9.7156819 — 9.7155508 = .0001311. 
The diff. for 60’’ = .0003087. 
1311 


va = 60" x —— & 25.5" 
3087 
7 48 = 27°27/25.5"" (13.7) 
B 
But at = 90° 5 = 90° — 30° = 60° (13.8) 
By adding (13.7) and (13.8), we have A = 87°27/25.5”. 
By subtracting (13.7) from (13.8), we have B = 32°32/34.5”. : 


§ Problem 13.3.5. If a = 2b and C = 120°, find the values of A, B 
and the ratio of c to a, given that 
log 3 = .4771213 


and Ltan 10°53’ = 9.2839070, diff. for 1’ = 6808. ) 
§§ Solution. We have 
A-B a-b .C 2»-b oo L. a 1 
tan = cot = cot 60° = —- = 4 
2 a+b 2 2b+b 3 V3 33 
A-B 3 
., Ltan 5 = 10 3 log 3 = 10.7156819 = 9.2843181. 
A-B 
Let = 10°53’ + #”, so that L tan (10°53’ + x’) = 9.2843181. 


The diff. for x” = 9.2843181 — 9.283907 = .0004111. 
The diff. for 60” = .0006808. 


A111 
x = 60" x —— = 36” 
6808 
A-B 
a = 10°53'36” (13.9) 
A+B C 
But +5 = 90° — = 90° — 60° = 30° (13.10) 


2 
By adding (13.9) and (13.10), we have A = 40°53/36”. 
By subtracting (13.9) from (13.10), we have B = 19°6/24”. 


7 1 
Also, ce? =a? +b? — 2abcosC = a? 4 e 2a x 5 ( ) 
4 2 2 
2 a? a2 Ta 
= 4 _ 
4 2 4 
c? = ik Cc V7 
“a2 A’ a 2 
ec:a=V7:2. a 
§ Problem 13.3.6. Ifb = 14, c= 11 and A= 60°, find B and C, given 
that 


log 2 = .30103, log3 = .4771213 
Ltan 11°44’ = 9.3174299 
and Ltan 11°45’ = 9.3180640. 0) 
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§§ Solution. We have 


3 
B- b— A 2 x 2? 
tan a Se = 2 es = 
2 b+e 2 25 25 100 
B- 
., Ltan 5 oe 10 5 log3 + 2 log 2 — log 100 


= 10+ .7156819 + .60206 — 2 = 9.3177419. 


Let = 11°44’ + x”, so that L tan (11°44’ + 2”) = 9.3177419. 


The diff. for =. x”” = 9.3177419 — 9.3174299 = .0003120. 
The diff. for 60’’ = 9.3180640 — 9.3174299 = .0006341. 


“.a@ = 60" x ae 30” 
6341 
B- 
= oe 11°44’30” (13.11) 
B A 

But +e = 90° — 5 = 90° — 30° = 60° (13.12) 
By adding (13.11) and (13.12), we have B = 71°44’30”. 
By subtracting (13.11) from (13.12), we have C = 48°15/30”. a 


§ Problem 13.3.7. The two sides of a triangle are 540 and 420 yards 
long respectively and include an angle of 52°6’. Find the remaining 
angles, given that 

log 2 = .30103, L tan 26°3’ = 9.6891430 


Ltan 14°20’ = 9.4074189 and L tan 14°21’ = 9.4079453. .) 
8§ Solution. If b = 540 yards, c = 420 yards, and A = 52°6’, we have, 
since 
B-C A b-e B-C 5. 040-420 1 #1 
tan tan — = , tan tan 26°6° = SS = 
2 2 b+e 2 540+ 420 8 23 
~, Ltan ——— + Ltan26°3’ = 20 + log 1 — 3log2 
BoC 
-, Ltan ain 20 + 0 — .90309 — 9.6891430 = 9.4077670. 
Let ——— = 14°20’ + 2”, so that L tan (14°20! + «’”) = 9.4077670. 


The diff. for x" = 9.4077670 — 9.4074189 = .0003481. 
The diff. for 60” = 9.4079453 — 9.4074189 = .0005264. 
3481 


“a2 = 60" x —— x 40” 
5264 
a a © _ 14°20/40" (13.13) 
But 7 , 2 90° : = 90° — 26°3’ = 63°57’ (13.14) 
By adding (13.13) and (13.14), we have B = 78°17'40”. 
By subtracting (13.13) from (13.14), we have C = 49°36’20’. I] 


§ Problem 13.3.8. If b = 25 ft. c= 2 ft. and A = 22°20’, find the 


other angles and show that the third side is nearly one foot, given 
log 2 = .30103, log3 = .47712 
Lcot 11°10’ = 10.70465, Lsin 22°20’ = 9.57977 
L tan 29° 22'20” = 9.75038, L tan 29°22'30” = 9.75013 
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and Lsin 49° 2734” = 9.88079. 6) 
§§ Solution. We have 
1 
B-C_b-c (A (5) 


1 
tan cot — = ~>> cot 11°10’ = — cot 11°10’ 
32 


2 bt+e 2 45 


B- 
-, Ltan 5 i = log1 — 2log3 + Lcot 11°10’ 


= 0 — .95424 + 10.70465 = 9.75041. 


Let = 29°22/20" + a’, so that L tan (29°22/20” + x’) = 9.75041. 
The diff. for x” = 9.75041 — 9.75038 = .00003. 
The diff. for 10” = 9.75043 — 9.75038 = .00005. 
“a =10" x . 6” 
5 
B- 
a as — 29°22/26"" (13.15) 
B A 

But ace 90° ae 90° — 11°10’ = 78°50’ (13.16) 


2 
By adding (13.15) and (13.16), we have B = 108°12’26”. 
By subtracting (13.15) from (13.16), we have C = 49°27/34”. 


To find a, we have a= ee 
sinC 
-. loga = loge + Lsin A — LsinC = .30103 + 9.57977 — 9.88079 
= .00001 + 0 
“.a®1 foot. T 


§ Problem 13.3.9. If a = 2, b = 1+ V3 and C = 60°, solve the 
triangle. 6) 
§§ Solution. We have 


1 
c= a2 +b? — 2abcosC = 44+4+42V3 4(1 } v3) 5 =6 


c= V6. 
2 1 
Also, sin A = 2 sinC = sin 60° = . v3 = 
c V6 2 V2 
vA = 45° 
-, B = 180° — (A+C) = 180° — 105° = 75°. / 


§ Problem 13.3.10. Two sides of a triangle are /3 +1 and V3-1 
and the included angle is 60°; find the other side and angles. ©) 
§§ Solution. If b= /3+1, c= V/3—1 and A= 60°, we have 


1 
a? = b? +c? — 2becos A = 44 2V3 44-23 aa 2 


a=Vve6. 
Also, sinC = £sinA = V8—1. V3 _ v38—1 
a V6 2 2/2 

s C= 15° 


-, B = 180° — (A+ C) = 180° — 75° = 105°. . 
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§ Problem 13.3.11. Ifb = 1,c = /3—1and A = 60°, find the length 
of the side a. y) 
§§ Solution. 
a? = b? +c? — 2becos A 
=1+4+4-2v3-2(v3 1) 5=6 3V3 


= 6 — 3(1.73205) = .80385 


.@ = V.80385 = .8965. | 
A 17 
§ Problem 13.3.12. If b = 91, c = 125 and tan ia per prove that 
a = 204. > 
§§ Solution. We have 
5A 289 
1— tan 
Hire n= 36 253 
cee A 289 325 


1+ tan? 5 14 


a? =b? +c? — 2becos A 


253 
= 8281 + 15625 + 2 x 91 x 125 x 305 
= 8281 + 15625 + 17710 = 41616 
“a = 204. : 


§ Problem 13.3.13. If a = 5, b= 4 and cos(A— B) = > prove that 


the third side c will be 6. © 
§§ Solution. We have 


A-B 1 —cos(A — B) 
tan = 
2 1+ cos(A — B) 
A+B a+b A-B 9 
Also, tan tan : 
2 a—b 2 1 
cot? — —1 = 
cos C = 7 
9 16 


5C 
cot? > +1 ae 


al 
1 =a +b — 2abcosC = 25 + 16-2 5x 4x = = 36 


Se= 6. a 


§ Problem 13.3.14. One angle of a triangle is 30° and the lengths 
of the sides adjacent to it are 40 and 40/3 yards. Find the length of 
the third side and the number of degrees in the other angles. ©) 
8§ Solution. If b = 40 yards, c= 40V3 yards and A = 30°, we have 
a? = b? +c? — 2bccos A 
= 1600 + 4800 — 2 x 40 x 40V3 x “ = 1600 
“a= 40 yards = b. 
- B=Az=30°. 
“. C = 180° — (A+ B) = 180° — 60° = 120°. . 
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§ Problem 13.3.15. The sides of a triangle are 9 and 3 and the dif- 
ference of the angles opposite to them is 90. Find the base and the 
angles, having given 
log 2 = .30103, log3 = .4771213 
log 75894 = 4.8802074, log 75895 = 4.8802132 
L tan 26°33’ = 9.6986847 
and L tan 26°34’ = 9.6990006. % 


§§ Solution. If b=9,c =3 and B—C = 90°, we have, since 
B-C_b-c_ (A 


2 b+e 2 
a i 
tan 45° = — cot — 
1 A A 1 
1= —cot—, ..tan— = 
2 2 2 2 


A 
., Ltan log 1 — log2 + 10 = 0 — .30103 + 10 = 9.69897. 


A 
Let ria 26°33/ +a”, -. Ltan (26°33' + a’) = 9.69897. 


The diff. for  x’’ = 9.69897 — 9.6986847 = .0002853. 
The diff. for 60’’ = 9.6990006 — 9.6986847 = .0003159. 


2 
c= 2853 x 60” = 54.2” 
; 3159 
= 26°33'54.2", -. A = 53°7/48”" 
B A 
. te = 90° —- 90° — 26°33/54” = 63°26'6” (13.17) 
B-C 

also, —— = 45° (13.18) 


By adding (13.17) and (13.18), we have B = 108°26’6”. 
By subtracting (13.18) from (13.17), we have C = 18°26'6”. 


9A 1 
1—tan* — 1-- 3 
Again, cos A = 2 = + = Z 
1l+tan?— 14- 
ae 2 4 
3 
a? =b% +c? — 2ecosA = 81+9-2xK9X3x 5 
162 _ (24)? 3? x 26 


= 90 = 90 — 32.4 = 57.6 
5 10 10 
.. 2loga = 2log3 + 6 log 2 — log 10 


1 
-. loga = log3 + 3log2 5 0810 
= 4771213 + .90309 — .5 = .8802113. 


We have log 7.5894 = .8802074 (13.19) 
and log 7.5895 = .8802132 (13.20) 
Let log (7.5894 + x) = .8802113 (13.21) 


From (13.19) and (13.20), the diff. for 0001 = .0000058. 
From (13.19)and (13.21), the diff. for « = .0000039. 
Les = x .0001 = pu = .000067. 
BB BB 


/. @ = 7.589467. : 
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§ Problem 13.3.16. 


a—b Cc 
I t = — cot — 
f and mee ad e 
_C 
sin — 
prove that c=(a+b) ca 
cos 


Ifa =3,b=14and C = 53°7°48”, find c without getting A and B, given 
log 2 = .30103, log 25298 = 4.4030862 
log 25299 = 4.4031034, L cos 26°33'54” = 9.9515452 
and L tan 26°33'54”" = 9.6989700. ) 
§§ Solution. We have 
ce? =a? +b? — 2abcosC 


2 
25K? 
= (a +b)? sin? g (2 ;) cot? G | | 


= (a+b)? sin? < (tan? o4 1) 


= (a+b)? sin? S sec? 


sin - 
C= b) ——. 
ee) cos 


If a= 3, b=1 and C = 53°7'48”, we have 


1 C il 
tan @ = — cot = 


a 
2 


Cc 
., Ltan¢ — 10 = log1 — log2 eS + 10 


., Ltan ¢ = 20 — .30103 — 9.69897 = 10 
-,10+logtang = 10, .. logtan@ =0, ..tan@d=1 


vb = 45°. 
Also, Lsin < = Ltan < + L cos < 10 


= 9.69897 + 9.9515452 — 10 = 9.6505152. 


Now c=(a4 b) sin S sec 45° = Asin x V2 


Cc 1 
.. loge = 2log2+ Lsin 5 10+ a cee 


5 
5 (.30103) + 9.6505152 — 10 = .4030902. 


Now log 2.5298 = .4030862 (13.22) 
and log 2.5299 = .4031034 (13.23) 
Let log (2.5298 + x) = .4030902 (13.24) 


From (13.22)and (13.23), the diff. for .0001 = .0000172. 
From (13.23) and (13.24), the diff. for « = .0000040. 


4 004 = .001 
: 0001 = wal = ctu = .000023. 


= 
172 43 


= — xX. 
172 
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2. = 2.529823. | 


§ Problem 13.3.17. Two sides of a triangle are 237 and 158 feet and 
the contained angle is 66°40’; find the base and the other angles, 
having given 
log 2 = .30103, log 79 = 1.89763 
log 22687 = 4.35578, L cot 33°20’ = 10.18197 

Lsin 33°20’ = 9.73998, Ltan 16°54’ = 9.48262 

Ltan 16°55’ = 9.48308, Lsec 16°54’ = 10.01917 
and Lsec 16°55’ = 10.01921. 
-C b+e 


B A 
Note : Use either the formula cos sin or the formula 


of the preceding problem. © 


§§ Solution. If b = 237, c= 158 and A = 66°40’, we have 
B-C b-—c A 79 A 1 A 2 eer 
= cot = cot = —cot = cot 33° 20 
2 b+e 2 395 2 5 2 10 


B- 
v, Dtan - a log 2 — log 10 + L.cot 33°20’ 


tan 


= .30103 — 1+ 10.18197 = 9.48300. 


B- 
Let —_ 16°54’ + 2”, so that L tan (16°54! + 2’) = 9.48300. 
The diff. for x" = 9.48300 — 9.48262 = .00038. 
The diff. for 60” = 9.48308 — 9.48262 = .00046. 
“£2 = 60" x ae 50’. 
46 
Br- 
» BEE _ 1695 4'50" (13.25) 
B A 

But ec 90° nh 90° — 33°20’ = 56°40’ (13.26) 


By adding (13.25) and (13.26), we have B = 73°34’50”. 
subtracting (13.25) from (13.26), we have C = 39°45/10”. 
B-C 
2 
“. loga = log 395 + Lsin 33°20’ + Lsec 16°54'50” — 20 
= log 790 — log 2 + Lsin 33°20! + Lsec 16°54’50” — 20. 


A 
Again, we have a= (b+c)sin 5 Bee 


Now 
O° / ti 50 
Lsec 16°54'50" = 10.01917 + 0 (10.01921 — 10.01917) 


5 
= 10.01917 + é (.00004) = 10.01917 + .00003 = 10.01920 


.. log a = 2.89763 — .30103 + 9.73998 + 10.01920 — 20 = 2.35578 
/.@ = 226.87 feet. t 


In the following four examples, the required logarithms must 
be taken from the tables : 

§ Problem 13.3.18. If a = 242.5, b = 164.3 and C = 54°36’, solve the 
triangle. > 
§8§ Solution. We have 

A-B_a-b | .C_ 391 


co = cot 27°18’ 
2 a+b 2 203.4 


tan 
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B 
= log 39.1 — log 203.4 + L cot 27°18’ 


= 1.5921768 — 2.3083509 + 10.2872338 = 9.5710597. 
Now L tan 20°25’ = 9.5708088, diff. for 1’ = 3863. 
A-B 

Let oo 20°25’ +2", -. Ltan (20°25’) = 9.5710597. 
The diff. for 2” = 9.5710597 — 9.5708088 = .0002509. 

2 

“.@ = 60" x ue 39” 
3863 
A-—B 
3 20° 25/39” (13.27) 
A+B 
But oe = 90° < = 90° — 27°18’ = 62°42’ (13.28) 
By adding (13.27) and (13.28), we have A = 83°7'39”. 
By subtracting (13.27) from (13.28), we have B = 42°16/21”. 
asinC 
sin A 
. loge = loga+ LsinC — LsinA 
= log 242.5 + Lsin 54°36’ — Lsin 83°7'39”. 


A 
., Ltan 


To find c, we have = 


39 
Now L sin 83°7'39” = 9.9968584 + fi x .0000152 


= 9.9968584 + .0000099 = 9.9968683. 
“, loge = 2.3847117 + 9.9112257 — 9.9968683 = 2.2990691. 


Now log 199.09 = 2.2980494, diff. for .01 = .0000219. 
Let log (199.09 + x) = 2.2990691. 
The diff. for xz = 2.2990691 — 2.2980494 = .0000197. 
1 1. 
pipe ese Gres et ee nig 
219 219 
“¢ = 199.099. . 


§ Problem 13.3.19. If b = 130, c = 63 and A = 42°15/30”, solve the 
triangle. © 
§§ Solution. We have 
a a aot cot 21°7/45”. 

2 b+e 2 193 


B- 
v, Ltan 5 e = log 67 — log 193 + Lcot 21°7'45”. 


tan 


45 
Now — Lcot 21°7/45” = 10.4131853 — go * 0003757 
= 10.4131853 — .0002818 = 10.4129035. 


B- 
v, Ltan ane 1.8260748 — 2.2855573 + 10.4129035 
= 9.9534210 = Ltan 41°56’. 
B- 
”. aoe = 41°56 (13.29) 
B A 
But ae 90° = 90° — 21°7/45”" = 68°52/15” (13.30) 


2 
By adding (13.29) and (13.30), we have B = 110°48/15”. 
By subtracting (13.29) from (13.30), we have C = 26°56/15”’. 
csin A 


To find a, we have a=— 
sinc 
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. loga = loge + Lsin A — LsinC 
= log 63 + Lsin 42°15’30” — Lsin 26°56/15”. 


30 
Now Lsin 42°15'30” = 9.8276063 + a x .0001390 
1 
= 9.8276063 + rhe .0001390 
= 9.8276758 
15 
and Lsin 26°56'15” = 9.6560536 + fa x .0002485 
1 
= 9.6560536 + 1* 0002485 
= 9.6561157 
-, log a = 1.7993405 + 9.8276758 — 9.6561157 = 1.9709006. 
Now log 93.519 = 1.9708999, diff. for .001 = .0000046. 
Let log (93.519 + ) = 1.9709006. 
The diff. for x = 1.9709006 — 1.9708999 = .0000007. 
7 .007 
“@=— xX .001= = .0002, ». a = 93.5192. . 
46 46 
§ Problem 13.3.20. Two sides of a triangle being 2265.4 and 1779 
feet and the included angle 58°17’, find the remaining angles. }) 


§§ Solution. If b = 2265.4 feet, c = 1779 feet and A = 58°17’, we 


have 
B-C_b-c A_ 486.4 


co = 
2 b+e 2 4044.4 
—— = log 486.4 — log 4044.4 + L cot 29°8/30” 


cot 29°8'30” 


tan 


-, tan 


30 
Now  Lcot 29°8/30” = 10.2538680 — A x .0002970 


1 
= 10.2538680 — 3 x .0002970 = 10.2537195 


-. Ltan = 2.6869936 — 3.6068541 + 10.2537195 = 9.3338590. 
Now Ltan 12°10’ = 9.3336463, diff. for 1‘ = 6128. 
Let ae = 12°10’ +2", ». Ltan (12°10! + 2”) = 9.3338590. 
The diff. for a” = 9.3338590 — 9.3336463 = .0002127. 

“a= 60" x = we 21” 
. aoe = 12°10/21” (13.31) 

But ae 90° ee 90° — 29°8'30” = 60°51/30” (13.32) 
By adding (13.31) and (13.32), we have B = 73°1'51”. 
By subtracting (13.31) from (13.31), we have C = 48°41’9”. : 


§ Problem 13.3.21. Two sides of a triangle being 237.09 and 130.96 
feet and the included angle 57°59’, find the remaining angles. }) 
§§ Solution. If b = 237.09,c = 130.96 and A = 57°59’, we have 

B-C _b-¢ A _ 106.13  agong'3q” 


tan cot 
2 b+e 2 368.05 
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-, Ltan = log 106.13 — log 368.05 + L cot 28°59/30”. 
30 
Now Lcot 28°59’30” = 10.2565460 — hh .0002980 


1 
= 10.2565460 — . xX .0002980 = 10.2563970. 


tan 2—© — 9.0258382 — 2.5659068 + 10.2563970 = 9.7163284. 
Now Ltan 27°29’ = 9.7161682, diff. for 1/ = 3085. 
Let aoe = 27°29' + 2", ». Ltan (27°29! + 2”) = 9.7163284. 
The diff. for 2’ = 9.7163284 — 9.7161682 = .0001602. 
“a = 60" x on 31" 
3085 

ae ; © = 97°99/31" (13.33) 
But oo = 90° = 90° — 28°59/30” = 61°0/30” (13.34) 
By adding (13.33) and (13.34), we have B = 88°30'1”. 
By subtracting (13.33) from (13.34), we have C = 33°30'59”. rT] 


13.4 Ambiguous Case 


§ Problem 13.4.1. Ifa =5,b=7and sinA = , is there any ambi- 


guity ? 0) 
§§ Solution. We have 


3 21 1 
bsin A=7X —- = =5 
4 4 4 
“a<obsin A. 
Hence there is no triangle. rT 


§ Problem 13.4.2. If a = 2, c = V/3+1 and A = 45°, solve the 
triangle. > 
§§ Solution. 

V3+1 


“sesin A = — 


(v6 + v2) 


a 
NIlrR 


1 
=e (2.4495 + 1.4142) = 1.9318, 


we have a > csin A; also a < cand A is acute. 
Hence there are two triangles. 


We have 
. Cc, V3+1 1 V3+1 
sinC = —sinA= : — 
a 2 J2 2/2 
2. Cy = 75° and C2 = 105° 
~, By = 60° and Bz = 30° 
in B 1 
_ asinBy _ ax V3 6 
sin A 2 V2 
asin Bg 1 1 
and bg = =(2x ; =v2. 
: sin A ( 5) V2 7 
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§ Problem 13.4.3. If a = 100, c = 1003 and A = 30°, solve the 
triangle. ) 
§§ Solution. 
1 
--csin. A = 100V3 x 5 = 50V3 


we have a > csin A; also a < c and A is acute. 
Hence there are two triangles. 


We have 
1 1 
sinC = ase ee 00Vv3 | _v3 
a 100 2 2 
“. Cy = 60° and Cz = 120° 
~, By = 90° and Bz = 30° 
in B 1 
Jp ee OES 0 800 
sin A 2 
asin Bg 1 1 
and bg = = {100x > —= 100. 
2 sin A ( 5) 2 = 


§ Problem 13.4.4. If 2b = 3a and tan? A = =, prove that there are 


two values to the third side, one of which is double the other. ©) 
§§ Solution. Since tan A = fs. v sinA = Bad (the positive sign 
5 2/2 
being taken, as A must be < 180° in a triangle) and cos A = oN E: 
Pee ee v3 Lite es 
2 2/2 32 


2 
v.a>obsinAand <b G a= =») ‘ 


Also A is acute; for since b > a, ... B > A, and if A were obtuse, there 
would be two obtuse angles in the triangle, which is impossible. The 
two values of c are given by 
C2 = a? —b? + 2becos A 
“. C2? — 2becos A+ (0? _ a”) =0. 


2 
c? — 3ac- v5 { ai a2 =0 
2/2 4 
“4c? — 8aV10-c + 5a? =0 
V10+ /90 — ah 
ee _ Saas -av 10 
av 10 av 10 
c= - and ae 


Otherwise thus : 
Take the figure 3 of Art. 186, putting C for A, A for B and B; and 
Bz for C; and C2 respectively. We then have 


AD = boos A = 3%. ¥% = 3¥8 
2 22 4/2 
and Op bana — 94 V2 2 V8 


% Bs. 
2 2/2 4/2 
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2 
. BLD = V/ BiC? — CD? = 2 27 2a "ee _ a5 
32 32 A/2 


3v5 ee 


. AB, = AD+ DB, = ( 


4/2 ° 4/2 2 
and ABy = AD pp, = (38 Vo) = v0. 

4/2 4/2 4 I] 
§ Problem 13.4.5. If A = 30°, b= 8 and a = 6, find c. ) 


% 1 
8§ Solution. Since bsin A = 8 x a 4, we have a > bsin A; alsoa < b 
and A is acute; hence there are two triangles. The two values of c 
are given by 
c? — 2becos A + b? — a? =0 
+ 64— 36=0 
oe —8V3-c+28=0 
om 8V3 + V64 X 3 — 4X 28 


2 
= 4/3 + /48 — 28 = 4V3 4+ V20 = 4V34 2V5. . 


§ Problem 13.4.6. Given B = 30°, c = 150 and b = 50V3, prove that 
of the two triangles which satisfy the data, one will be isosceles and 
the other right-angled. Find the greater value of the third side. 
Would the solution have been ambiguous had 
B=30°, c= 150 and b = 75? ry 
§§ Solution. We have 


i 
150 x x= 
sinC = -sinB= 2 28 
b 50V3 2 
~. Cy = 60° and Cz = 120° 
~, Ay = 90° and Ag = 30°. 
Hence one triangle is isosceles and the other is right-angled. The 
greater value of a is when A = 90° and we have 


a= \/b? +2 = y/(50)2(3 + 9) = 50V12 = 100V3. 
2 
[or thus : a=csecB = 150 x = 100V3.| 
V3 


1 
If B = 30°, c= 150 and b = 75, we have csin B = 150 x a 75 = b. 
Hence there is one triangle right-angled. a 


§ Problem 13.4.7. In the ambiguous case given a, b and A, prove 
that the difference between the two values of cis 2\/a2 — b? sin? A. 
§§ Solution. The two values of c(c) and cz) are given by 
c? — 2becos A + b? — a? =0 
and we have c1 + c2 = 2bcos A and cycg = 6? — a?. 
“(cr ~ c2)? = (c1 +. €2)? — 4c1cg = 4b? cos? A — 4 (0? _ a”) 


= 4p? (1 sin? A) 4 (0? a”) =A (a? b? sin? A) 
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C1 ~ cg = 21/a?2 — b2 sin? A. 


Otherwise thus : Take fig. 3 of Art. 186, with C for A, A for B and 
Bz and B, for Cz and C, respectively. We then have 


c1 ~ co = Bi By = 2BoD = 2\/ BC? — CD? = 2y/a2 — (bsin A)”. 


§ Problem 13.4.8. Ifa =5, b=4and A = 45°, find the other angles, 
having given 
log 2 = .30103, L sin 33°29’ = 9.7520507 
and L sin 33°30’ = 9.7530993. o) 
§§ Solution. Since a > }, there is only one triangle. 
We have 
4 1 4/2 22 
x oe _ 
5° Y2 10 10 
., Lsin B= 104 : log 2 — log 10 = 10 + .7525750 — 1 = 9.7525750. 


b 
sinB = —sinA= 
a 


Let B = 33°20 +a”, «. Lsin (33°29' + x’) = 9.7525750. 


The diff. for 60’ = 9.7530993 — 9.7520507 = .0010486. 
The diff. for = x”’ = 9.7525750 — 9.7520507 = .0005243. 


5243 1 
B= 80" & = 607% 2 = 30" 
10486 2 
2, B= 33°29'30"" 
and C = 180° — (A + B) = 180° — 78°29/30” = 101°30/30”. 7 


§ Problem 13.4.9. Ifa =9, b=12and A = 30°, find c, having given 
log 2 = .30103, log 3 = .47712 
log 171 = 2.23301, log 368 = 2.56635 
Lsin 11°48’39” = 9.31108, Lsin 41°48'39” = 9.82391 
and Lsin 108°11/21” = 9.97774. 0) 


L: 
§§ Solution. Since bsin A = 12 x 5 = 6, we have a > bsin A; also 


a < band A is acute. Hence there are two triangles. 


We have 
b 2 
sinB=-—-—sinA=—-—=-— 
a 9 3 


.. Lsin B = 10 + log 2 — log3 = 9.82391 
“, By = 41°48'39” 
and Bz = 180° — 41°48/39” = 138°11/21” 
“Cy = 180° — (A+ By) = 180° — 71°48’39” = 108°11/21” 
and Cz = 180° — (A+ Bo) = 180° — 168°11/21” = 11°48’39"". 


2 y SO 2 PSIG 5 8? in T0Re TOI 
sin A 1 
2 
v.loge1 = log2 + 2log3 + Lsin 108°11'21” — 10 
= .30103 + .95424 + 9.7774 — 10 = 1.23301 
6a = a By cen 


inC2  9sinC. 
Again, es Se EE 9 8? Si 1 890" 


sin A () 
2 
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“. logcg = log 2 + 2log3 + Lsin 11°48’39” — 10 
= .30103 + .95424 + 9.31108 — 10 = .56635 
.c2 = 3.68. t 


§ Problem 13.4.10. Point out whether or no the solutions of the 
following triangles are ambiguous. 

Find the smaller value of the third side in the ambiguous case and 
the other angles in both cases : 


(1) A= 30°, c= 250 feet and a = 125 feet 
(2) A= 30°, c= 250 feet and a = 200 feet. 


Given log 2 = .30103, log 6.03893 = .7809601 
Lsin 38°41’ = 9.7958800 
and Lsin 8°41’ = 9.1789001. o) 
250 1 
§§ Solution. (1) We have sinc = £sin A Eb C= 90°. 
a 


Hence the triangle is not ambiguous. 
250 1 5 10 10 
200: 38-16 ot" 
Since a > csin A, a < c, and A is acute, the triangle is ambigu- 
ous. 
We have LsinC = 10+ log 10— 4log2 
= 10+ 1 — 1.2041200 = 9.7958800 


(2) We have sinC = E sin A = 
a 


“Cy = 38°41’ 
and Cz = 180° — 38°41’ = 141°19’ 
“, By = 180° — (A + C1) = 180° — 68°41’ = 111919’ 
and Bz = 180° — (A+ C2) = 180° — 171°19' = 8°41’. 


For the smaller value of b, we have 
_ asin 8°41’ _ 200sin 8°41’ _ 


sin A (5) 
2 
«log b = 2log2 + log 100 + Lsin 8°41’ — 10 
.60206 + 2 + 9.1789001 — 10 = 1.7809601 


*,b = 60.3893. . 


2? x 100 x sin 8°41’ 


§ Problem 13.4.11. Given a = 250, b = 240 and A = 72°4/48”, find 
the angles B and C and state whether they can have more than one 
value, given 
log 2.5 = .3979400, log 2.4 = .3802112 
Lsin72°4’ = 9.9783702, Lsin72°5’ = 9.9784111 


and Lsin 65°59’ = 9.9606739. .) 
§§ Solution. Since a > }, there is only one triangle. 

b 24 
We have sinB = -sinA= ae sin 72°4’48” 

a 


«, Lsin B = log 24 + Lsin72°4/48” — log 25. 
To find Lsin 72°4/48”, we have 
diff. for 60 = 9.9784111 — 9.9783702 = .0000409 


4 
.. diff. for 48’ = 7 x .0000409 = - x .0000409 = .0000327 
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. Lsin 72°4'48” = 9.9783702 + .0000327 = 9.9784029 
~. Lsin B = 1.3802112 + 9.9784029 — 1.3979400 = 9.9606741 
- B& 65°59! 
“C= 180° — (A+ B) = 180° — 138°3/48” = 41°56/12”. ry 


§ Problem 13.4.12. Two straight roads intersect at an angle of 30°; 
from the point of junction two pedestrians A and B start at the same 
time, A walking along one road at the rate of 5 miles per hour and B 
walking uniformly along the other road. At the end of 3 hours, they 
are 9 miles apart. Show that there are two rates at which B may 
walk to fulfill this condition and find them. ) 
§§ Solution. In the triangle ABC, let B represent the point of in- 
tersection of the roads. At the end of 3 hours, let the pedestrians A 
and B be at A and C respectively. We then have the ZABC = 30°, 
BA(c) = 15 miles and AC(b) = 9 miles. The distance walked by B in 
3 hours will be given by the value of a. 


, 1 
Since csin B = 15sin30° = 7—, we have b > csin B; also b < c and 


the ZB is acute. Hence there are two values of a, i.e. two rates at 
which B may walk. These values of a are given by 
a” — 2cacosB +c? — b? =0. 
We have a 2x15 x ax YS 4 295—a1=0 
-a? —15V3-a+144=0 
15/3 + /675—576 = 153+ V99 
pee = 
2 2 
_ 15V¥3+3v11 
= 5 2 
Hence the require rates 
_a_ 5V¥34VIl _ 5x 1.73205 + 3.31661 
2 


= 5.9884... or 2.6718... miles per hour 


3 2 
_ 8.66025 + 3.31662 


2 
In fig. 3 of Art. 186, we see that when the pedestrian A is at A, the 
pedestrian B may be either at C2 or C, to be 9 miles (6) apart. ] 


For the following three examples, a book of tables will be re- 
quired. 
§ Problem 13.4.13. Two sides of a triangle are 1015 feet and 732 feet 
and the angle opposite the latter side is 40°; find the angle opposite 
the former and prove that more than one value is admissible. ) 
§8§ Solution. Let b = 732 feet, c= 1015 feet and B = 40°. Since, by 
the table of natural sines, 

csin B = 1015 X .6427876 & 625, 
we have b > csin B; also b < cand B is acute. 


Hence there are two triangles. 


15 


1 
We have sinC = = sin B= u sin 40°. 
b 732 


-, LsinC = log 1015 + Lsin 40° — log 732 
= 3.0064660 + 9.8080675 — 2.8645111 = 9.9500224. 
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Now Lsin 63°2’ = 9.9500095, diff. for 1’ = 643. 
Let C = 63°2' +2”, «, Lsin (63°2! + a") = 9.9500224. 
The diff. for x” = 9.9500224 — 9.9500095 = .0000129. 

129 


-. 2 = 60" x — 12". 
643 


-, LsinC = Lsin63°2/12”. 
oC = 63°2'12” or 180° — 63°2/12” = 116°57/48”. rT] 


§ Problem 13.4.14. Two sides of a triangle being 5374.5 and 1586.6 
feet and the angle opposite the latter being 15°11’, calculate the 
other angles of the triangle or triangles. © 
§§ Solution. Let b = 1586.6, c = 5374.5 and B = 15°11’. Since, by 
the table of natural sines, 
csin B = 5374.5 x .2619085 = 1408, 
we have b > csin B; also b < cand B is acute. 
Hence there are two triangles. 
We have sinC = £ sin B= 
b 1586.6 
v, LsinC = log 5374.5 + Lsin 15°11’ — log 1586.6 
= 3.7303381 + 9.4181495 — 3.2004674 = 9.9480202. 


sin 15°11’. 


Now Lsin 62°31’ = 9.9479947, diff. for 1’ = 657. 
Let C = 62°31! +2", «. Lsin (62°31! as a”) = 9.9480202. 
The diff. for 2x” = 9.9480202 — 9.9479947 = .0000255. 
255 
Hence z= 60" x — & 23. 
657 


-, LsinC = Lsin62°31'/23”. 
*C = 62°31'23” or 180° — 62°31'23” = 117° 28/37” 
2, Cy = 62°31/23” and Cz = 117°28/37”. 
“Ar = 180° — (15°11 ao 62°31/23"’) = 102°17/37” 
and Ag = 180° — (15°11 + 117°28'37') = 47°20/23”. . 


§ Problem 13.4.15. Given A = 10°, a = 2308.7 and b = 7903.2, find 

the smaller value of c. ) 
7903.2 

= n10°. 


~~ 2308.7 
., Lsin B = log 7903.2 + Lsin 10° — log 2308.7 


= 3.8978030 + 9.2396702 — 3.3633675 = 9.7741057. 
Now Lsin 36°28” = 9.7740459, diff. for 1’ = 1709. 
Let B= 36°28’ +2”, ». Lsin (36° 28" 4 x) = 9.7741057. 
The difference for 


x” = 9.7741057 — 9.7740459 = .0000598. 


598 ae Oe” 


“a = 60" x 
1709 
-, Lsin B = Lsin36°28/21”. 
-, B = 36°28'21” or 180° — 36°28/21” = 143°31'39”, 
and, by the question, we must take B = 143°31/39”. 
“C= 180° — (10° a 143°31'39'") = 26°28/21”. 


b 
§§ Solution. We have sin B = — sin A 
a 
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To find c, we have 
_ asinC _ 2308.7 sin 26°28/21” 


sin A sin 10° 
“. loge = log 2308.7 + L sin 26° 28/21” — Lsin 10°. 
Now Lsin 26°28’ = 9.6490203, diff. for 1’ = 2537. 


21 
- diff. for 21” = Bp % 2537 © 888 


-, Lsin 26°28/21" = 9.6490203 + .0000888 = 9.6491091 
«. log c = 3.3633675 + 9.6491091 — 9.2396702 = 3.7728064. 


Now log 5926.6 = 3.7728056, diff. for .1 = 73. 
Let log (5926.6 + x) = 3.7728064. 
The diff. for x = 3.7728064 — 3.7728056 = .0000008. 
Pe oa ad > Aa ae s x .O11 
73 730" 
‘loge = log 5926.611. 
Hence the smaller value of c = 5926.611. r 


13.5 One Side Two Angles vs. Three Angles 


§ Problem 13.5.1. If cosA = a and cosC = a find the ratio of 
2 bat. .) 
§§ Solution. 


2 /T95 
We have sinA = 4/1 ( =) = aw 


22 


ie (3) 2 i 
and sinC = (=) 


“sin B = sin(A+C) ea Se eR 
_ V195 1 17 V195 
2 'R' 
_ 9195 
~ 11x14 


: ‘ 1 9 1 
*, the required ratio = — : = Oe 11. : 
22 11x14 14 


§ Problem 13.5.2. The angles of a triangle are as 1 : 2: 7; prove that 
the ratio of the greatest side to the least side is /5+1:/5—-1. 9 
8§ Solution. If x°, 2x° and 7x° be the angles, we have 
v° + 22° + 72° = 102° = 180° 
° = 18° and 7x° = 126°. 

Hence the greatest side : the least side 

= sin 126° : sin 18° 

= sin 54° : sin 18° 

_v54+1 Vv5-1 

~ 4 °° 4 

=V541:V5-1. . 
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§ Problem 13.5.3. If A = 45°, B = 75° and C = 60°, prove that 
atc/2 = 2b. © 


§§ Solution. We have 
a b 


sin 45° sin 75° 
bey (4 - ‘) 2b 
v2 \ 22 V3 +1 
c _ b 
sin60° sin 75° 

bV3 ( V3 + ‘) bV6 

c= = = a 
2 2/2 V34+1 

_ d+bvi2_ 2b(1+ V3) | 

V3+1 1+ V3 
§ Problem 13.5.4. Two angles of a triangle are 41° 13'22” and 71°19'5” 
and the side opposite the first angle is 55; find the side opposite the 
latter angle, given 

log 55 = 1.7403627, log 79063 = 4.8979775 
Lsin 41°13'22” = 9.8188779 


Also, 


~ateV2 


2b. | 


and Lsin 71°19'5” = 9.9764927. % 
§§ Solution. Let A = 41°13/22”, B = 71°19'5” anda =55. 
inB 
We have b= ee 
sin A 


-.logb = loga+ LsinB— LsinA 
= 1.7403627 + 9.9764927 — 9.8188779 
= 1.8979775 = log 79.063. 
b= 79.063. 7 


§ Problem 13.5.5. From each of two ships, one mile apart, the an- 
gle is observed which is subtended by the other ship and a beacon 
on shore; these angles are found to be 52°25'15” and 75°9/30” respec- 
tively. Given 
Lsin 75°9'30" = 9.9852635 
Lsin 52°25'15” = 9.8990055, log 1.2197 = .0862530 
and log 1.2198 = .0862886, 
find the distance of the beacon from each of the ships. 0 
§§ Solution. The third angle of the triangle formed by the ships and 
the beacon 
= 180° — (52°25'15"” + 75°9'30") = 52°25/15”. 
Thus the triangle is isosceles, so that if a and b be the required dis- 
tances respectively, we have b = 1 mile. 
1 x sin 75°9/30” 


Also, : 
sin 52°25/15” 
v. loga = log1 + Lsin 75°9/30” — L sin 52°25/15” 
= 0 + 9.9852635 — 9.8990055 = .0862580. 
We have log 1.2197 = .0862530 (13.35) 
and log 1.2198 = .0862886 (13.36) 
Let log (1.2197 + x) = .0862580 (13.37) 


From (13.35) and (13.36), the diff. for .0001 = .0000356. 
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From (13.35) and (13.37), the diff. for « = .0000050. 


{k= L= = ~ .000014. 
Hence the required distance = 1.219714 mile. : 


1° Le 
§ Problem 13.5.6. The base angles of a triangle are 5 and He : 
prove that the base is equal to twice the height. ) 


° ° 


1 
8§ Solution. In the triangle ABC, if A = 22 and B = a , then 
C= 45°. 
Let h denote the height of the triangle. We then have 


: Ie... 1 
esin112— sin 22— 
2 2 


csin Bsin A 
sinC sin 45° 
fe} fe} 


. Le. 1 Le. 1 
csin67— sin 22— ccos22— sin 22— 
= 2 20 _ 2 2 
j fo} 1 fe} al fo} a 
ee 2cos22— sin 22- . 


h=bsin A= 


° ° 


For the following five problems, a book of tables is required. 
§ Problem 13.5.7. The base of a triangle being seven feet and the 
base angles 129°23' and 38°36’, find the length of its shorter side. 4 
§§ Solution. The third angle of the triangle 
= 180° — (129°33’ + 38°36’) = 12°1’. 
To find the side opposite the angle 38°36’ (a feet, say), we have 
_ 7sin 38°36! 
0 gin 12°1/ 
«. loga = log7 + Lsin 38°36’ — Lsin 12°11’ 
= .8450980 + 9.7951008 — 9.3184728 = 1.3217260. 


Now log 20.976 = 1.3217227, diff. for .001 = .0000207. 
Let log (20.976 + x) = 1.3217260. 
The diff. for a = 1.3217260 — 1.3217227 = .0000033. 
2 a8 x .001 = ae = .00016 
207 207 69 
.. a = 20.97616 feet. : 


§ Problem 13.5.8. If the angles of triangle be as 5: 10: 21 and the 
side opposite the smaller angle be 3 feet, find the other sides. ?) 
8§ Solution. If 57°, 102° and 212° be the angles, we have 

5a° + 10x° + 212° = 362° = 180°, 
so that x° = 5° and the angles are 25°, 50° and 105°. 

sin 25° sin 50° sin 105° 

We have ae Sl oD 
where b feet and c feet are the sides opposite the angles 50° and 105° 
respectively. 

3sin50° — 6sin 25° cos 25° 5 

b= — = - = 6cos 25 
sin 25° sin 25° 
= 6 X .9063078 = 5.4378468 feet, 
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by the table of natural cosines. 

3sin105°  =3sin 75° 
Also, c= = 

sin 25° sin 25° 
v. loge = log3 + Lsin 75° — Lsin 25° 
= .4771213 + 9.9849438 — 9.6259483 = .8361168. 

Now log 6.8567 = .8361151, diff. for .0001 = .0000064. 
Let log (6.8567 + x) = .8361168. 
The diff. for x = .8361168 — .8361151 = .0000017. 


1 001 
2s a x .0001 = a = .00003 
64 64 


“.c = 6.85673 feet. a 


§ Problem 13.5.9. The angles of a triangle being 150°,18°20’ and 

11°40’ and the longest side being 1000 feet, find the length of the 

shortest side. 0) 

§§ Solution. Let A = 150°, B = 18°20’, C = 11°40’ and a = 1000 feet. 
To find c, we have 

asinC 1000 sin 11°40’ 1000 sin 11°40’ 

sin A sin 150° sin 30° 


1 
= [1000 x .2022176] + 5 = 404.4352 feet. ry 


§ Problem 13.5.10. To get the distance of a point A from a point 
B,aline BC and the angles ZABC and ZBCA are measured and are 
found to be 287 yards and 55°32'10” and 51°8/20” respectively. Find 
the distance AB. © 
§§ Solution. We have 

A = 180° — (B+ C) = 180° — 106°40/30” = 73°19'30". 
Also, AB= posne. 

sin A 
.. log AB = log BC + LsinC — LsinA 
= log 287 + Lsin51°8/20” — Lsin 73°19'30”. 


20 
Now LE sin 51°8'20” = 9.8913191 + 60 xX .0001017 = 9.8913530 


30 
and = Lsin 73°19’30”” = 9.9813229 + aa x .0000379 = 9.9813419 
-. log AB = 2.4578819 + 9.8913530 — 9.9813419 = 2.3678930. 


Now log 233.28 = 2.3678775, diff. for .01 = .0000186. 
Let log (233.28 + x) = 2.3678930. 
The diff. for x = 2.3678930 — 2.3678775 = .0000155. 
155 1.55 
St x 01 = = .0083 
186 186 
., AB = 233.2883 yards. a 


§ Problem 13.5.11. To find the distance from A to P a distance, AB 
of 1000 yards is measured in a convenient direction. At A the angle 
ZPAB is found to be 41°18’ and at B the angle ZPBA is found to be 
114°38’. What is the required distance to the nearest yard ? ?) 
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§§ Solution. The angle ZAPB = 180° — (41°18 + 114°38’) = 24°4’. 
Wer have AP = AB sin 114°38’ — 1000sin 65° 22’ 
sin 24°4/ sin 24°4/ 
“. log AP = log 1000 + Lsin 65°22’ — Lsin24°4’ 
= 3+ 9.9585609 — 9.6104465 = 3.3481144. 
Hence AP = 2229 yards, to the nearest yard. 


Chapter 


Heights and Distances 


14.1 Inaccessible Object and Distant Points 


§ Problem 14.1.1. A flagstaff stands on the middle of a square 
tower. A man on the ground, opposite the middle of one face and 
distant from it 100 feet, just sees the flag ; on his receding another 
100 feet, the tangents of elevation of the top of the tower and the top 


of the flagstaff are found to be ; and 2 Find the dimensions of the 


tower and the height of the flagstaff, the ground being horizontal. © 


§§ Solution. Let CHKL represent the vertical section of the tower 
through its center, HK being the base. Let A and B be the two 
positions of the man respectively, opposite H. Let DF (k feet, say) 
be the flagstaff, F being the middle point of CL. 

Produce DF to meet HK in E. Let h feet be the height, and b 
feet be the breadth of the tower, so that CH = FE = LK = h, and 


HE=EK= . 
1 
We are given BA = AH = 100 feet, tanZCBE = a and tan ZDBE = 
2b Also ACD is a straight line. 
In the ACBH, we have CH = BH tanZCBE, 
1 
ie. h = 200 x a 100’; 
«, ZCAH = 45° = ZDCF; 
ie! 
2 


In the ADBE, we have 
DE = BEtanZDBE, 
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b 
ie. h+ k= (2004 \e 
2/9 


“, 9(100 + k) = 5(200 + k); 
“4k = 100, .k = 25/; 


b 
and ~=k=25, -..b= 50’. : 
2 


§ Problem 14.1.2. A man, walking ona level plane towards a tower, 
observes that at a certain point the angular height of the tower is 10°, 
and, after going 50 yards nearer the tower, the elevation is found to 
be 15°. Having given 
Lsin 15° = 9.4129962, Lcos5° = 9.9983442, 
log 25.783 = 1.4113334, and log 25.784 = 1.4113503, 
find, to 4 places of decimals, the height of the tower in yards. ?) 
§§ Solution. Take the figure of Art. 192. Let PQ (x yards, say) rep- 
resent the tower and A and B be the points at which the angles of 
elevation are taken. 
We are given AB = 50 yards, ZPAQ = 10° and ZPBQ = 15°, so 
that ZAPB = 15° — 10° =5°. 
We then have 
x . BP sin 10° 2sin 5° cos 5° 
— =sin15°, and = = 
BP 50 sin 5° sin 5° 
Hence by multiplication, we have 


== Sein 15° cos 5° 
50 


= 2cos5°. 


“a = 100sin 15° cos 5° 
-. logx = log 100 + Lsin 15° — 10 + Lcos5° — 10 
= 2+ 9.4129962 + 9.9983442 — 20 = 1.4113404. 


We have log 25.783 = 1.4113334 (14.1) 
log 25.784 = 1.4113503 (14.2) 
Let log(25.783 + y) = 1.4113404 (14.3) 


From (14.1) and (14.2), we have the difference for .001 = .0000169. 
From (14.1) and (14.3), we have the difference for y = .0000070. 


70 07 
Y= x .001 = = .0004 
169 169 
/, & = 25.7834 yards. | 


§ Problem 14.1.3. DE is a tower standing on a horizontal plane 
and ABCD is a straight line in the plane. The height of the tower 
subtends an angle 6 at A, 20 at B, and 36 at C. If AB and BC be 
respectively 50 and 20 feet, find the height of the tower and the dis- 
tance CD. % 
§§ Solution. Let the height of the tower be h feet and the distance 
CD be « feet. 


2 
We then have cot @ = me a cot 20 = eats and cot 30 = _ 
t2@—1 
Now cot 20 = a so that we have 
2cot@ 


= = 2)’ | [2+] _ meer 
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“, 2(20 + )(70 + x) = (704 x)? — h? (14.4) 
cot 6 cot 26 — 1 

cot 6+ cot 20 © 

2 [Ae 7 ; = _ 20+2 


Again, cot 30 = cot(20 + 0) = 


h h2 h h 
_ (70 +2)(20+ 2) —h? 
h(90 + 22) 
“, &(90 + 22) = (70 + w)(20 + x) — h? (14.5) 


Subtracting (14.5) from (14.4), we have 
3(20 + x)(70 + x) — 2(90 + 2x) = (70+ 2)? 


70 1 
.. 402 = 700, and « = a ns feet. 


Also, from (14.4), we have 
h? = (70 + x) [(70 + x) — (40 + 22)] = (70 + «)(30 — x) 


70 70 5 50 7 
= (70+ ) (20 ) = 70x x = 25 xX 25x -. 
4 4 4 4 4 
25/7 
2 


Lh= 


= 33.07189 feet. : 


§ Problem 14.1.4. A tower, 50 feet high, stands on the top of a 
mound ; from a point on the ground the angles of elevation of the 
top and bottom of the lower are found to be 75° and 45° respectively 
; find the height of tho mound. 0) 
§§ Solution. If h feet be the height of the mound, and zx feet be the 
distance of the point from the base of the mound, we have 


tan45° =1, ..h=2z. 
x 
h 
ne = tan 75° =24+ V3 
Ho 
oh +50 = h(2+ V3) 
50. 50(V3—1) _ 100 


h= 
V34+1 2 4 
-h=18.3 feet. r | 


Also, 


X .732... 


§ Problem 14.1.5. A vertical pole (more than 100 feet high) consists 
of two parts, the lower being hid of the whole. From a point in a 
horizontal plane through the foot of the pole and 40 feet from it, the 
upper part subtends an angle whose tangent is z Find the height 


of the pole. o) 
§8§ Solution. Let the required height be 3h feet, so that the lower 
part of the pole is h feet and the upper part is 2h feet. Then, if a and 
8 be the angles subtended at the point in the horizontal plane by the 
pole and the lower part of it respectively, we have 


3 h 
tana = — and tanB= —. 
40 40 


tana—tanB — 1 
1+tanatan 2° 


Also, tan(a — 8) = 
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(= a2 ") 3h? 1 
ts -~}1+ = 
40 (40)2 2 


.. 3h? — 160h + 1600 = 0 
~. (3h — 40)(h — 40) = 0. 
Since the pole is more than 100 feet high, we must take the solution 
h—-40=0, ..h = 40. 
Hence the required height = 3h = 120 feet. ) 


§ Problem 14.1.6. A tower subtends an angle a at a point on the 
same level as the foot of the tower, and at a second point, h feet 
above the first, the depression of the foot of the tower is 8. Find the 
height of the tower. 0) 
§§ Solution. If z be the required height and y be the distance of the 
point from the foot of the tower, we have 
y = xcota and y = hcot B. 

Hence xcota = hcot B 

v. a2 =htanacot B. | 


§ Problem 14.1.7. A person in a balloon, which has ascended verti- 
cally from flat land at the sea level, observes the angle of depression 
of a ship at anchor to be 30° ; after descending vertically for 600 
feet, he finds the angle of depression to be 15° ; find the horizontal 
distance of the ship from the point of ascent. ©) 
§§ Solution. Let B and C be the positions of the balloon respec- 
tively when the observations are taken and S be the position of the 
ship whose horizontal distance SA (x feet, say) is required, A being 
the point of ascent. 

Draw BN and CM parallel to AS, so that BN and CM are the 
horizontal lines passing through B and C respectively. 

We are given 

ZNBS = 30° = ZBSA, and 
ZMCS = 15° = ZCSA. 


-  =sin ZACS = cos 15°, and 
CS 
CS _ sinZCBS _ sin60° 


600 sinZCSB  sin15° 
Hence, by multiplication, we have 


x _ cos15° sin 60° V3 


=‘gin 60° eot'15° = 2 (24 V3). 
600 sin 15° Cog 0" eee) 


“. & = 300(2V3 + 3) = 300 x 6.464... 
“,@ = 1939.2... feet. 
Otherwise thus : If CA = h feet, we have 


h 1 h 
HOO tango? = , and — = tan 15° = 2- V3, 
x V3 x 
600 1 4— 2/3 
ee ee cee 
x V3 V3 


“, @ = 300(2V3 + 3) = 1939.2 feet. : 
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§ Problem 14.1.8. PQ is a tower standing on a horizontal plane, Q 
being its foot ; A and B are two points on the plane such that the 
ZQAB is 90°, and AB is 40 feet. It is found that 


3 1 
t PAQ = — and cot PBQ = -. 
co Q 0 co Q 5 


Find the height of the tower. ©) 
§8§ Solution. If h feet be the height of the tower, we have 


h 
AQ = PQeot ZPAQ = —h, and BQ = PQcot 2PBQ = + 


Also, BQ? = BA? + AQ?. 
h? 9h? 
moe 0 2 ne 
4 aes 100 
*, 16h? = (400)?, ..h = 100 feet . . 


§ Problem 14.1.9. A column is E.S.E. of an observer, and at noon 
the end of the shadow is North-East of him. The shadow is 80 feet 
long and the elevation of the column at the observer's station is 45°. 
Find the height of the column. ©) 
§§ Solution. Let CB, perpendicular to the plane of the paper, be the 
column and O be the position of the observer, so that the 7COB = 


45°, and the ZEOB = oot (the column being E.S.E of O) where 


E is the extremity of the horizontal line due east from O. Let BD 
represent the shadow, which lies due N, since at noon the sun is 
due S. D, the extremity of the shadow, is N.E, of O, Be that the 


ZDOE = 45°. We have OD = 80 feet, and the 2DOB = 675 ; 


1? 1? 
Also ZDBO = 180° — 45° Ore Ore ZDOB. 


-. OB = BC cot COB = BC cot 45° = BC; 


1° 
-, OB = 20D cos DOB = 2 X 80sin ee 


= 80/2 — 2cos 45° = 8012 — V2 
= 80V .5857864 = 80 X .7653 = 61.224 feet. 
= BC, the required height. P) 


§ Problem 14.1.10. A tower is observed from two stations A and 
B, It is found to be due north of A and north-west of B. B is due east 
of A and distant from it 100 feet. The elevation of the tower as seen 
from A is the complement of the elevation as seen from B. Find the 
height of the tower. 0) 
§§ Solution. Let T and R be the top and foot of the tower respec- 
tively, and let h feet be its height. Let a and @ be the angles of 
elevation at A and B respectively. 


We have 
a+ B= 90°, 
RA=hcota, and 
RB=hcotB=htana. 
Also, 


-- ZABR = 45°, -. RA = AB = 100 feet 
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«, RB = 100V2 feet. 
-  hcota = 100, and htana = 100V2. 
Hence, by multiplication, we have 
h? = (100)? x V2 
“h=100V2 feet. . 


§ Problem 14.1.11. The elevation of a steeple at a place due south 
of it is 45° and at another place due west of the former place the 
elevation is 15°. If the distance between the two places be a, prove 
that the height of the steeple is 
a (v3 _ 1) 

23 o 
§§ Solution. Take the figure of Art. 193, with PQ(= x) representing 
the steeple, 

ZPBQ = 45°, ZPAQ = 15°, ZQBA = 90°, and AB =a. 
We then have 
BQ =xcot45° =z, and 


7 0 .V3+1 
AQ = xcot 15 Fe ae 
Also, AQ? = BQ? + AB? 
; ay. 2,2, 2 
= v=“ +a 
; (ee): Tecan: 
ae Wea 
.| 4/3 Jese 
eC ee ea 
Pe ack 
| a 
2 [va] 
2 V3 rT] 


§ Problem 14.1.12. A person stands in the diagonal produced of the 
square base of a church tower, at a distance 2a from it, and observes 
the angles of elevation of each of the two outer corners of the top of 
the tower to be 30°, whilst that of the nearest corner is 45°. Prove 
that the breadth of the tower is 

a (v10 _ v2) : r) 
§§ Solution. Let A and C be the two upper corners and B and D 
the two lower corners, B being the corner nearest to the observer 
at EF. 

Let x be the required breadth. 
We have 
BE = 2a, ZAEB = 45° and ZCED = 30°. 

Then AB = EBtan45° = 2a = CD 


and ED = CD cot 30° = 2aV3 
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also, ZEBD = 135°. 
-, ED? = EB? + BD? — 2EB.BD cos 135° 


1 
12a? = 4a? +2? +2 x 2ax eX = 


v2 


-, @ + 2avV/2x — 8a? = 0 
_ —2aV/2 + V8a? + 32a? 


Zz 
= -avV2 + V10a? = a (V10 - V2). a 


§ Problem 14.1.13. A person standing at a point A due south of a 
tower built on a horizontal plane observes the altitude of the tower 
to be 60°. He then walks to B due west of A and observes the altitude 
to be 45°, and again at C in AB produced he observes it to be 30°. 
Prove that B is midway between A and C. ?) 
§§ Solution. If 7 and R be the top and foot of the tower respectively 
and h be its height. 

We have 

6 h 
AR = hcot 60 V3 
BR=hcot 45° =h, and 


CR = hcot 30° = hv3. 


h2 Qh? 
-, AB? = BR? — AR? = h? — ee , and 
AC? = CR? — AR? = 3h? . = a 
-, AC? = 4AB? 
» AC = DAB. ] 


§ Problem 14.1.14. At each end of a horizontal base of length 2a it 

is found that the angular height of a certain peak is 6 and that at the 

middle point it is ¢. Prove that the vertical height of the peak is 
asin @sin @ 


/sin(¢ + 0) sin(¢ — 0) ) 
8§ Solution. Let AB be the base of length 2a, C be its middle point 
and P and Q be the top and foot of the peak respectively. 
Let the required height, PQ, be h. 
We the have 


CQ =hcot¢, and 
AQ = BQ = hcot 0. 
.. AABQ is isosceles 
. ZACQ = 90° 
-. AQ? = AC? + CQ? 
- h? cot? 6 = a? + h? cot? oO) 
wh (cot? 6 — cot? ¢) =a? 
hn? (es con) 49 


sin?6 sin? ¢ 
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2 a? sin? 6 sin? 
sin? ¢ cos? 6 — sin? @ cos? 
a? sin? @ sin? 
(sin ¢ cos 6 + cos ¢sin 8) (sin d cos 6 — cos ¢sin A) 
= a” sin? 6 sin? ¢ 
sin(¢ + 6) sin(¢ — 0) 
asin @ sin @ 


h= ? 
J/sin(o + 0) sin(¢ — 6) . 


§ Problem 14.1.15. A and B are two stations 1000 feet apart ; P and 
Q are two stations in the same plane as AB and on the same side of 
it; the angles ZPAB, ZPBA, ZQAB and ZQBA are respectively 75°, 
30°, 45°, and 90° ; find how far P is from Q and how far each is from 
Aand B. 0) 
§§ Solution. Draw a figure as in Art. 194, with the angles and AB 
as given. 
Since the 7QAB = 45°, we have 
BQ = AB = 1000 feet; AQ = 1000V2 feet. 

Also, ZAPB = 180° — (75° + 30°) = 75° 

., PB = AB = 1000 feet. 

‘» ZPBQ = 60° 
.. APBQ is equilateral. 
.. PQ = 1000 feet. 

Also, in the isosceles AAPB, we have 


3-1 
AP = 2x 1000cos 75° = 1000 x se = 500 (V6 — V2) feet. «= 


For the following seven examples, a book of tables will be re- 
quired. 
§ Problem 14.1.16. At a point on a horizontal plane the elevation 
of the summit of a mountain is found to be 22°15’, and at another 
point on the plane, a mile further away in a direct line, its elevation 
is 10°12’ ; find the height of the mountain. ) 
§§ Solution. Take the figure of Art. 192. Let PQ (x miles, say) be 
the mountain and B and A be the two points at which the angles of 
elevation are taken. 
We are given 

BA=1mile, ZPBQ = 22°15’ and ZPAQ = 10°12’. 
Also, ZAPB = 22°15/ — 10°12’ = 12°37’. 
From the APBQ, we have 


a = sin 22°15/ (14.6) 
From the APAB, we have 
PB _ sin 10°12’ 
1 mile sin 12°3/ 
From (14.6) and (14.7), by multiplication, we have 
in 10°12’ sin 22°15’ 
Ba SI 2 e228" 29 ew 0°19! gin’ 29°18" cosee 19°3! 
1 sin 12°3/ 
log x = Lsin 10°12’ + Lsin 22°15’ + Lcosec 12°3’ — 30 
= 9.2481811 + 9.5782364 + 10.6809341 — 30 = 1.5067594. 


(14.7) 
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Now 
log .32118 = 1.5067485, and 
1.5067594 — 1.5067485 = .0000109, 
for which difference the proportional part is 8. 
“,@ = 321188 & .32119 mile. . 


§ Problem 14.1.17. From the top of a hill the angles of depression 
of two successive milestones, on level ground and in the same verti- 
cal plane with the observer, are found to be 5° and 10° respectively. 
Find the height of the hill and the horizontal distance to the nearest 
milestone. % 
8§ Solution. Take the figure of Art. 192. Draw PN parallel to QA, 
so that PN is the horizontal line passing through P. Let P be the 
position of the observer on the hill PQ and A and B be the positions 
of the milestones. 

We are given 

AB =1 mile, 
ZPAQ = ZNPA=5° and 
ZPBQ=ZNPB=10°. 


Also, 
ZAPB = 10° —5° =5° = ZPAB, 
- AP =AB=1 mile. 
., PQ = APsin 10° = sin 10° = .1736482 mile, and 
BQ = AP cos 10° = cos 10° = .9848078 mile, 
by the table of natural sines and cosines. . 


§ Problem 14.1.18. A castle and a monument stand on the same 
horizontal plane. The height of the castle is 140 feet, and the angles 
of depression of the top and bottom of the monument as seen from 
the top of the castle are 40° and 80° respectively. Find the height of 
the monument. © 
§§ Solution. Take the figure of Fx. 3, Art. 45. Let AB be the castle 
and CD be the monument. 
We are given 
AB = 140 feet, ZEAC = 40°, and 
ZEAD = 80° = ZADB. 

We then have 

BD =140cot ZADB = 140cot 80° = AE, and 

CE = AE tan 40° = 140 cot 80° tan 40° 
.. log CE = log 140 + Lcot 80° + L tan 40° — 20 
= 2.1461280 + 9.2463188 + 9.9238135 — 20 = 1.3162603. 


Now log 20.713 = 1.3162430, diff. for .001 = .0000210. 
Let log(20.713 + x) = 1.3162603. 
The diff. fora = 1.3162603 — 1.3162430 = .0000173. 
1 le 
2 18 i01= 


= .0008238 
210 0 


.. CE = 20.7138238 feet, and 
DE = 140 — CE & 119.2862 feet. a 
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§ Problem 14.1.19. A flagstaff PN stands on level ground. A base 
AB is measured at right angles to AN, the points A,B and N being 
in the same horizontal plane, and the angles PAN and ZPBN are 
found to be a and 8B respectively. 
Prove that the height of the flagstaff is 
sina sin G 
B 

/sin(a — B)sin(a + B) 
If AB = 100 feet, a = 70° and 8 = 50°, calculate the height. }) 
§§ Solution. Take the figure of Art. 193, with N for Q, A for B and 
B for A. 
We then have 


AN = xcota, and BN = xcot B. 
Also, since the 7BAN is a right angle, 
“. BN? = AN? + AB? 
-, 2? cot? B = x? cot? a+ AB? 
- a? (cot? B — cot? a) = AB? 
sina sin @ 


V/sin(a — B)sin(a + B) 


“2=AB 


as in (14.1.14). 
If AB = 100 feet, a = 70° and 6 = 50°, we have 
100 sin 70° sin 50° 
ees 
Vsin 20° sin 120° 
“. logx = log 100 + Lsin 70° — 10 + Lsin 50° — 10 


1 
=s [L sin 20° — 10 + Lsin 60° — 10] 
= 2+ 9.9729858 + 9.8842540 — 20 
1 
— [9.5340517 + 9.9375306 — 20] 


1 
= 1.8572398 — gl -5284177] = 2.1214487. 


Now log 132.26 = 2.1214285, diff. for .01 = .0000329. 

Let log(132.26 + y) = 2.1214487. 

The diff. for y = 2.1214487 — 2.1214285 = .0000202. 
202 2.02 


Hence we have y = x .01 = .006. 
329 329 
“. log x = log(132.26 + .006) = log 132.266 
“2 = 132.266 feet. 7 


§ Problem 14.1.20. A man, standing due south of a tower on a hor- 
izontal plane through its foot, finds the elevation of the top of the 
tower to be 54°16’; he goes east 100 yards and finds the elevation to 
be then 50°8’. Find the height of the tower. ) 
§§ Solution. Asin the last example, if h yards be the required height, 
we have 


100 sin 54°16’ sin 50°8’ 
1/sin(54°16" + 50°8’) sin(54°16’ — 50°8’) 


h= 
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_ 100sin 54°16! sin 50°8’ 
Vsin 104° 24’ sin 4°8/ 
«. logh = log 100 + Lsin 54°16’ — 10 + Lsin 50°8’ — 10 


1 
a [L sin 75°36’ — 10+ Lsin 4°8’ — 10] 
= 2+ 9.9094190 + 9.8851000 — 20 
1 
— 5 [9.9861369 + 8.8578010 — 20] = 2.3725500. 


Now log 235.80 = 2.3725438, diff. for .01 = .0000184. 
Let log(235.80 + x) = 2.3725500. 
The diff. for x = 2.3725500 — 2.3725438 = .0000062. 


62 62 
“0 = — X 01 = — ®& .00337 
184 184 
. A & 235.8034 yards. a 


§ Problem 14.1.21. A man in a balloon observes that the angle of 
depression of an object on the ground bearing due north is 33° ; the 
balloon drifts 3 miles due west and the angle of depression is now 
found to be 21°. Find the height of the balloon. ©) 
§8§ Solution. Let C be the object, A be the first position of the bal- 
loon, AD (h miles) its height and B be the second position of the 
balloon, BE (h miles) its height. 


We then have 
CD = hcot 33° and CE = hcot 21° 
also, CE? = CD? + DE? 
-. h? cot? 21° = h? cot? 33° + 3?. 
Hence, as in § Problem 14.1.14, we have 
_ 3sin 33° sin 21° 
~ sin 54° sin 12° 
-. logh = log3 + Lsin 33° — 10 + Lsin21° — 10 
— ; [L sin 54° — 10 + Lsin 12° — 10] 
= 4771213 + 9.7361088 + 9.5543292 — 20 


1 
- 399079576 + 9.3178789 — 20] = .1546410. 


Now log 1.4277 = .1546370, diff. for .0001 = .0000304. 
Let log(1.4277 + x) = .1546410. 
The diff. for ax = .1546410 — .1546370 = .0000040. 
4 001 
x= x 0001 = 2 ~ .000013 
304 
“hk = 1.427713 mile. 2 


§ Problem 14.1.22. From the extremities of a horizontal base-line 
AB, whose length is 1000 feet, the bearings of the foot C of a tower 
are observed and it is found that ZCAB = 56°23’, ZCBA = 47°15’, 
and that the elevation of the tower from A is 9°25’ ; find the height 
of the tower. ) 
§§ Solution. Let D be the top of the tower. 

We have 

ZDAC = 9°25', and ZACB = 180° — (56°23! + 47°15’) = 76°22’, 
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AC _ sinZABC 


and = 
AB sin ZACB 
also, oF = tan ZDAC. 
AC 
Hence, by multiplication, we have 
=< = tan ZDAC sin ZABC cosec ZACB 


“. CD = 1000 tan 9°25’ sin 47°15’ cosec 76°22’ 
“. log CD = log 1000 + L tan 9°25’ + Lsin 47°15’ + Lcosec 76°22’ — 30 
= 3+ 9.2197097 + 9.8658868 + 10.0124124 — 30 = 2.0980089. 


Now log 125.31 = 2.0979857, diff. for .01 = .0000346. 
Let log(125.31 + x) = 2.0980089. 
The diff. for x = 2.0980089 — 2.0979857 = .0000232. 
232 2.32 
a= x 01 = = .0067 
346 346 
“, CD = 125.3167 feet. a 


14.2 Angle Subtended at Two Points 


§ Problem 14.2.1. A bridge has 5 equal spans, each of 100 feet mea- 
sured from the center of the piers, and a boat is moored ina line with 
one of the middle piers. The whole length of the bridge subtends a 
right angle as seen from the boat. Prove that the distance of the boat 
from the bridge is 100V6 feet. ) 
§§ Solution. Let AB be the bridge, C be the pier and D be the po- 
sition of the boat. 
We are given 

AC = 200 ft., CB = 300ft., and ZADB = 90°. 
Let the required distance CD be z ft. and ZADC =a. 
We then have 

x = AC cot a = 200 cot a 


also xz = BC cot(90° — a) = 300 tana. 
Hence, by multiplication, we have 
x? = 60000 
“a = 100V6 feet. a 


§ Problem 14.2.2. A ladder placed at an angle of 75° with the ground 
just reaches the sill of a window at a height of 27 feet above the 
ground on one side of a street. On turning the ladder over with- 
out moving its foot, it is found that when it rests against a wall on 
the other side of the street it is at an angle of 15° with the ground. 
Prove that the breadth of the street and the length of the ladder are 
respectively 

27 (3 = v3) and 27 (v6 - v2) feet. > 
§§ Solution. Let AC and CE be the two positions of the ladder 
(length | feet) respectively and DB be the breadth of the street, B 
being vertically below A and D below E. 
We are given 

AB = 27 ft., ZACB = 75° and ZECD = 15°. 
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The triangles ABC and CDE are identically equal. 
“CD = AB =27 ft. 
Also, CB = 27 cot 75° = 27 (2— V3) ft. 
., the breadth of the street 
= DC +CB = 27 (3- V3) fet. 


2/72 
Again, l= 27cosec 75° = 27 x a 27 (v6 v2) ft. 


V3+1 
Otherwise thus : 
The breadth of the street = /1cos75° +1cos 15° 
= 2I1 cos 45° cos 30° 


= 54 (v6 v1) axe 
= 27(V3 -— 1)V3 = 27(3- v3) ft. & 


§ Problem 14.2.3. From a house on one side of a street observa- 
tions are made of the angle subtended by the height of the opposite 
house; from the level of the street the angle subtended is the angle 
whose tangent is 3 ; from two windows one above the other the angle 
subtended is found to be the angle whose tangent is —3 ; the height 
of the opposite house being 60 feet, find the height above the street 
of each of the two windows. © 
§§ Solution. Let A be the top and B be the bottom of the house of 
height 60 feet and C be the bottom of the other house, i.e. C is at 
the level of the street. 

We then have 


1 1. 
B= ABcot ZACB = = =2 ib: 
Cc co C 60 x tan ZACB 60 x 3 0 fee 


Let W’ and W be the upper and lower windows respectively and let 
x feet be the height of either window above the street. 
Draw W’D and WE perpendicular to AB, so that W/D = WE = 


CB = 20 feet. 
We have 
ZAWE+ZBWE = ZAWB. 
. tanZAWE+tanZBWE _ tan AWB 
1—tanZAWE.tanZBWE 
x 60-2 
20 20 = 
x 60-2 3 
20° 20 
“2? — 60a + 800 = 0 
~. (w — 20)(x — 40) = 0 
“, a = 20 or 40. 
Thus the windows are 20 ft. and 40 ft. above the street. 7 


§ Problem 14.2.4. A rod of given length can turn in a vertical plane 
passing through the sun, one end being fixed on the ground ; find 
the longest shadow it can cast on the ground. 

Calculate the altitude of the sun when the longest shadow it can 


1 
cast is a5 times the length of the rod. } 
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8§ Solution. Let BA be the rod of length J, AC be its shadow, y be 
the sun’s altitude and @ be the inclination of the rod to the ground. 
We then have 
lsin(@ + y) 

siny 
and this is greatest when 6+ = 90°, i.e. when 6 = 90° —y, i.e. when 
ABC is a right angle. 


AC = 


.. AC = Icosec ¥. 
Again, if AC = 35 x U, then 


7 : 2 : 
cosec y= -, ..siny= =. 
2 7 


§ Problem 14.2.5. A person ona ship A observes another ship B 
leaving a harbour, whose bearing is then N.W. After 10 minutes A, 
having sailed one mile N.E., sees B due west and the harbour then 
bears 60° West of North. After another 10 minutes B is observed to 
bear S.W. Find the distances between A and B at the first observation 
and also the direction and rate of B. ro) 
§8§ Solution. Let A, Ai, Az, B, Bi and Bz be the positions of A and 
B respectively as given in the question. 

A2A; Bo is a straight line since both A, and B2 are in a direction 
S.E. of Ao. 


We have 
ZBAA, = 90° and ZBA,A = 75° 
- AB = AA; tan75° =1x (2+ V3) = 3.732... miles. 
Also, BB, = B,B2 
ALB, — Ai By 
' BB, BiB 
_ sin(@— 30°) _ sin(@ + 45°) 


where @ = 2A, B, Bo 


sin 30° sin 45° 
~. sin 0 cot 30° — cos@ = sin@ + cos@ 
.. sin 0(cot 30° — 1) = 2cos@ 
2 
.tand = re =V3+1. 
., B’s course is at an angle whose tangent is /3 + 1, S. of E. 
Again, BB2 = ABcosec {BB2A = (2+ V3) cosec (6 + 45°) 


2+V3_ _ V3(2+ V3) 


sin(@+ 45°)  sin@+cos@ 
34141 
= V2(24+ V3) + va 2 V2V/54+2V3 
5 +4+2/3 
= V7 104 4V3 = V16.9282 = 4.114... miles. 


Hence in 1 hour the distance = 4.114... x 3 = 12.342... miles. 


§ Problem 14.2.6. A person ona ship sailing north sees two light- 
houses, which are 6 miles apart, in a line due west ; after an hour’s 
sailing one of them bears S.W. and the other S.S.W. Find the ship’s 
rate. > 
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§§ Solution. Let S and N be the two positions of the ship respec- 
tively, A be the nearer lighthouse and B be the further lighthouse. 


We are given 


1° 
ZBNS = 45° and ZANS = ae 


“ZNAS = 675 : 


1° 
ere: 
BN _ sinZBAN  *" (180 mG ) 
: 1° 
BA sinZBNA sin (15° = 225 ) 


: 1° fo} 
BN sin 67— cos 22 — 1° 
= 26 = ‘ie = cot225 =Vv2+1 
sin 22— sin 22— 
2 2 


“BN =6(v2+1). 


6(V2+1 
(E+) _ ava(v3841) 


= 3 (2+ V2) =3 x 3.4142 = 10.2426 miles 
i.e. the required rate is 10.2426 miles per hour. 


We then have 


Also, SN = BNsin45° = 


§ Problem 14.2.7. A person on a ship sees a lighthouse N.W. of 
himself. After sailing for 12 miles in a direction 15° south of W. the 
lighthouse is seen due N. Find the distance of the lighthouse from 
the ship in each position. ) 
§8§ Solution. Let S and H be the two positions of the ship and L be 
the light house. 
We then have 

SL _ sinZSHL 

SH sinZSLH 

12sin 75° V3+1 
= =12x 
sin 45° 

= 6 (V3 +1) =6 x 2.73205 = 16.3923... miles 


HL _ sinZHSL 


SL 


Also, poe eee gee es oe 
SH  sinZSLH 
12 sin 60° 
CB Bas 66 
sin 45° 
= 6 x 2.4494897 = 14.697 miles . 


§ Problem 14.2.8. A man, traveling west along a straight road, ob- 
serves that when he is due south of a certain windmill the straight 
line drawn to a distant tower makes an angle of 30° with the road. 
A mile further on the bearings of the windmill and tower are re- 
spectively N.E. and N.W. Find the distances of the tower from the 
windmill and from the nearest point of the road. ©) 
8§ Solution. Let W be the windmill, T be the tower, M and A be 
the two points at which the directions are taken and let TN be per- 
pendicular to the road. 
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We are given 
MA=1mile, ZTMA = 30° and 2WAM = 45° = ZTAN. 


We then have 
AT _ sin ZAMT = sin 30° 


AM sin ZATM sin 15° 
Cap 
V2 
Also, AW = AM sec 45° = V2. 
‘- ZTAW = 90°, we have 
TW? = AT? + AW? =24+V342=44 V3. 
TW = V44 V3 = V5.73205 = 2.39 miles. 
V3+1 1 _ V3+1 
v2 V2 2 
= 1.366 miles. | 


= 2cos15° 


Also, TN = ATsin 45° = 
__ 2.73205 


§ Problem 14.2.9. An observer on a headland sees a ship due north 
of him ; after a quarter of an hour he sees it due east and after an- 
other half-hour he sees it due south-east; find the direction that the 
ship’s course makes with the meridian and the time after the ship 
is first seen until it is nearest the observer, supposing that it sails 
uniformly in a straight line. ©) 
§§ Solution. Let O be the position of the observer and S, H and I 
be the three positions of the ship respectively. 

Draw OP perpendicular to the straight line SHI ; join OH ; and 
draw JA perpendicular to SO produced. 

Then P is the nearest position of the ship to the observer after it 
is first seen. 


Also, ZHOI = 45°. We have SH = the distance the ship sails in . 


hour and HI = the distance it sails in ; hour. 


., HI = 2SH 
“OA =20S = AI 
v tan ZASI = a = ay 
AS 3 


so that the ship’s course makes with the meridian an angle whose 
tangent is : 
Also, 

SP = OS cos ZOSP = SH cos” ZOSP = SH cos? ZASI = SH x =. 


1 
Hence the required time = ( 2 x ) hour = z hour. rT 
13 4 52 


§ Problem 14.2.10. A man walking along a straight road, which 
runs in a direction 30° east of north, notes when he is due south of a 
certain house ; when he has walked a mile further, he observes that 
the house lies due west and that a windmill on the opposite side of 
the road is N.E. of him ; three miles further on he finds that he is due 
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north of the windmill; prove that the line joining the house and the 
windmill makes with the road the angle whose tangent is 


48 — 25V3 
ll % 
8§ Solution. Let A, and B and C be the three positions of the man, 
H be the house and W be the windmill. 
Let HW meet AC in Kk and CW meet HB produced in D. 


We then have 
a 
HB = ABsin30° = 5 mile, and 


BD = BCsin30° = : mile = DW, -« ZW BD = 45° 


SAD =2 miles: 
Let ¢ be the required angle, so that 
¢=ZCKW = ZCBD— ZWHD = 60° — ZWHD. 


We have tan ZWHD = WE -2= 
HD 2 4 

3 

-, tan(60° — ¢) = i 


_ tan60°—tan¢g _ 3 

“"“1+tan60°tand 4 
LA (v3 - tan ¢) =3 (1 + v3 tan ¢) 
4V3—3  (4V3—3) (3V3-4) 48-253 
3V3 +4 27 — 16 ii 
§ Problem 14.2.11. A, B, and C are three consecutive milestones 
on a straight road from each of which a distant spire is visible. The 
spire is observed to bear north-east at A, east at B, and 60° east of 


south at C. Prove that the shortest distance of the spire from the 
road is 


tang = 


miles. } 


§§ Solution. Let S be the spire and SD (xz miles, say) be the shortest 
distance of the spire from the road. 
Let ZBSD = 6 and tan = t. 


We have 
1= BC=CD-— BD =ctan(30° + 6) — xtand 


(288 ) (4+*) 
= 2 t)=a ‘ 
V3—t V3-t 
1=AB=BD+AD=ctan0 +4 xtan(45° — 0) 
( =") 4") 
=a(t- =z : 
1+t 14+t 
Hence, equating these values, we have 
(4+*) (4*) 
x =a2 
JV3—t 1+t 


oV3-t=1+4+t, ie. 2t=V3-1,iet= 


Also, 


V3-1 
cu 
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: V3-1 
1+t _ ai 2 
1+?? 2-V3 
PP 
—14tVv3_ 14+ V3)(44+ 73)  74+5V3 
4= 4/3 i6—3 a . 


§ Problem 14.2.12. Two stations due south of a tower, which leans 
towards the north, are at distances a and b from its foot; if a and B 
be the elevations of the top of the tower from these stations, prove 
that its inclination to the horizontal is 
-4 (“s - — 
cot a 
b-—a 0) 
§§ Solution. Let T be the top and R be the foot of the tower and let 
A and B be the two stations respectively. 
Then, if 0 be the required inclination, we have 
b BR _BRTR_ sin(O—8) _ sina 
a AR TR AR sinB ‘sin(@— a) 
_ sin@cotB—cos# _ cot B —coté 
sindcota—cos@ cota —coté 
.. bcota — acot 8 = (b— a) cot é 


6 et (Pome) 
.8= co : 
b-a 


Otherwise thus : 
From T draw TN perpendicular to the ground. Let TN = h and 
RN =<. Then 
In the ATBN, we have 6+ 2=hcotB 
In the ATAN, we have a+2=hcota, and 
In the ATRN, we have xz =hcotdé. 


..b = h(cot 8 — cot 6) and a = h(cot a — cot 6) 
_ b _ cotB—coté 


“a cota—coté 
“. bcot a — acot 6B = (b— a) cot 8 


6 et (omen) > 
.8= co 3 
b-a 


§ Problem 14.2.13. From a point A ona level plane the angle of 
elevation of a balloon is a, the balloon being south of A ; from a point 
B, which is at a distance c south of A, the balloon is seen northwards 
at an elevation of 8; find the distance of the balloon from A and its 
height above the ground. > 
§8§ Solution. If C be the position of the balloon and CD be its height 


above the ground,we have 
AC sin 8 


AB sin(a +8) 
.. AC = csin f cosec (a + 8). 
Also, CD = AC sina = csinasin § cosec (a + 8). La 
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§ Problem 14.2.14. A statue on the top ofa pillar subtends the same 
1 
angle a at distances of 9 and 11 yards from the pillar ; if tana = —, 


I 
find the height of the pillar and of the statue. % 
§§ Solution. Take the figure of Art. 196. 

Let RP (a yards, say) be the statue and PQ (y yards, say) be the 
pillar and let B and A be the points of observation, so that BQ = 
9 yards and AQ = 11 yards. 

Since the 72PAR = ZPBR = a, a Circle will go through the four 
points A, B, P and R. 


We have 
+ = tan B (14.8) 
us =tan(a +8), and (14.9) 
= tan B (14.10) 
x+y 
From (14.9) and (14.10), by multiplication, we have 


tana + tan 


1—tanatan 


= = tan 8 tan(a + 8) = tan8 


1 
10 + tan B _ tanB+ 10 tan? 8 
10 — tan Bp 


ae 11 tan? 8 + 2tan8—9=0 
“, (11 tan 8 — 9)(tan6B+1)=0 
-  litanB-9=0 
tan p= =. 
Hence, from (14.8), we have y = 9 yards, and, from (14.10), v+y = 11. 


“@=l1l-—y=2 yards. 
Otherwise thus : 
Let O be the center of the circle passing though the four points 
A, B, P and R and from O draw OM and ON perpendicular to RP 
and AB, bisecting them in M and N respectively. 
Join OR and OP. 


ZROM = 5ZROP = ZRAP by Euclid. III. 20, and we have 


1 M 
tan ZRAP = — =tanZROM = cli 
10 MO 
1 1 1 1 1 
“RM = MO= BQ+-—AB x (9 x 2)=1 ‘d 
10 ip (BO +3 ) 10 (+5 ) wee 
“RP = 2 yards. 
Also, by Euclid. III. 36, Cor., we have 
QB.QA = QR.QP 
9x 11=QP(QP +2) 
“QP? +2QP —99=0 
—24+V4 
QP = ie 1+10=9 yards. : 


2 
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§ Problem 14.2.15. A flagstaff on the top of a tower is observed to 
subtend the same angle a at two points on a horizontal plane, which 
he ona line passing through the center of the base of the tower and 
whose distance from one another is 2a, and an angle £ at a point 
halfway between them. Prove that the height of the flagstaff is 


; 2sin B 
asin ay / —————_—_.. 
cos a sin(6 — a) © 


§§ Solution. Take the figure of Art. 196, with N the middle point of 
AB. Let P and Q be the top and foot of the tower respectively, and 
let PR be the flagstaff. 

Let A, B and N be the points of observation, so that 

ZRBP=a=ZRAP, ZRNP=6 and BN =a=WNaA. 
- ZRBP = ZRAP, 
..a circle will go through the four points A, B, P and R. 

Let O be the center of this circle and from O draw OM and ON 
perpendicular to RP and AB, bisecting them in M and N respec- 
tively. 

Join OR, OP. 

Let ZPNQ = ¢. We then have the 7ROP = 2a, so that 

ZROM =a=ZMOP 


OM = 5 cota = QN, where RP =z, and 
OR= 5 cosec @. 


Also, 


2 
ON = \/OB? — BN? = \/OR? BN? = \/ —cosec? a ~ a? = MQ 


2 
x x 
7 ee aa + 


..tan(6+¢) = is Zz , and 
3 cota 


x 2 2 x 
=i €OSCC +. Ob GS 


2 
tang = =z ; 
— cota 
2 
2 
v.tan(8+¢)—tan¢g= 5 a ee and 
~ cota cota 
2 
2 5 , 
we e6ses og? = eS ee 

1+tan(8+¢)tand=1+ 4 3 4 2 ; 

a x 

re cot? a oe cot? a 

a cot? a 
t —t — 
“tan 8 = tan(8+¢-—¢) = an(8+¢)—tan@ _ 3 
1+tan(6+¢)tan¢d 2 : : 
—cot*a-—a 
2a? 
-. cot 8 = cot a — ———— 
a? cota 


2a" ~ il 


. . = cota — cot B. 
x2 “cota 
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2 2a? 2a? sin? asin B 


cota(cota—cotB)  cosasin(f — a) 


, 2sin B 
“.@ = asinay | —————__.. 
cos a sin(6 — a) 7 


§ Problem 14.2.16. An observer in the first place stations himself 
at a distance a feet from a column standing upon a mound. He finds 


that the column subtends an angle, whose tangent is x at his eye 
which may be supposed to be on the horizontal plane through the 
base of the mound. On moving A feet nearer the column, he finds 
that the angle subtended is unchanged. Find the height of the mound 
and of the column. ) 
§§ Solution. Take the figure of Art. 196. 

Let P and Q be the top and foot of the mound respectively and let 


PR be the column. 
Let A and B be the points of observation, so that AQ = a ft. and 


AB= se ft., and therefore BQ = 5 ft. 
-- ZPAR = ZPBR =a, a circle will go through the four points A, 
B, Pand R. 


Let y ft. and x ft. be the heights of the mound and column re- 
spectively and 8 be as marked in the figure. 


We then have 


tana = 


NlR 


Also, z+y=atan(a+ 8) and y= atanB. 
Also, in the ARBQ, 


ty = 5 cots. 


1 
—+tan 6 
1 1+2t 
% 3 cot 8 = tanta +B) = = = =e 
1—, tané en 
1 _ 14+2tan8 


se 3tan B 2—tan 8B 
- 3tan? 6 + 2tan B— 1=0 
“. (8tan 8 — 1)(tan6+1)=0 


tan B t 
v.tanB=-. 
Bea 
“y =atanB= 4 ft., and 
a a 2a 
x= —cot =a = be 
4 Br-y mee f 


Otherwise thus: 

Let O be the center of the circle passing through the points A, B, 
Pand R. 

From O draw OM and ON perpendicular to RP and AB, bisecting 
them in M and N respectively. 

Join OR, OP. The ZROP = 2a, and ZROM = a= ZMOP. 
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x x 1 
-.OM = —cota=-— x2 “tana = — 
2 2 2 


Also, ON = OM, since the chords RP and AB are equal ; 
“ON = = = MQ 
PO”, . 


3 


§ Problem 14.2.17. A church tower stands on the bank of a river, 
which is 150 feet wide, and on the top of the tower is a spire 30 feet 
high. To an observer on the opposite bank of the river, the spire 
subtends the same angle that a pole six feet high subtends when 
placed upright on the ground at the foot of the tower. Prove that the 
height of the tower is nearly 285 feet. ) 
§§ Solution. Let AB be the spire, BD be the tower, CD be the pole 
and O be the position of the observer, so that 

AB = 30 feet, CD =6 feet and OD = 150 feet. 
Let ZAOB = a = ZCOD, ZBOC = £8 and z feet be the required 
height. 
We then have 


= tana, = = tan(a + 8) and 


150 
ee 
t t 150 750 
x +30 SNe an(a+6)+tana — 150 ' 150 
150 1 —tan(a+ 8) tana 1 6a 
(150)? 
“x? + 302 — 90000 = 0 
“. @ & 285 feet. a 


§ Problem 14.2.18. A person, wishing to ascertain the height of a 
tower, stations himself on a horizontal plane through its foot at a 
point at which the elevation of the top is 30°. On walking a distance 
ain a certain direction he finds that the elevation of the top is the 


same as before, and on then walking a distance 24 at right angles to 
his former direction he finds the elevation of the top to be 60°. Prove 


that the height of the tower is either ea or 4/ a. » 


8§ Solution. Let T and R be the top and the foot of the tower, whose 
height h is required and let A, B and C be the points at which the 
angles of elevation are taken respectively, so that 


ZTAR = 30°, ZTBR = 30°, ZTCR = 60°, AB =aand BC = a. 
We then have 
h 
AR = hcot 30° = hV3 = BR and CR = hcot 60° = Te 


Also, ZCBR=90° —ZABR 
-.cosZCBR=sinZABR. 
Now cosZABR =~ +BR=— 


2 ~ Oh/3 
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2 
“cos ZCOBR = 4/1 — cos? ZABR = \/1- —x. 
T2h2 


Again, RC? = BC? + BR? — 2BC.BRcos ZCBR 


h2 25a? 5a a? 
2 3h? — 2.—.hv/34/ 1 — —. 
3 9 3 12h? 
2 
’ Ba ropa aa — 842 ; 25a 
3 3 9 
«, 1Bav/12h2 — a? = 24h? + 25a? 


“, 225a? (12h? = a”) = 576h* + 1200a7h? + 625a* 
“, 288h4 — 750a7h? + 425a* = 0 


750 + V 72900 750 + 270 
oh =a’. =a’. 
576 576 
> 1020. 480 
=a’, or a’. 
576 P 576 
=a?.— ora?.— 


“48 
azay® oray/’. . 
48 6 


§ Problem 14.2.19. The angles of elevation of the top of a tower, 
standing on horizontal plane, from two points distant a and b from 
the base and in the same straight line with it are complementary. 
Prove that the height of the tower is Vab feet, and, if @ be the angle 
subtended at the top of the tower by the line joining the two points, 
then 


a+b 0) 
§§ Solution. Let h denote the height of the tower and a the greater 
angle of elevation. 
We then have 

a = hcota and b = hcot(90° — a) = htana, where a < b. 
Hence, by multiplication, 
h? = ab, -.h = Vab. 

Again, 6 =a — (90° — a) = 2a — 90°. 


sin? a — cos? a tana — cota 


-. sin @ cos 2a = —5 = 
sin“ a@ + cos* @ tana + cota 


-(; a). (74S) = 7" 
h h]) °\h oh b+a 


If a > b, we have 


b=hcotaanda=htana 


; G ;) G ;) a—b 
-. sing = ; t = 
hoh hoh a+b 


§ Problem 14.2.20. A tower 150 feet high stands on the top of a 
cliff 80 feet high. At what point on the plane passing through the 
foot of the cliff must an observer place himself so that the tower and 
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the cliff may subtend equal angles, the height of his eye being 5 feet 
2 0) 
§8§ Solution. Let A be the top of the tower, B and C be the top and 
the foot of the cliff respectively, O be the position of the observer’s 
eye and z feet be the required distance. 
From O, draw OD perpendicular to BC, so that OD = x feet. 
Then, since OB bisects the ZAOC, we have, by Euclid VI. 3, 


OA AB 
OC BC 
OD? +AD?2 150 __ 15 
2 + 52 80 8 
_ 2? + (150+ 80-5)? — 225 
: v2 +52 64 
_ ©? 4+ (225)? 225 
e452 64 


“11a? = 225 x 25(64 x 9 — 1) = 225 x 25 x 575 
“(7 X 23)x? = 225 x (25)? x 23 
15x25 375 
= = 


Otherwise thus : 
Let E be the point on the ground vertically below O. 
Let the ZAOB =a = ZBOC and the ZECO = @ = ZCOD. 


We then have 
22 
te tand, as tan(a — 6) and an tan(2a — @). 
x x x 


Now 2a —0—0=2(a- 6) 
“, tan(2a — 6 — 6) = tan2(a — 0) 

_ tan(2a—@)—tan@ —— 2tan(a— 6) 
“"1+tan(2a—6)tanOd 1 -tan?(a— 6) 
225 «5 150 
x x 

22 2 
eee pe (2) 
x 
--220,-—=~= «150 
“@241125 «x? — 5625 
x Ae as before 
a Se : i | 
V7 


§ Problem 14.2.21. A statue on the top of a pillar, standing on level 
ground, is found to subtend the greatest angle a at the eye of an 
observer when his distance from the pillar is c feet ; prove that the 
height of the statue is 2c tan a feet, and find the height of the pillar. 9% 
§§ Solution. Let P and Q be the top and the foot of the pillar re- 
spectively and let PR be the statue. 

If D be the point at which the greatest angle is subtended by PR, 
then D must be the point where a circle drawn through P and R 
touches the ground. 

Also, O the center of this circle (to which QD is a tangent) is in 
the vertical line through D. 
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Draw OM perpendicular to RP, bisecting it in M. Join OR and 
OP. 
We have OM = DQ = c; also the ZROP = 2 x ZRDP = 2a, so that 
the ZROM =a= ZMOP. 
- PR=PM+MR=2.0M tana = 2ctana. 
Also, --OD =OR=cseca and PM =ctana 
1 sina 


.. PQ = c(seca — tana) =c ( ) = c(1— sina) seca. 


COS @ COS @ 
Otherwise thus : 
We may obtain this last result thus : 


By Euclid ITT. 36, 
QP.QR = QD? 
“. QP(QP + PR) = QD? 
a QP? + QP.2ctana = ro 
-. QP? + QP 2ctana + c? tan? a = c? (1 + tan? a) = c* sec? a 


“. QP = c(seca — tana) = c(1 — sina) seca. a 


§ Problem 14.2.22. A tower stood at the foot of an inclined plane 
whose inclination to the horizon was 9°. A line 100 feet in length was 
measured straight up the incline from the foot of the tower, and at 
the end of this line the tower subtended an angle of 54°. Find the 
height of the tower, having given 
log 2 = .30103, log 114.4123 = 2.0584726, 
and Lsin 54° = 9.9079576. © 
§§ Solution. Let AB (h feet, say) be the tower at the foot of the 
inclined plane AC. 
ZBAC = 90° — 9° =81°. 

Hence, if AC be the line 100 feet in length, so that 

ZBCA = 54° 

~. ZABC = 180° — (ZBAC + ZBCA) = 180° — (81° + 54°) = 45°. 

We then have 

h AC 


sin54° sin 45° 
oh = 100V2 sin 54° 


1 
“. log h = log 100 + 5 log2 + Lsin 54° — 10 


= 2+ .150515 + 9.9079576 — 10 
= 2.0584726 = log 114.4123. 
Hence the required height = 114.4123 feet. a 


§ Problem 14.2.23. A vertical tower stands on a declivity which is 
inclined at 15° to the horizon. From the foot of the tower a man as- 
cends the declivity for 80 feet, and then finds that the tower subtends 
an angle of 30°. Prove that the height of the tower is 

40(V6 — V2) feet. 0 
§§ Solution. Let AB (h feet, say) be the tower and AC be the dis- 
tance 80 feet. 
We have ZBAC = 90° — 15° = 75° and ZBCA = 30° 
Also, ZABC = 180° — (75° + 30°) = 75°. 
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We then have el = esas 
sin 30° sin 75° 
2h = 80 wee = 1602 
2/2 V3+1 
eS wa aye 40(V6 — V2) feet. rT] 
§ Problem 14.2.24. The altitude of a certain rock is 47°, and after 
walking towards it 1000 feet up a slope inclined at 30° to the horizon 
an observer finds its altitude to be 77°. Find the vertical height of 
the rook above the first point of observation, given that 
sin 47° = .73135. % 
§§ Solution. Let B and C be the top and the foot of the rock respec- 
tively and A be the first point of observation, so that 2BAC = 47°. 
Let D be the second point of observation, so that 
AD = 1000 feet, ZDAC = 30° and 2BDE =77°, 
where DE is parallel to AC, meeting BC in E. 
The ZBAD = 47° — 30° = 17°. 
In the ABAC, C is a right angle and 7BAC = 47° 
-. ZABC = 90° — 47° = 43°. 
In the ABDE, EF isa right angle and 7BDE = 77° 
«. ZDBE = 90° — 77° = 13°. 
.. ZABD = 43° — 13° = 30°, and 
ZBDA = 180° — (17° + 30°) = (180° — 47°) 
From the AABD, we have 


AB A AD 
sinZBDA  sinZABD 
AD sin 47° 
Ap = BET = sp00sind7® 
sin 30° 


From the AABC, we have 
BC = ABsin47° = 2000sin? 47° = 2000 x (.73135)? = 1069.745645 ft.m 


§ Problem 14.2.25. A man observes that when he has walked c feet 
up an inclined plane the angular depression of an object in a hori- 
zontal plane through the foot of the slope is a, and that, when he 
has walked a further distance of c feet, the depression is 8. Prove 
that the inclination of the slope to the horizon is the angle whose 
cotangent is 
(2cot B — cota). 0 

§§ Solution. Let O be the object, M be the foot of the inclined plane 
and A and N be the two points of observation. 

From A and N draw AP and NQ perpendicular to the horizontal 
plane which contains O and M. 

Draw AR and NS parallel to MO, so that AR and NS are the hor- 
izontal lines passing through A and N. 
We are given 

ZRAO =a = ZAOP, ZSNO = 8B = ZNOQ, and 
MA=c feet = AN. 
Let the distance OM be z feet and the required 7NMQ be 0(= ZAMP). 
We then have 
MP = PQ=ccosé, AP =csiné and NQ = 2csin#@. 
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In the AOAP, we have OP = AP cota, 


“.2+ccos@ =csin@cota (14.11) 

In the AONQ, we have OQ = NQ cot 6, 
a2 + 2ccos@ = csin 6 cot B (14.12) 
(14.13) 


From (14.11) and (14.12), by subtraction, we have 
ccos@ = csin@ (2cot B — cota). 
., cot @ = 2cot B — cota 


-.0 = cot! (2cot 8 — cota). . 


§ Problem 14.2.26. A regular pyramid on a square base has an 150 
feet long, and the length of the side of its base is 200 feet. Find the 
inclination of its face to the base. 0) 
§§ Solution. Let V be the vertex and F' be the center of the base 
ABCD of the pyramid. 


Let E be the middle point of AB. We then have 
200 


AV = 150 ft., AE = 100 ft., AF = —= = 100V?2 ft., 
V2 
and VF =\/VA?2 — FA? = 50V9 — 8 = 50 ft. 
F 1 
v tanZVEF = = = a =-, 
EF 100 2 : 
i.e. the required inclination is the angle whose tangent is 2 . 


§ Problem 14.2.27. A pyramid has for base a square of side a ; 
its vertex lies on a line through the middle point of the base and 
perpendicular to it, and at a distance h from it ; prove that the angle 
a between the two lateral faces is given by the equation 
2Qhv 2a? + 4h? 

a24+4h2 0) 
§§ Solution. Let V be the vertex and F be the center of the base 
ABCD of the pyramid. 

Draw BK and DK perpendicular to VA, so that a = ZBKD; and 
let the ZVAF = ¢. 


sina = 


a 
ao BF _ (5) _ 1 _VA 
2 FK AFsing sing VF 


tan 


+ h? 
_VFA2+VF? V2 _ Va? + 2h? 
VF h hv/2 
2tan a 

“sina = ——2 

1+ tan? o 

_ V20? + 4h? fs, a? + 2h? 
h j "DR 
Qhv/2a2 + 4h2 


~ a2 +4h2 . 
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§ Problem 14.2.28. A flagstaff, 100 feet high, stands in the center 
of an equilateral triangle which is horizontal. From the top of the 
flagstaff each side subtends an angle of 60° ; prove that the length 
of the side of the triangle is 50V6 feet. o) 
§§ Solution. Let ABC be the triangle, D be its center and ED be 
the flagstaff. 

We have LA = EB = EC and the angles at E each 60°. 

Therefore the triangles EBC, ECA and EAB are equilateral. 

Let x feet = BC =CA= AB = EA= EB = EC. We then have 


2 2 

AD = =.xsin60° = 23 ae feet. 
3 3 2 V3 

Also, AD? + DE? = AE? 


2 
& 7 + (100)? = a? 
“2a? = 3 x (100)? 


3 

“,@ = 100 5 = 50V6 feet. . 
§ Problem 14.2.29. The extremity of the shadow of a flagstaff, which 
is 6 feet high and stands on the top of a pyramid on a square base, 
just reaches the side of the base and is distant 56 and 8 feet respec- 
tively from the extremities of that side. Find the sun’s altitude if the 
height of the pyramid be 34 feet. ©) 
8§ Solution. Let ABCD be the square base and O be its center. 

Let E be the top of the pyramid and EF be the flag staff and let a 
be the sun’s altitude, so that 
FO _6+34_ 40 
GO GO GO’ 
where G is on AB, such that GA = 8 feet and GB = 56 feet. 

To find GO, we have AOB a right-angled isosceles triangle, 


uv 
AB = (56+ 8) feet = 64 feet and AO =OB= 7 = 32V2 feet. 


tana = 


Also, ZGAO = 45°. 
~. GO? = OA? + AG? — 20A.AG cos 45° 
= 2 2 1 
= (32V2)" +8? -2 x 32V2 x 8 x Bi 
= 2048 + 64 — 512 = 1600 
..GO = 40 feet. 


4 
Hence tana = “ = 1, so that the sun’s altitude = 45°. Ps 


§ Problem 14.2.30. The extremity of the shadow ofa flagstaff, which 
is 6 feet high and stands on the top of a pyramid on a square base, 
just reaches the side of the base and is distant x feet and y feet re- 
spectively from the ends of that side; prove that the height of the 
pyramid is 


x? + y? 


tana — 6, 


where a is the elevation of the sun. >) 
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§§ Solution. Let ABCD be the square base and O be its center. 
Let E be the top of the pyramid, EF be flagstaff and h be the 
required height FO. 


We have tana = Boy where G is on AB, such that AG = zx feet 


GO 
and GB = y feet. 
Thus GO = FO cota = (6+h) cota. 
Also, ZGAO = 45°, and 
o_ “ty 
AO = («+ y) cos 45 or 
‘: GO? = OA? + AG? — 20A.AG cos 45° 


(6+h nycota = / @+¥" + x Ales We 


v2 v2 
+2 
te cy + y? oe ee ee 
2 
: a2 + y2 
i: 2 
2 2 
pg ea. 
a 5 tana — 6. : 


§ Problem 14.2.31. The angle of elevation of a cloud from a point 
h feet above a lake is a, and the angle of depression of its reflexion 
in the lake is 8 ; prove that its height is 
sin(6 + a) 
sin(8 — a) 0) 
§8§ Solution. Let C be the cloud and CD the perpendicular upon the 
surface of the water. 
Produce CD to L so that CD and DL are equal. 
Then, by the laws of Optics, L is the image of C in the water. 
Let O be the observer and draw OP perpendicular to CD. 
Then ZPOC =a and ZPOL = B. 
If x be the height of the cloud, we have CD = DL =z. 
_@a—-h CP _ OPtana tana 


‘z+h PD OPtanB tanf 
_«  tana+tanf _ sin(a +) 
“h tan8—tana — sin(B—a)’ 7 


§ Problem 14.2.32. The shadow of a tower is observed to be half 
the known height of the tower and sometime afterwards it is equal 
to the known height ; how much will the sun have gone down in the 
interval, given 

log 2 = .30103, L tan 63°26’ = 10.3009994, 
and dif f. for 1’ = 3159? mo) 
§§ Solution. At the first observation, the elevation of the sun = 
tan—!2 =a, say, so that tana = 2. 

., Ltana = 10+ log 2 = 10.3010300. 

Let a = 63°26’ + 2”, so that L tan(63°26' + «””) = 10.3010300. 


The diff. for «” = 10.3010300 — 10.3009994 = .0000306. 
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“.@ = 60" x Lae 6” 
3159 
. a = 63°26/6". 
At the second observation, the elevation of the sun = 45°. 
Hence the required difference = 63°26’6” — 45° = 18°26’6”. rT] 


§ Problem 14.2.33. An isosceles triangle of wood is placed in a 
vertical plane, vertex upwards, and faces the sun. If 2a be the base 
of the triangle, h its height, and 30° the altitude of the sun, prove 
that the tangent of the angle at the apex of the shadow is 
2ahV/3 

3h2 — a2’ % 
§§ Solution. Let C be the vertex of the triangle and D be the middle 
point of its base, so that AD = DB =aand CD=h. 

Let E be the apex of the shadow, so that 
DE = hcot 30° = hv3. 

We then have, if 20 be the 2BEA, 


(oi J BED tae = 2 8 
an = tan => => 
DE hv3 
2tan 
-tanZBEA = tan26 = ——"" 
1 — tan? 0 
2a. (1 “) 
hv3 3h2 
= 2QahV3 
_ 3h2 — a2" a 


§ Problem 14.2.34. A rectangular target faces due south, being 
vertical and standing on a horizontal plane. Compare the area of 
the target with that of its shadow on the ground when the sun is 8° 
from the south at an altitude of a°. ©) 
§§ Solution. Let ACBD be the target and AC'B’D’ be its shadow. 
ZDD'A= the sun’s altitude = a and 2D’ AC = 90° — B. 


We then have 


area oftarget _ AC.AD _  AC.AD 
area ofshadow AC.AD’sin(90°— 8) AC.AD’ cos 
AC.AD 1 
= = = tanasec B 
AC.ADcotacos8  cotacosf 
*. area of target : area of shadow = tanasec(: 1. : 


§ Problem 14.2.35. A spherical ball, of diameter 6, subtends an 
angle a at a man’s eye when the elevation of its center is 8 ; prove 
that the height of the center of the ball is 


508in 8 cosec > 
§§ Solution. Let O be the man’s eye and A be the center of the ball. 
The angle subtended by : atO= e and the angle subtended by 

h, the height of the center of the ball, at A = B. 


6 
vh = OAsin B= aoe 5 sin 8. : 
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§ Problem 14.2.36. A man standing on a plane observes a row of 
equal and equidistant pillars, the 10*” and 17** of which subtend the 
same angle that they would do if they were in the position of the first 
c lL 
and were respectively — and 5 of their height. Prove that, neglecting 
the height of the man’s eye, the line of pillars is inclined to the line 
drawn from his eye to the first at an angle whose secant is nearly 
2.6. % 
§§ Solution. Let A, B and C be the positions of the feet of the first, 
the tenth and the seventeenth pillars respectively, and let d be the 
distance between any two consecutive pillars, so that 
AB = 9d and AC = 16d. 
Let O be the position of the observer, h be the height ofa pillar and a 
and £ be the angles subtended by the pillars at B and C respectively. 
We then have 


I h 
OB =hcota, OA= 5 cota, OC = hcot 6B and OA = g oe 


.. OB = 2.0A = 2a, say, and OC = 3.0A = 3a, Say. 

Let 6 be the angle OA makes with CBA produced. We have 

in the AOAB, (2a)? =aret (9d)? + 2a.9d cos 0, 

in the AOAC, (3a)? =a?t (16d)? + 2a.16d cos 6 

-. a? = 27d? + 6adcos 0 (14.14) 
and a? = 32d? + 4adcos 0 (14.15) 
From (14.14) and (14.15), by subtraction, we have 
G= bi? eadeesh, Sethe = 2" 


Substituting this value of d in (14.15), we have 


2 _ 128a?cos?@ 8a? cos? 6 
a” = t 


25 5 
cos? 6 = ae 
168 
2 168 
sec” 96 = — 
25 

2/42 4x 6.4809 

“sec = 5 = 10 ~ 2.6. Py 


For the following four examples a book of tables will be re- 
quired. 

§ Problem 14.2.37. A and Bare two points, which are on the banks 
of a river and opposite to one another, and between them is the mast, 
PN, of a ship ; the breadth of the river is 1000 feet, and the angular 
elevation of P at A is 14°20’ and at B it is 8°10’. What is the height 


of P above AB ? ) 
§§ Solution. Let h be the required height of PN. 
AN 
Then 7 a cot 14°20’, .. AN = hcot 14°20’, 
BN 
and oe cot 8°10’, .. BN = hcot 8°10’. 


Hence, by addition, we have 
AN +BN = AB=1000=h (cot 14°20! + cot 8°10’) 
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1000 1000 


cot 14°20’ + cot 8°10’ 3.9136420 + 6.9682335 


1000 
= ———__ ® 91.896 feet 
10.8818755 
Otherwise thus : 
We have 
ZAPB = 180° (14°20 8°10’) = 157°30’. 
inZPAB PN 
Now oi ee nd = sin ZPBN. 


a 
AB sinZAPB PB 
Hence, by multiplication, we have 


PN _ sin ZPABsinZPBN 
AB sin ZAPB 
“kh = 1000 sin 14°20’ sin 8°10’ cosec 22°30’ 
“. logh = log 1000 + Lsin 14°20’ + Lsin 8°10’ + Lcosec 22°30’ — 30 
= 3 + 9.3936852 + 9.1524507 + 10.4171603 — 30 = 1.9632962. 
-h& 91.896 feet. t 


§ Problem 14.2.38. AB is a line 1000 yards long; B is due north of 
A and from B a distant point P bears 70° east of north ; at A it bears 


41°22’ east of north ; find the distance from A to P. ?) 
§§ Solution. We have 
AP _ sinZABP _ sin(180°—70°) __ sin 70° 
AB sinZAPB _ sin (70° — 41°22’) — sin 28°38’ 
AP = 1000 sin 70° 
sin 28°38’ 


«. log AP = log 1000 + Lsin 70° — Lsin 28°38’ 
= 3 + 9.9729858 — 9.6805191 = 3.2924667. 
Now log 1960.9 = 3.2924554, dif f. for .1 = .0000222. 
Let log(1960.9 + x) = 3.2924667. 
The diff. for x = 3.2924667 — 3.2924554 = .0000113. 
pes ae Se Aes 
222 222 
. log AP = log(1960.9 + .05) = log 1960.95 
., AP = 1960.95 yards. Py 


§ Problem 14.2.39. A is a station exactly 10 miles west of B, The 
bearing of a particular rock from A is 74°19’ east of north, and its 
bearing from B is 20°51’ west of north. How far is it north of the line 
AB ? > 
§§ Solution. Let R denote the rock and let RQ be drawn perpen- 
dicular to AB. 
We have 
ZRAQ = 90° — 74°19’ = 15°41’, ZRBA = 90° — 26°51’ = 63°9' 
ZARB = 180° — (15°41' + 63°9') = 180° — 78°50’ = 101°10’. 


Now “a = sin ZRAQ = sin 15°41’ 
AR sinZABR sin 63°9/ sin 63°9/ 
and = = = 


AB sinZARB ~ sin101°10’ sin 78°50!" 


14.2. Angle Subtended at Two Points 257 


Hence by multiplication, we have 
RQ _ sin 15°41’ sin 63°9' 


AB sin 78°50’ 
_RQ= 10sin Lee sin 63°9/ 
sin 78°50! 


log RQ = log 10 + Lsin 15°41’ + Lsin 63°9’ — 10 — Lsin 78°50’ 
= 14+ 9.4318788 + 9.9504583 — 10 — 9.9916991 = .3906380. 


Now log 2.4583 = .3906349, diff. for .0001 = .0000176. 
Let log(2.4583 + 2) = .3906380. 
The diff. for x = .3906380 — .3906349 = .0000031. 


1 .0031 
2s oh x .0001 = ee = .00002, 
176 176 


Hence, the required distance = 2.45832 miles. 
Otherwise thus : 
We have 
AQ = RQ cot ZRAQ = RQ cot 15°41’ and 
BQ = RQ cot ZRBQ = RQ cot 63°9’. 

Hence, by addition, 

AQ + BQ = RQ (cot 15°41’ + cot 63°9') 
and, by the table of natural cotangents, we have 

10 = RQ(3.5615900 + .5062322) = RQ(4.0678222) 


1 
RQ= pee = 2.45832 miles. 
4.0678222 
Notes : 
‘okeed te tees e cos A cos B 
sin A sin B 
_ sinBcosA+cosBsinA _ sin(B+ A) 
’ sin A sin B sin Asin B’ 
10 sin 15°41’ si 
We have RQ = psn 2 moe , as in the first solution. : 
sin 78°50! 


§ Problem 14.2.40. The summit of a spire is vertically over the mid- 
dle point of a horizontal square enclosure whose side is of length a 
feet ; the height of the spire is h feet above the level of the square. 
If the shadow of the spire just reach a corner of the square when the 
sun has an altitude 0, prove that 


hv/2 = atané. 
Calculate h, having given a = 1000 feet and 6 = 25°15’. ) 
§§ Solution. We have 
h 
——— = tand 
acos 45° 
atan@ 


-. h = atan6cos 45° = 


J2 
- hV2 = atand. 
If a = 1000 feet, and 6 = 25°15’, we have 


1 
log h + 5g ete lea + Ltan@ — 10. 


1 
«. logh = log 1000 + L tan 25°15’ — 10 — > log 2 
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= 3 + 9.6736020 — 10 — .1505150 = 2.5230870. 


Now log 333.49 = 2.5230828, diff. for .01 = .0000130. 
Let log(333.49 + x) = 2.5230870. 
The diff. for = 2.5230870 — 2.5230828 = .0000042. 
42 A2 
e2©=—x 01= — x .0032 
130 130 


hk = 333.4932 feet. : 


Chapter 


Properties of A Triangle 


15.1 Area of a Given Triangle 


Find the area of the triangle ABC when 


§ Problem 15.1.1. ad=13, b=14 and c=15. % 
§§ Solution. s= "7 7) <1, s a=8,s—b=7ands—c=6 

A=VJV21X8xX7xX6=/42x 4x 42 =42x 2=84. | 
§ Problem 15.1.2. a=18, b=24 and c=30. % 
§§ Solution. s = a= = 36, s-a=18, s—-b=12and s—c=6 


v A= 36x 18x 12 x 6 = V36 x 36 xX 36 = 6 x 6 X 6 = 216. : 


§ Problem 15.1.3. qa=25, b=52 and c=63. % 
2 2 
§§ Solution. e= STS = 00, s—a= 45, s—b=18 and s-c=7 
 A=VJV770xX45xX18X 7=JV7X2xX5x45xX18x7 
= /49 x 36 X 225=7x 6 x 15 = 630. |] 
§ Problem 15.1.4. qd =125, b=123 and c= 62. % 
12 12 2 
§§ Solution. s = ae eee eee er ee 
c= 93 
v A= V155 x 30 x 32 x 93 = V31 xX 5x 15x 2x 32x 31 x3 
= V31 x 31x 15 x 15 x 64 = 31 x 15 x 8 = 3720. | 


§ Problem 15.1.5. q=15, b=36 and c=39. % 


15.1. Area of a Given Triangle 260 


Le 
§§ Solution. s = — = 45, s-a=30, s-b=9 and s—c=6 
- A= vV45 x 30 X 9 X 6 = V270 X 270 = 270. | 
§ Problem 15.1.6. a = 287, b= 816 and c= 865. ?) 
2 1 
§§ Solution. s = er = 984, s—a = 697, s—b = 168 and s— 
c= 119 


- A = V984 x 697 x 168 x 119 
= V/24x41x17x 41x 24x7xX17x7 


= 24x 41 x 17 x 7 = 117096. a 

§ Problem 15.1.7. d= 35, b=84 and c=91. © 

§§ Solution. s = oon = 105, s-a=70, s—b=21 and s—c= 

14 
v A= V105 x 70 x 21 x 14 

=V15xX7X7xX10X7X3X7X2 

=V7X7X7X7X 900 =7X 7X 30 = 1470. . 

§ Problem 15.1.8. a = V3, b = V2andc= ames 0 
_ 273 + 3/2 + V6 


§§ Solution. -.2s=a+b+c 
oa 2V8+3v2 + V6 


4 
_, _ 8V2+ v6 ~2vB 


2 


4 
b= ee and 
ou V8 t+ Vv2- v6 
4 
LK= eV [32+ v6) +2v3] [(3v2 + v6) — 2v3] x 


VJ [2v3 + (ve - v2)] [2v3 - (v6 - v2)] 
= eV 4+ 12V3 — 12) (12-8 + 4V3) 
= V8 + 3V3)40 + V3) = 2 y/(1 + V33.(1 + V3) 


1 1 1 
= 7. + v3)v3 = 784 v3) = 7 x 4.732... =1.183.... 


§ Problem 15.1.9. If B = 45°, C = 60° and a = 2(\/3 + 1) inches, 
prove that the area of the triangle is 6 + 2\/3 sq. inches. ©) 
§§ Solution. B = 45°, C = 60°, a = 2(V34+ 1) ins., A = 180° — (B+ 
C) = 75° 


1 1 inB 

v A= —absinC = Peetu .sinC 
2 2  sinA 
a? sin BsinC 


~ 2° sin A 
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1 v3 
= 2(4 + 2V3) v2 
a) 
2/2 

= 2(V3 + 1)V3 = (6 + 2V3) sq. ins. . 
§ Problem 15.1.10. The sides of a triangle are 119, 111, and 92 
yards; prove that its area is 10 sq. yards less than an acre. ©) 

11 111 2 
§§ Solution. s = on ie 161 yards, s — a = 42 yards, 


s —b=50 yards, and s — 2 69 yards 
vA = VI61 x 42 X 50 x 69 sq. yds. 
= /23 X 7X 14x 3X 25 X 2 X 23 X 3 sq. yds. 
= V/23 X 23 x 14x 14x 3 x 3 X 25 sq. yds. 
= (23 x 14 x 3 x 5) sq. yds. = 4830 sq. yds. 
= 10 sq. yds. less than an acre. P) 


§ Problem 15.1.11. The sides of a triangular field are 242, 1212 and 
1450 yards; prove that the area of the field is 6 acres. ©) 


242 + 1212 + 1450 
§§ Solution. s = ui = sa = 1452 yards 
s—a=1210 yards, s — b = 240 yards and s — c= 2 yards 


vA = 1452 x 1210 x 240 x 2 sq. yds. 
= V11 x 11x 12x 11x 11x 10x 8x 3x 10x 2 sq. yds. 


= V11 x 11 x 11 x 11 x 36 x 10 x 10 x 16 sq. yds. 

= (11 x 11 x 6 x 10 x 4) sq. yds. 

= (4840 x 6) sq. yds. 

= 6 acres. r] 


§ Problem 15.1.12. A workman is told to make a triangular enclo- 
sure of sides 50, 41 and 21 yards respectively ; having made the first 
side one yard too long, what length must he make the other two sides 
in order to enclose the prescribed area with the prescribed length 


of fencing ? © 
414 21 
§§ Solution. We have s = a = 56 yards. 
Also, 51+b+c=112 
-.b+c= 61 yards (15.1) 


s/s(s — 51)(s — b)(s —c) = Vs X 6X 15 X 35 
-.5 [s? — (b+¢)s + be] =6 x 15 x 35 
os? —(b+c0)s+bc=6x 3X 35 
“. 8(s — 61) + bc =6 x 3X 35 
“. 56(—5) + be = 630 
., be = 630 + 280 = 910 

-(b—c)? = (b+ c)? — 4bc = 3721 — 3640 = 81. 
v.b—c=9 yards (15.2) 
From (15.1) and (15.2), we have b = 35 yds. and c = 26 yds. : 
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§ Problem 15.1.13. Find, correct to .0001 of an inch, the length of 
one of the equal sides of an isosceles triangle on a base of 14 inches 
having the same area as a triangle whose sides are 13.6, 15 and 15.4 
inches. ) 
§§ Solution. Ifa be the length of one of the equal sides of the isosce- 
les triangle, we have 

1 


s= 586 +15+15.4) = 22ins., and 


Equating areas, we have 
V(at+7) x 7X 7X (a—7) = V22X BAXTX 66 
a —7=22xX12x 6.6 


oa? =49 4174.24 = 223.24 
“a= 14.941...ins. a 


§ Problem 15.1.14. Prove that the area of a triangle is 
1 gsinBsinC 
SQ 
2 sin A 
If one angle of a triangle be 60°, the area 10\/3 square feet, and the 
perimeter 20 feet, find the lengths of the sides. » 
§§ Solution. 
A:= 5a sinC 
1 : 
a asin B ‘sinc 
2  sinA 
_ a? sin BsinC 
~ 2° sin A 
Given A = 60°, A = 10V3 sq. ft. anda+b+c= 20 ft., we have 
3 sin A = 10V3 


1, v3 
os a = 10V3 
“. bc = 40 (15.3) 
Also, a? = b? +c? — 2becos 60° 
=b? +c? — be = (b+ c)? — 3bc 
= (20 — a)? —3 x 40 = 280 — 40a + a? 
., 40a = 280, ..a=7 feet. 
v.b+c=20—7=13 feet (15.4) 
From (15.3) and (15.4), we have b = 8 feet andc=5 feet. : 


§ Problem 15.1.15. The sides of a triangle are in A. P. and its area 
is sth of an equilateral triangle of the same perimeter ; prove that 
its sides are in the ratio 3: 5 : 7, and find the greatest angle of the 


triangle. > 
8§ Solution. Let x — y, x and x + y denote the sides of the triangle. 
Then 2s = 2 eid toigeares of ghas O 


2 
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3x (2x x ae 
=. i = 2 2 
and A rE ( ry)e(< y) 7V3@ Ay). 
Also, the area of an equilateral triangle of the same perimeter, i.e. 


with side z is 
V3.x7 


1 
= =r? sin 60° = , 
2 4 


© aay - 3 VB2" 
+ 24/3 (x2 — 4y2) = =. 
4 (x y?) ae 


16a? = 100y 
Sy 
Thus the sides are in ve rau : 
Bs ME aa 
2 2 2 


Also, if 6 be the greatest angle, we have 
37457-72  94+25-49 15 1 
2.3.5 30 30 2 
“0 = 120°. | 


cos 6 = 


§ Problem 15.1.16. In a triangle the least angle is 45° and the tan- 
gents of the angles are in A. P. If its area be 3 square yards, prove 
that the lengths of the sides are 3/5, 62 and 9 feet, and that the 
tangents of the other angles are respectively 2 and 3. ©) 
§§ Solution. In the triangle ABC, let the Z = 45° and let 

tanA=1, tanB=1+4d, tanC =14 2d. 


We have 
B+C=180° —A=135°, -.C = 135° —B 
—1l-—tanB 
‘Sta Chesi ese 
1—tanB 
-1-1-d 2+d 
1l+2d= pyaas 
1—-1-d d 
d+ 2d? =24d, -.2d? =2, .d=1 
-.tanB=2and tanC =3 
in A f inB and sinC 2 
sin A = —, sin B = — sin ===, 
v2 V5 v10 
Leche ope ES 
2 sin A 
i 
2x3x9x — 
.e= 5 3 AB: “a= 3V5 feet. 
— X — 
V5 10 
in B 2 
Also, b= SE =3V5 x 4 x V2 = 6V2 feet 
sin A V5 
asinC 3 
and = = 3V5 x xV2=9 t. 
7 sin A me V/10 v2 pe : 


§ Problem 15.1.17. The lengths of two sides of a triangle are one 
foot and \/2 feet respectively, and the angle opposite side the shorter 


15.2. The Circles Connected With A Triangle 264 


side is 30° ; prove that there are two triangles satisfying these con- 
ditions, find their angles, and show that their areas are in the ratio 
V34+1:V3-1. } 
§§ Solution. Given a =1 ft., b= /2 ft., A = 30°, we have 
1 
bsinA _ v2 x 2 1 


a 1 7 V2 
v, By = 45°, Cy = 105°; By = 135°, Cz = 15°. 


sin B= 


s bsin C 
AL 3% SA sin C1 sin 105° _ V3+1 


“Ao = ~ sin C2 a sin 15° J3— 1 


i 
5 absin C2 r 


§ Problem 15.1.18. Find by the aid of the tables the area of the 
larger of the two triangles given by the data 

A= 31°15’, a=5 ins. and b=7 ins. ) 
§§ Solution. We have 


b 7 14 
sin B sin A sin A sin 13°15’ 
a 5 10 


-, Lsin B = log 14+ Lsin 31°15’ — log 10 
= 1.1461280 + 9.7149776 — 1 = 9.8611056. 
Now Lsin 46°34’ = 9.8610412, diff. for 1! = 1196. 
Let B= 46°34’ +2” 
~. Lsin (46°34! + 2!) = 9.8611056. 
The diff.for x” = 9.8611056 — 9.8610412 = .0000644. 
44 
va = 60" x we 32”, -. B= 46°34'32” 

1196 

and C = 180° — (A + B) = 180° — 77°49'32” = 102°10'28”. 


1 
., the required area = rad sin C 


; x5 xX 7X sin 77°49/32” = . sin 77°49'32” 
«. log(area) = log 35 + Lsin 77°49/32” — 10 — log2. 
Now Lsin 77°49/32" = 9.9901067 + a x .0000272 = 9.9901212 
-. log(area) = 1.5440680 + 9.9901212 — 10 — .3010300 = 1.2331592. 


Now log 17.106 = 1.2331485, diff. for .001 = .0000254. 
Let log(17.106 + a) = 1.2331592. 
The diff. for x = 1.2331592 — 1.2331485 = .0000107. 
Le = sal x .001 = faa & .0004. 
254 254 
, log(area) = log(17.106 + .0004) 
., the required area = 17.1064 sq. ins. Py 
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§ Problem 15.2.1. Ina triangle whose sides are 18, 24, and 30 inches 
respectively, prove that the circumradius, the inradius and the radii 


15.2. The Circles Connected With A Triangle 265 


of the three escribed circles are respectively 15, 6, 12, 18 and 36 
inches. 0) 


§§ Solution. 
«a 18424430 


2 
s—b=12ins., and s—c=6 ins. 
S = /36 x 18 x 12 x 6 = V36 X 36 X 36 =6 X 6 X 6 = 216 sq. ins. 


= 36ins., s—a=18ins., 


18 x 24x 30 . ; 
= ins = 15 ins. 
4x6x6x6 
6x6x6 : 
= ns. = 6 ins 
6 * 6 
xox 
ry = ———— ins. = 12 ins. 
18 
6x6x6 
r2 = ——— ins. = 18 ins. 
12 
6x6x6 
3 = pn NE Be ins. . 


§ Problem 15.2.2. The sides of a triangle are 13, 14 and 15 feet ; 
prove that 


1 
(1) R=8> ft. 
(2) r=4 ft. 
(3) r= 105 ft. 


(4) ro = 12 ft. and 


(5) r3 = 14 ft. > 
§§ Solution. 
138+ 14+4+15 
p= TS gains, s-a=8ins., 
s—b=Tins., ands—c=6ins. 
S=V21xX8x7x6=V42x 4x 42=42x 2=84 sq. ft. 
13 x 14x 15 65 1 
1) R= be t =38 ti. 
(1) 4x 42x 2 f 8 t af 
Az x 2 
2 = te. =Aft 
(2) r TI f f 
42x 2 21 I 
3 = 55 = 10 t: 
(3) ri F f 5 ae 
42x 2 
Cn ft. =12 ft 
42x 2 
(6) r= ft. =14 ft. 
6 t 
5 
§ Problem 15.2.3. Ina AABC if a = 13, b= 4 and cosC = ery find 


R,7r, 71, r2 and r3. 0) 
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§8§ Solution. a= 13, b=4andcosC = -2 


“0 =a? +b? — 2abcosC 
5 
= 1694+164+2x13x4~x i Se ee 
“c=15 
se 1344415 _ 
2 


~S=V16X3x12x1=V16 x 36=4x6=24 
13x4x 15 _ 65 gi 


16, s-a=3, s—b=12ands—c=1 


R= = 
4x4x6 8 8 
24 3 
SS ST = 
16 2 
24 8 
a 
Py 
rg = — =2and 
12 
ra 24 a 
r3 = — = 24. 
ce 


§ Problem 15.2.4. In the ambiguous case of the solution of triangles 
prove that the circumcircles of the two triangles are equal. ©) 


§§ Solution. Given a, b and A, we have R = 2 A’ which is the 


2sin 
same for both triangles. 
For the two triangles have the same value for a and the same 


value of A. : 
Prove that 
§ Problem 15.2.5. rj (s — a) =ro(s— 6) =1r3(s—c) =rs=S. 0) 
8§ Solution. By Arts. 202 and 205, we have 
S S Ss S 
TS, » 72> ,r3= and r = 
s—a s—b S—C s 
“ri(s—a) = S =re(s — b) =73(s —c) =rs. . 
§ Problem 15.2.6. 272 = tan? 4. 6 
T2r3 2 


§§ Solution. 


™ -|(2 —\+(= =-)] 
T2973 s s—a/) \s—bs-c 


oe (s—6)(s—c) _ (s—4)(s ~¢) 2 
=t. 

s(s — a) S? s(s — a) ee = 

§ Problem 15.2.7. rryjrar3 = S?. ©) 
§§ Solution. 

s4 
Cree s(s — a)(s — b)(s —c) 
st 2 
= 1 = 5". a 


4 A .B 
§ Problem 15.2.8. rirar3 =r? cot? 5 cot? 5 cot? =. ro) 
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§§ Solution. We have 1 — — ; Be! Fd a 
r S-a 7T s—b S—C 
_Tirar3 33 
r3 (s — a)(s — b)(s —c) 
_ _ 8(s—a) s(s —b) s(s—c) 
(s—b)(s—c) (s—c)(s—a) (s (s—b) 
= cot? = cot? cu cot? os 
? Bkago 2 2C 
“.717rer3 = 7r° cot cot cot a 
A 
§ Problem 15.2.9. rr, cot 5 =§. >) 
§§ Solution. 
A S s(s—a) 
2. 7rry cot = : 
2 s s—aYV (s—b)(s—c) 
s(s —a)(s — b)(s —c) s(s — a) 
s(s—a) (s — b)(s —c) 
a v/s(s a)(s—b)(s—c) =S. a 
§ Problem 15.2.10. ror3 +r3r1 + rire = s?. ro) 
§§ Solution. 
oy ae i 1 1 1 1 
rir2 +7rerg +r3r1 = S ; ‘ a : 
s—-a s—b s—b s—c 8—-c s-—a 
_ 32 [| 
(s —a)(s — b)(s —c) 
_s2 3s —(a+b+c) 
(s —a)(s— b)(s—c) 
= s(3s — 2s) = s?. 
Otherwise thus : 
1 ston; shen and ry = stan S 
By § Problem 9.2.12, we have 
A B C C A 
tan — tan + tan — tan — + tan — tan =, 
2 2 2 2 2 2 
A 
“$s 6s 8 8 § 8 
“rir +rer3 + rar. = s?. a 
§ Problem 15.2.11. : + Pie 0 0) 
ry 72 +13 7 
§§ Solution. 
1 i1i,i 1 _os-as—b S—Cc 
TL r2 T3 Tr Ss ' § S 
if 
= ge (a+b+c)—s]= —(8s—2s—s)=0. mg 


§ Problem 15.2.12. a(rrj +rer3) = b(rra+r3ri) = 


c(rr3 + rire). 


0) 
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§§ Solution. 
2 2 
a(rri +rer3) =a 2 + 2 
s(s—a) (s—b)(s—c) 
[(s — 6)(s — c) + s(s —a)] 
[2s —(at+b+c)s+ be] 
(2s? 2s? 4 be) = abc. 


=a 
=a 
=a 


§ Problem 15.2.13. (r1 + r2) tan c = (r3 — r) cot c =c. 
§§ Solution. 
( roe ( nests ) ane 
my +r an = (stan stan an 
ie 2 2 2 


n 
<0 
i=} 


Q 
ie} 
n 
| 
T 
wl owl ow 


| 
wn 
rh] Sly > 


w 
Q 


sin 
2 2 

B 

Ss 
2 


co; 


| 
wD 

io) 

aR 
Qno| 


cos — 
2 


w 

2. 

5 
| 


(a+b-+c)sin 


cos — cos — 2. cos — cos — 
2 2 2 


sin — 
2 


sin A+sinB+sinC 


sinC A 
2. cos — cos — 
2 2 
A B Cc 3 
4cos — cos — cos — sin — 
Hd 2 2 2 2 é 
2 sin — cos — 2 cos — cos — 
apd Cc 
Similarly, (r3 — r) cot a> * 


Otherwise thus : 


Cc 
acos — cos bcos — cos 
2 2 2 


a ia + 
cos — cos — 
a : A 
B Cc B Cc 
= 4Rsin — cos — cos + 4Rsin — cos — cos (Art. 207 
2 a 2 2 2 2 
Cc B 
= 4Rcos — - sin 2 4R cos? 
2 2 
C , 
“(71 + r2) tan rie 4Rsin — cos — = 2RsinC =c 
A B 
; cCOs > cos con eS 
Again, r-Tr= G 
cos — C08 5 


, Cor.) 
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_C 
é A+B ones C 
G + COS 5 = =ctan 5 
cos — cos — 
2 
Cc Cc 
“(73 — 7) cot =ctan - cot =C. 
( Jeot 5 5 


Otherwise thus : 
- Cc 7 Ss | Ss /(s—a)(s — b) 
Wri 3) tan 2 | aa s(s—c) 
= 2s — (a+b) /(s—a)(s —b) 
. Fence s(s—c) 


Sc 


= =Cc. 


v/s(s — a)(s — b) s—C 


(s—c) 
Similarly, (rz — r) cot 5 7 a - é =] (s ae b) 
c ( 


_ Ss s(s—c) 
s(s—c) V (s—a)(s—b) bs 
§ Problem 15.2.14. S = 2R? sin Asin BsinC. ) 
§§ Solution. 
1 1 
S= a bsinC = ; (2Rsin A-2Rsin B- sin C) 
a 


= 2R? sin Asin BsinC. 


§ Problem 15.2.15. 4Rsin Asin BsinC = acosA+bcosB+ccosC. 


§§ Solution. 
4Rsin Asin BsinC = R(sin2A+sin2B+sin2C), by Art. 127, Ex. 1 
= 2Rsin AcosA+2Rsin Bcos B+ 2RsinC cosC 


=acosA+bcosB+ccosC, 


‘a= 2Rsin A, b= 2Rsin B, c= 2RsinC, by Art. 200. a 
A B 
§ Problem 15.2.16. S = 4Rrcos ; cos 3 cos -. .¢) 


§§ Solution. 
1 1 
S=rs=r- sree) ae (2Rsin A+ 2Rsin B+ 2RsinC) 


= Rr (sin A+sin B + sinC) 


A B Cc 
= 4Rr cos 5 cos 5 cos af by §Problem 9.2.4. 


Otherwise thus : 


Seve te ae =4. abe ay caer CY Cia 
2 2 4S s be ca ab 


2 
= y/s(s a)(s— b)(s—c) =S. a 
> ae ae 
§ Problem 15.2.17. 4. +5 +545=° 727". 
r Tr FR RS S2 
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§§ Solution. 
1 1 1 1 s? ; (s—a)? (s—b)? : (s — c)? 


pt at at a gt S2 S? S2 
_ 4s? — 2(at+b+c)s +a? +b? +c? 
S2 
_ 4s? 4s? + a? be +c? at? +b? +c? 
52 52 = 
§ Problem 15.2.18. 7, + ro4+73 —r =4R. ©) 
§§ Solution. 
af 1 a. -| 
ritrat+tr3-r=S 
&’-a s—b s-c 8 
_ | b+s—a s—s <] 
(s—a)(s—b)  s(s—c) 
2s — (a+b) c 
=S$ 
(s—a)(s—b)  s(s—c) 
He £ 
=cS 
‘ Fences r Gaal 
cs 
= [s(s — c) + (s — a)(s — d)] 
Cc 
= 3 [2s (a+b+c)s + ab] 
c abc 
= 5 [2s — 2s + ab] “ge ee 
Otherwise thus : 
: B : C A 
ry treat+r3—r=4R |sin cos cos + sin cos cos 
2 2 e 2 2 2 
a € A B _A., B.C 
+ sin — cos — cos sin — sin — sin 
2 a 2 2 co 2 
= 4Rsin (A + B+C), by Art. 124 
= 4Rsin 90° = 4R. a 
§ Problem 15.2.19. (ri —r) (r2 — 1) (r3 — r) = 4Rr?. ) 


§§ Solution. 
(r1 — 1) (r2 —1) (r3 — 1) 


=atan ge bten Actas 
= adey/ = =a /E c)\(s—a Ve a)(s — b) 
s(s — a) s(s —b) s(s —c) 
b b b 2 
= FS Vso a)(s — b)(s ee ee aa = 4Rr?. 
s? 4S 5? 


Otherwise thus : 


(ri — 1) (r2 —1) (r3 — Tr) (= J(S =\(= 
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aS bS' cS 
s(s—a) s(s—b) s(s—c) 
abcS abcr? 2 
=a 3 =4Rr-. rT] 
§ Problem 15.2.20. : : t . : 0) 
be ca ab 2Rr 
§§ Solution. 
1 de 1 ; 1 cta+t+b 
ab be ca abc 
2s 
abc 
28 +4RS 
r 
1 
pomerd | 
2Rr 
§ Problem 15.2.21. "474% =1_ +. 6 
be ca ab r 2R 
§§ Solution. 
ry re, 73 _ ary + bre + er3 
be ca ab abc 
1 [= bs 4 
abc ls—as—b s—c 
23 [=e b)(s — c) + W(s — a)(s — c) + c(s — a)(s8 | 
abc (s — a)(s — b)(s —c) 


s 


= [(a+6 + c)s? — {a(b+c) + b(a+c) 4 


abcS 
8 


= [28° 2s(be + ca + ab) 4 Babe] 


abcS 


wH 


2s [-s3 + s(be + ca + ab) — abc| 


c(at+b)}s+ Babe] 


Ss abcS 
1 2s | s° + (s—a)(s — b)(s —c) s+ (at+b+c)s?] 
r abcS 
ta (s — a)(s — b)(s —c) = 8? — (a+ b+0c)s? + (abt be + ca)s — abe} 
_ 1 28(s —a)(s— 6)(s —c) 
r abcS 
at, 36 
~ r abe 
ae A 
op 2R° 
Otherwise thus : 
Cc 
acos — cos — 
ry 9 
be 


be cos — 
2 


B 
2Rsin A cos — cos - 
2 2 


2Rsin B-2RsinC cos 4 
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1 sin — 
aR... B 
sin — sin — 
2 
_ A . . 
1 sin — sin — sin — 
T1 4 r2 T3 2 ) 2 i 2 
be ca ab 4R B.C A vA. B 
sin — sin sin — sin sin — sin 
e 2 2 2 2 
Cc 
1 sin? + sin? + sin? 
= 2 
4R _~A, B.C 
sin — sin — sin — 
2 2 2 


A, B.C 
1— 2sin 5 sin 5 sin ; 
= Dah enn OD 
B ome by §Problem 9.2.10 


a ts d 
4Rsin — sin — sin — 


2 2 2 
7 1 1 
A B 
Bra at a 28 
2 2 2 
: . by Art. 204, C : 
ar rt. , Cor. 
r 2R . 
§ Problem 15.2.22. r? 4 r? +73 t r2 = 16R? — a? — b? — c?. 4) 


§§ Solution. 
r? + r? + r2 + ra 
=(ri treat+r3— r)? + 2r (ri tre+7r3) —2(rarg +r3r1 + rira). 


Now ri +r2+7r3—r=A4R, by §Problem 15.2.18, 
and rar3 +r3r1 +rirg = 8’, by §Problem 15.2.10. 
Also, 
S2 S2 $2 
h 


s(s—a) | s(s—b) , s(s—c) 
= 2[(s— b)(s— 6) + (s—o)(s— a) + (s—a)(s —8)] 
= 2[3s? — 2(a + b+ c)s + be + ca + ab] 
= —2s? + 2(be + ca + ab). 
rt 4+rd +73 473 = 16R? — 28? + 2(be + ca + ab) — 28? 
= 16R? — [(a + b+)? — 2(be + ca+ ab)] 
= 16R? —a? —b? —c?. : 


15.3 Orthocenter and Pedal Triangle 


If J, 1, 2, and J3 be respectively the centers of the incircle 
and the three escribed circles of a triangle ABC, prove that 


§ Problem 15.3.1. AJ =rcosec - > 
8§ Solution. Taking the figure of Art. 202, we have 

IE _A 

— =sin — 

Al 2 


A 
., AI = rcosec ea r 
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A B 
§ Problem 15.3.2. [A-IB-IC =abctan 5 tan 5 tan S. ) 
§§ Solution. With the same figure, we have 
B 
IA-IB-IC =rcosec 3 - 7 cosec i +r cosec c 
B.C C_ A _A,.B 
asin — sin bsin — sin csin — sin 
_ 2 2 Z 2 2 2 
A A B.B Ca -@ 
cos — sin cos — sin cos — sin 
2 2 2 2 2 2 
C 
= abctan — tan — tan a r 
A 
§ Problem 15.3.3. Al, = r; cosec oe © 
§8§ Solution. Taking the figure of Art. 205, we have 
QE, 
= sin — 
Al 2 
A 
., Al, = r1 cosec oe r | 
A 
§ Problem 15.3.4. II, = asec a 0) 
§§ Solution. 
A A 
Il,y = Al; — AI = 11 cosec — — 7 cosec — 
A A 
= |stan (s — a) tan cosec 
2 2, 
=asec —. a 
2 
A 
§ Problem 15.3.5. [213 = acosec my >) 


8§ Solution. If H2 be the point of contact of the circle whose center 
is Jz with the side AC of the triangle ABC, we have 


A 
Alg = AE2 sec [2 AE2 = AE2 sec (90° ae =) 


= (s — c)cosec —. 
(s — 6) cosee 4 


A 
Similarly, Al3 = (s — b) cosec o 
v  IgI3 = Alo + Alz 


A 
= (2s — b —c) cosec o 


= acosec —. 
2 


Otherwise thus : 
We have 
r2 


: ( é *) A 
—— =sin | 90 = cos = 
Al2 2 2 Al3 


A 
v. IeI3 = Alg + Al3 = (ro +173) sec 5 


=5(25 | —) V wa 
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_ aSv/be 
(s — b)(s — c),/s(s — a) 
av bc 
= acosec 
(s— b)(s—c) 2 La 
§ Problem 15.3.6. IJ, - [Iz -II3 = 16R?r. © 


§§ Solution. 


A B C 
v II, + IIg- 113 = asec — - bsec — - csec 
2 2 2 


= abcsec — sec — sec 


Cc 


= 8R° sin Asin B sin C sec — sec — sec — 
2 2 2 


A A B B 
8R3 - 8sin 5 cos — sin — cos — sin a cos e 


2 2 2 2 2 
Cc 


cos — cos — cos — 
2 2 


Cc 


A B 
= 64R3 sin — sin — sin — 
2 2 2 


= 16R? x 4Rsin A sin ad sin c 
2 2 2 
= 16R?r, by Art. 204, Cor. 7 
§ Problem 15.3.7. (I2I3)? = 4R(r2 +13). 0 


§§ Solution. 
A 2 
(I2I3)? = (a cosec *) , by §Problem 15.3.5 


a? -be _ I] 
(s — b)(s —¢) (s— b)(s —) 
1 1 abc S S 
= abc } = } 
s—b s-e S [s—b s—-e 
=4R (re + T3) ‘ a 
B 
§ Problem 15.3.8. 2/3 [112 = J 0 
§§ Solution. 
ZI3IIz = ZBI,C = 180° — (4 BC + hCB) 
B B 
= 180° (90° + 90° 5) ze om P| 
2 2 2 
§ Problem 15.3.9. J? + IgI? = 113 + I3I? = 113+ N13. 0) 


§§ Solution. By § Problem 15.3.4 and § Problem 15.3.5, we have 
Ti? + In? =a? (sec? ‘ + cosec? 5) 


2A 2A ? 


sin“ — + cos* — 
2 2 


sin? 


Ca) 
~ \sin A 


= (4R)? = 113 + 131? = 113 + NIB, similarly. 2 


A . 
— cos? — sin — cos — 
2 2 2 2 


15.3. Orthocenter and Pedal Triangle 275 


§ Problem 15.3.10. Area of Al, IzI3 = 8R? cos 4 cos = cos ce 


§§ Solution. 
1 
Aly IgI3 = 3 fais x Al, 


1 A A 
= 5 + acosec > +11 cosec Be by §Problem 15.3.5 and §Problem 15.3.3 


ARsi A B Cc 
1 2RsinA Bin | COs > G08 5 


sin — sin — 
2 2 


A 
= 8R? cos 3 cos — cos 


b 
R(a+b+c)=R- 2s =e is 


s Qr” 
Otherwise thus : 


8R? cos - cos a cos oe arry/20 at) vec -— b) nee —°¢) 
2 2 2 bc ac ab 


~ 2S Or” 
§ Problem 15.3.11, 47248 _ [2 -fsh _ Ms" hh 6 


sin A sin B sinC 
§§ Solution. 


Tl; - IgI3 _ peed * A COSEC 


sin A sin A 


A A 
2cos — sin — sin A 
2 2 
_ 2a? 
~ sin? A 
= 2(2R)? = 8R? 
_ IIg- Ish, = II3 - IyI2 
sin B sinC 


If J, O, and P be respectively the incenter, circumcenter and 
orthocenter, and G the centroid of the triangle ABC, prove 
that 

§ Problem 15.3.12. [O? = R? (3 — 2cos A — 2cos B — 2cosC). ?) 
§§ Solution. By Art. 217, we have 


, similarly. r 


A B 
10? =F (1 8sin — sin sin 5) 
2 2 2 
A-—B A+B 
= R? E 4 (cos cos = ) sin S] 
2 2 2 


A 
= R? (2 4cos ; cos 
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= R?[1— 2(cos A + cos B) + 2(1 — cosC)| 
= R? (3—2cos A — 2cos B— 2cosC). a 


§ Problem 15.3.13. [P? = 2r2 — 4R? cos Acos BcosC. © 
§§ Solution. We have 
IP? = AP? + AI? — 2AP.- AI -cosZIAP 
B B 
= 4R? cos? A+ 16R? sin? — sin? — sin? g 
2 2 2 
C-B 
2 
B 
= 4R? (cos? A+ Asin? , sin? c 4cos Asin 


B 
—4cos Asin? — sin? S) 

2 2 
2C , ; 
Das (1 — cos A) + cos Asin BsinC 


= 4R? (8 sin? “ sin? ; sin? . + cos? A — cos Asin B sin c) 
= 2r? + 4R? cos A (cos A — sin BsinC) 
= 2r? — 4R? cos A [cos(B + C) + sin Bsin C] 
= 2r? — 4R? cos Acos B cos C. 

Notes : In the above, 


A A 1 
IAP = > — LPAC = > — (90° —C) = 5(C— B). . 


B C 
— 16R? cos Asin a sin 5 cos 


B.C C 
sin — cos — cos 
2 2 


B 
= 4R? [cos? A+ 4sin? 5 si 


§ Problem 15.3.14. OG? = R? ; (a? +6? +02). > 


1 
§§ Solution. By the figure of Art. 215, we have OG = gr 


1 
-OP? = (R? 8R? cos Acos B cos Cc) 
9 9 


= —R?[1—4{cos(A + B) + cos(A — B)} cos C] 


“OG? = 


= —R? [1+ 4cos? C + 4cos(A B) cos(A + B)] 


= —R? [1 + 2(1 + cos2C) + 2(cos 2A + cos 2B)| 


R? (3 + 2cos2A + 2.cos2B + 2cos2C) 


R? [9 — 2(1 — cos2.A) — 2(1 — cos 2B) — 2(1 — cos 2C)| 


2 4R? +2 +2 1D 
=R — =~ (sin A-+sin* B+ sin C) 


== (+P +e), r 


§ Problem 15.3.15. Area of AIOP = 2R? sin 2 = sin sin 


§§ Solution. 
AIOP = AAPI + AAIO — AAPO 


= 5 AP AL: sin ZAPI + 5 AT AO sin ZATO 
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1 
— ral - AO sin ZAPO 


1 2  B., _B-C 
= —-8R* cos Asin — sin — sin 
2 2 2 2 
1 B Cc B-C 1 
+—-4R?sin — sin — sin - 2R? cos Asin(B — C) 
2 2 2 2 2 
B 
E AP =2RcosA, AI = 4Rsin a sin and AO=R 


B B- 
= 2R? sin : sin . sin 5 . (2cos A + 1) 


2 
B-C B-C 


— 2R? cos Asin cos 
2 2 


= B 
= 2R? sin le cos A + 1) sin et sin . 
( B Cc _ B.C )| 
—cos A { cos — cos + sin — sin 
2 2 2 2 
- B B 
= 2R? sin [cos A (sin sin e cos — cos 5) 
2 2 2 2 


ou a) 
sin — sin — 
2 2 


=spigg ee ( tee +sin 5 sin) 
2 2 2 2 


= F? sin 2=* [cos (4+ =) cos (4 “5°) t 
B-C Bt c| 
cos cos 
2 2 
= R? sin aan [sin cos (4 z - <) 
B-C . | 
+ COS sin 
2 2 
A- B-A 
= 2R? sin sin L sin 3 
= 2R? sin | 
2 2 
4 B- —A A-B 
§ Problem 15.3.16. Area of AIPG = 3h sin ; c sin & = sin ; 
0) 
§§ Solution. Cf. figure of Art. 215. We have PG = sop. 
2 2 
. AIPG = oo me result of §Problem 15.3.15 
4 5, B-C , C-A , A-B 
= —R*sin sin sin : 
3 2 2 a Fi 2 2 
Also, MiG = ea a sin —_—. r 
3 2 2 2 
§ Problem 15.3.17. Prove that the distance of the center of the 
nine-point circle from the angle A is avi + 8cos Asin BsinC. ©) 


8§ Solution. Let N be the middle point of OP, where O and P are 
respectively the circumcenter and orthocenter of the AABC. 
The distance AN is required. 
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We have 

2 (AN? + PN?) = AP? + AO? 
OP? _ 
“20 


“ 2AN? + AP? + AO?. 
: 2) 
-, AN? = 2R? cos? A+ . “5 (R? — 8R? cos Acos B cos Cc) 
R2 
= re (8cos? A +2 — 1 + 800s A cos B cos C) 


R2 
re [1 + 8cos A (cos A + cos BcosC)] 


2 
- [1 + 8cos A {cos Bcos C — cos(B + C)}] 


R? 
ae [1 + 8cos A(sin B sin C)] 


| AN = SV14 8 cos Asin Bain, r | 


§ Problem 15.3.18. DEF is the pedal triangle of ABC ; prove that 


(1) its area is 2S cos Acos BcosC 
(2) the radius of its circumcircle is a and 


(3) the radius of its incircle is 2Rcos Acos BcosC. > 


§§ Solution. For the pedal triangle, if a’, b’, c’, A’, B’ and C’ de- 
note the sides and angles respectively, we have, by Art. 210: 

a’ = acosA, A’ = 180° — 2A, 

b! = bcos B, B' = 180° — 2B, and 

c' = ccosC, and C’ = 180° — 2C. 
so that, if A’, R’ and r’ denote its area, radius of its circumcircle and 
radius of its incircle respectively, we have 


(1) 
1 1 
A= a sin O’ = 7 obcos A cos B sin (180° — 2C) 


uf 
= a obcos Acs B gin 20 = abcos Acos BsinC cos C 
1 
= 2S cos Acos BcosC, °° S = Fes 


a’ acos A a R 


2) R= a 
(2) 2sin A’ 2sin2A 4sin A 2 


(3) 
A’ B’ Cc’ 
r’ = 4R’ sin sin sin 
2 2 2 


=4. a -cos Acos BcosC = 2Rcos Acos BcosC. 


§ Problem 15.3.19. 010203 is the triangle formed by the centers 
of the escribed circles of the triangle ABC; prove that 


A B 
(1) its sides are 4Rcos 5) ARcos 5 and 4Rcos S, 
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(2) its angles are . ., z and 2 and 


(3) its area is 2Rs. 0 


§§ Solution. ABC is the pedal triangle of the triangle 010203 
[Art. 211], so that, if a’, b’, c’, A’, B’ and C’, denote the sides and 
angles of the AO1,0203, we have 

a=a’' cosA’, A = 180° — 2A’, 

b=D' cos B’, B= 180° — 2B’, and 

c=c'cosC’, and C = 180° — 2C’. 
Hence 


A B 
(1) A’ = 90° Be See 5 ener 20" 


(2) 


a’ = asec A’ = acosec 


A 
2R-2sin — cos — A 
= 2Rsin A cosec = 2 4Rcos 
2 _ A 2 
sin a 


B 
Similarly, b’ = 4Rcos : and c’ = 4Rcos c 


1 
(3) AO,O203 = 9 0203 - AO}. 


A 

Now O203 = acosec S 

A 
and AO, =1r1cosec — = stan — cosec — = ssec 

2 2 2 

1 as as 

“, AO10203 = =- = = 2Rs. 
Pee 2 A A sin A 
sin — cos — 
2 rT 


§ Problem 15.3.20. DEF is the triangle formed by joining the points 
of contact of the incircle with the sides of the triangle ABC, prove 
that 


. : A B C 
(1) its sides are 2rcos —, 2rcos > and 2r cos at 


2 
A B 
(2) its angles are us : = and a co and 
2 22, 2 2 2 
253 1 
(3) its area is elie i.e. aie 
abcs 2R ) 


§§ Solution. If J be the center of the incircle and r its radius, we 
have 


ZEIF 180° —A A 
(1) EF = 2rsin 5 = 2rsin ~ = 2rcos 5 


B 
So FD AOS and DE = 2rcos ©. 
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(2) The ZFDE = 5FIE = 90° ., as in (1). 


B 
So ZDEF = 90° — a) and the DFE = 90° — <. 


(3) 


Area = AEIF+ AFID+ADIE 
T5 & a a Tt 5 
= ae sin ZEIF + a sine” sin ZDIE 


1 
sh (sin A + sin B + sinC) 

1 2 (att *) rs rS 
oer = = 


2 2R 2R 2R 
_ rS _ rs? 253 
2abc abc abcs" 
4S | 


§ Problem 15.3.21. D, E and F are the middle points of the sides 
of the triangle ABC ; prove that the centroid of the triangle DEF is 
the same as that of ABC and that its orthocenter is the circumcenter 
of ABC. 0) 


§8§ Solution. AD bisects EF, at K, say, and DK = 54D. 
If G be the centroid of the ADEF, then DG = =DK = 5A; 


..G is the centroid of the AABC. 


Again, draw DL perpendicular to EF and therefore perpendicular to 
BC ; also draw EM perpendicular to FD, and therefore perpendic- 
ular to AC. 

The orhtocenter of the triangle DEF lies in DL, also in EM ; but 
DL and EM meet at the circumcenter of the AABC ; hence the or- 
thocenter of the ADEF is the circumcenter of the AABC. rT 


In any AABC prove that 

§ Problem 15.3.22. The perpendicular from A divides BC into por- 
tions which are proportional to the cotangents of the adjacent an- 
gles, and that it divides the angle A into portions whose cosines are 
inversely proportional to the adjacent sides. ©) 
§§ Solution. Let the perpendicular from A meet BC in D and let 
the ZBAD and ZDAC be denoted by 6 and + respectively. We have 

BD = DAcot B and CD = DAcotC 
BD: DC=cot B: cotC. 


AD 
Also, =o 
cos 6 AB 
.. AB cos 8 = AD = AC cosy 
1 1 
& : =AC:AB=——:-—_. : 
cos 8 : cosy AB‘ AG 


§ Problem 15.3.23. The median through A divides it into angles 
whose cotangents are 2cot A+ cotC and 2cot A+ cot B, and makes 


1 
with the base an angle whose cotangent is 3 (cot C ~ cot B). 0) 
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§§ Solution. Let @ and y be the angles which the median AD makes 
with CA and AB respectively. 
BD CD 
We have na BA 
_ siny _ sin8 
““sinB sinC 
_sin(A— 8) _ sinB _ sin(C + A) 
sin GB sinC sinC 
[.y=A-— 68 and B= 180° —-(C+A)| 
“. sin Acot 6 — cos A = cosA+cotC sin A 
“. cot 8 — cot A= cot A+ cotC 
“cot B = 2cot A+ cot C. 
Similarly, cot y = 2cot A+ cot B. 


Otherwise thus : 
Draw BH and DG perpendicular to AC, so that CG = GH and 
BH =2DG. 


AG _2AG_ 2AH+HC 


cot B = 
a BH BH 
2AH H 
= } 2h A + cot C. 
BH BH 


Similarly, 

cot y = 2cot A+ cot B. 
Again, if AM be the perpendicular from A on BC, we have 
ee os en, i. 
AM 2 AM 2 


§ Problem 15.3.24. The distance between the middle point of BC 
and the foot of the perpendicular from A is 
b2 a C2 
2a % 
§8§ Solution. With the figure of § Problem 15.3.23, we have 


1 1 (CM ~ BM) (CM + BM 
DM = 5 (CM ~ BM) = = ee 


cot ZADB = 


2 CM +BM 
1 CM2~ BM? (b?— AM?) ~ (c? — AM?) 
2° BC 2a 
b2 ey C2 
= 2a 


Otherwise thus : 


2 2_ p2 b2 w c2 
DMaBeA ROS weeeR = a = <5 
2 2 2a 2a 


§ Problem 15.3.25. O is the orthocenter of a triangle ABC ; prove 
that the radii of the circles circumscribing the triangles BOC, COA, 
AOB, and ABC are all equal. ) 
§§ Solution. The angles at O are known. 
The radius of the circle circumscribing the ABOC 
BC a = a = 
2sinZBOC 2sin(B+C) 2sinA 
Similarly, the radii of the circles circumscribing the triangles COA 
and AOB each = R. : 
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§ Problem 15.3.26. AD, BE, and CF are the perpendiculars from 
the angular points of a triangle ABC upon the opposite sides; prove 
that the diameters of the circumcircles of the triangles AEF, BDF 
and CDE are respectively acot A, bcot B and ccotC and that the 
perimeters of the ADEF and AABC are in the ratio r: R. © 
§§ Solution. We have AE = ccos A, AF = bcosA and ZFAE = A. 

Thus the AAFF is similar to the AABC and has its sides equal to 
acos A, bcos A and ccos A. 

Hence the radius of the circumcircle of the AAEF 


= RceosA = : -cosA = “cot A, 
2sin A 2 
and therefore the diameter = acot A. 


Similarly, for the diameters of the other two triangles. 
Again, the perimeter of the ADEF 
=acosA+ bcos B+ ccosC 
= 2Rsin AcosA+ 2Rsin BcosB + 2RsinC cosC 
= R(sin2A+sin2B + sin2C) = 4Rsin Asin BsinC 
oe ee ee ae) 2S. 
2R 2R 2R_— 2R? 2R R 
Hence the perimeter of the ADEF : the perimeter of the AABC 


ee : 2s is :R=r:R. : 
R s 
§ Problem 15.3.27. Prove that the product of the distances of the 
incenter from the angular points of a triangle is 4Rr?. ©) 


§§ Solution. We have 


A B 
AI. BI-CI =rcosec rik rT Cosec eB - cosec . 


2 ; : : A B 
=r -4Rsin — sin — sin — - cosec — cosec — cosec 
2 2 2 2 


A 

E r = 4Rsin — sin — sin 
2 2 2 

=4Rr?. a 


§ Problem 15.3.28. The triangle DEF circumscribes the three es- 
cribed circles of the AABC ; prove that 
EF FD _ DE 
acos A bcos B ccosC” 0) 
§§ Solution. Let P, Q and R be the centers of the three escribed 
circles which are respectively opposite to A, B and C, and to D, E 
and F. 
From P, draw PL, PK, PH, PN and PM respectively, perpendic- 
ular to DF, AB, BC, AC and ED. 
Since RP, AC and F'D meet, if produced, at a center of similitude 
of circles centers R and P, we have 
ZLPB = ZBPN; but Z2KPB = ZHPB 
., the remainder ,7LPK = the remainder, Z2NPH =C. 
Similarly, ZKPC = ZMPC; but ZHPC = ZNPC 
., the remainder , 7K PH(= B) = the remainder, MPN 
-. ZLPM = 360° —-2B—2C =2A 
., D = 180° — 2A; so FE = 180° — 2B, and F = 180° — 2C. 
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Hence the sides are as 
sin (180° — 2A) : sin (180° — 2B) : sin (180° — 2C) 
=sin2A:sin2B: sin2C 
= 2sin AcosA:2sin BcosB: 2sinC cosC 


=acosA: bcos B: ccosC. La 


§ Problem 15.3.29. Ifa circle be drawn touching the inscribed and 
circumscribed circles of a triangle and the side BC externally, prove 
that its radius is 
2 
- tan 5% 6 

§8§ Solution. Let kK be the center and z be the radius of the circle, 
and J and O be the centers of the incircle and circumcircle respec- 
tively. 

Let D be the point of contact of the circle, center K, the inscribed 
circle and the side BC. 

Then JDK is perpendicular to BC. 

Draw OA’L parallel to [DK, meeting BC in A’ and draw KL per- 
pendicular to [K, meeting OA’L in L. 


We then have 
OK = R-—«x, OL=OA'+x2=RcosA+z, and 
—2s+2b b— 
KL = A'D = BA! BD=5 Gun 2 — = — 
Now OL? + LK? = OK? 


“(Roos A+ 2)? 4 (5°) =(R-«)? 


b— 2 
~, R? cos? A +2Raxcos A+ x? 4 ( =) = R? —2Rr+2? 


2.2 b—c\? 
“. 2Ra(1+ cos A) = R* sin* A— 5 
A a\2 b-c\? a2—b?—c? + 2be 
é 2 — ae 
., 4Ra cos - (5) ( 5 ) A 


_ 2be — 2becos A 


4 
be 2A A 
2 tan = 


4R 7) a 2° 


= besin? 


Otherwise thus : 


We have 
OK? = 1K? + OF? — 21K - Ol cosZOIK 

-(R-2)? =(r+2)? 4 (e 2Rr) 2(r + x2) (r — Roos A) 

For, draw OQ perpendicular to JK and we have 
cos ZOIK = oe and OQ = I1K-—-QK 
=(r+a)—-OL=(r+2)-—(RceosA+2z) 
oR? — Re +0? =r? + 2Qra +a? + R? — 2Rr — 2r? — 2ra 
+2RrcosA+2Racos A 
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“, 2Ra(1 + cos A) = r? + 2Rr(1 — cos A) 
_ ax(1+cos A) _ [r & a(1— at 


sin A sin A 
. eo: _A 
Gem a opin 
. — i 
“. ax cot r A t A 
cos — cos — 
2 2 
ar ( B+ =) ar Cc 
= sin sin } = cos cos 
2 2 
cos — cos — 
sas mn (sin A + sin B + sin C) 
4cos? — 
2 
_A 
= Or SN (= +sinB+ =<) 
2c0s sin A 
oh A 
b A 
see (+ **) =rstan — = Atan 
2 Z a 2 a 
“© = —tan? —, a 
a 2 


§ Problem 15.3.30. Ifa, b and c be the radii of three circles which 
touch one another externally, and r, and rz be the radii of the two 
circles that can be drawn to touch these three, prove that 

1 1 2 2 2 


TL T2 a b c 0) 
§8§ Solution. Let A, B and C be the centers of the three circles re- 
spectively and O be the center of a circle touching them. 
Join AB, BC and CA. 
Let ZBOC =a, ZAOC = B and ZAOB=y. 
Now if O be in the plane of the AABC, whether within or without 
AABC, we have 


B+7= 180° -aorB+y=a. 
Hence, in all cases, 
cos(3 +7) = cosa 
.. cos B cosy — cosa = sin #siny. 
Squaring, we have 
cos? 8 cos? y — 2cosacos $8 cosy + cos? a 
= (1 — cos” 8) (1 — cos? 7) 


= 1— cos? B — cos? 74 cos? B cos? 7 


. cos” a + cos” 8 + cos? y — 2cosacos 8 cosy = 1 (15.5) 
The symmetry of this expression shows that it is true for all positions 
of O. 
Now cosa =1—2sin? 5 = 1-2, say 


cosB =1 asin? f= y, say 


cosy = 1 — 2sin? ; =1-2z, say 


15.3. Orthocenter and Pedal Triangle 285 


.. from (15.5), we have 
(l—2)?+(1—y)? + (1— z)? -2(1-2)(1—y)(1— 2) =1 
ve 4 y? 4 2? — Wyz+ 2a + ry) + 2eyz =0 (15.6) 
Now AB=a+b, BC=b+candCA=c+a 
For the smaller circle (O within AABC), in the AOBC the sides are 
b+cec,c+ri,m1+b 


s=rt+bt+e 

a be 
asin = 15.7 
aaa (m1 +5)(n +0) (NB?) 


For the larger circle (O not necessarily within AABC, in the AOBC 
the side are 
b+c, r2—c, r2—b 
S=72 


oe be 
“sin 7 4/ a Ce) (15.8) 


From (15.7) and (15.8): 


Hh) 
wl N 


pao ib = 
v,2sin . Gs ayee GE ave r) @. 
bd ry c. T1 b r2 Cc r2 
Hence, if r denote r1 or —r2, from (15.6), we have 
2 2 
pe 


Goes 


4 
r4 


2. 
ae aa 
"a rb re 
2 
A[GeyP eu 
pd a 
8 (=+2)G 
r4 rb r 
3+2(2+542)+(S+5+35) 
“72 rab ce a2? 


2[S+2(2+7++)+2 1 s|+5=0 
r2 be | ca ab 2 , 


1 
r 
| 


| 
| 


1 i : 
so that — and —— are roots of the equation 
TL Tr 


2 
1 *(+5ti)+(atata) 
r2 ria be az b? ce? 
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Hence, by the theory of quadratic equations, we have 


1 1 ( 1 1 *) 
=2 t . a 

Ti r2 a b c 
§ Problem 15.3.31. If Ao be the area of the triangle formed by join- 
ing the points of contact of the inscribed circle with the sides of the 
given triangle, whose area is A and Ay, Az and Az the corresponding 
areas for the escribed circles, prove that 

Ai + Az + Az — Ao = 2A. ?) 
§8§ Solution. Take the figure of Art. 205. Join Fi D1, Di FE; and F\ EF}. 
We then have 

Ay =AF\Dih + AD, hE; —- AF LE, 


1 
afi (sin B + sin C — sin A) 


1 (4) 
=r? (| ———_ 
2 2R 

1 


A 2(s—a) 
Sey . 
2 s-—a 2R 
_ mA 
2R0 


Similarly, for Az and A3. 
Also, Ap = = by § Problem 15.3.20. 


A 
“Ai + Ag + Ag An = oA ri tra +r3—1) 


-_ = -4R, by §Problem 15.2.18 
2R 
= 2A. a 
§ Problem 15.3.32. If the bisectors of the angles of a AABC meet 
the opposite sides in A’, B’ and C’, prove that the ratio of the areas 


of the triangles A’ B’C' and ABC is 
A B. ¢ A-B B-C C-A 


2sin 5 sin 5 sin : : COS ; cos 5 cos 5 } 
§§ Solution. By Euclid VI. 3, [cf. Art. 218], we have 
AB! = be 
cta’ 
AC! = abe. 
a+b’ 
BC - Se 
a+b’ 
pa a= 
b+e 
CB = ab 
cta 
and CA’ = e ; 
b+e 
1 b b 
- AAB’C! ==. oe ee 
2 cta a+b 
b 
S. * __.. KABG 


(c+a)(a+b) 
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-, AA'BC! = ——“____. AABC, and 
(a+ b)(b+c) 
AA'cB' = © __. nape; 
(b+ c)(c+a) 
AA'B'C’ 
= AABC [1 be ca ab 
= (c+a)(at+b) (at+b)(b+c) (b+e)(c+a) 
= AABC F be(b + c) + ca(c + a) + ab(a + *) 
(b+ c)(c + a)(a + b) 
_ AABc | 2abc 
(b+ c)(c+ a)(a+ b) 
_AA'BIC' 2sin Asin B sin C 


* AABC (sin B + sin C)(sin C + sin A)(sin A + sin B) 


: A.B B.C Cc 
16 sin — cos — sin — cos — sin — cos 
2 2 2 2 2 2 
B+C B-C , C+A C-—-A , A+B A-—B 
cos sin cos sin cos 


2 2 2 2 2 2 
_ A, B,C 
2sin — sin — sin — 
2 2 


B-C C-A A-B 


8 sin 


cos cos cos 
2 2 2 
AA'B'C' : AABC 
: B,C A-B B-C C-—A 
= 2sin — sin — sin — : cos cos cos : a 
2 2 2 2 2 2 


§ Problem 15.3.33. Through the angular points of a triangle are 
drawn straight lines which make the same angle a with the opposite 
sides of the triangle; prove that the area of the triangle formed by 
them is to the area of the original triangle as 


2 


4cos‘a: 1. 0) 


§§ Solution. Let ABC be the original triangle and A’B’C’ be the 
new triangle whose sides are a’, b’, c’. 
-- ZA'B'C! = ZB'AC + ZB'CA 
=a-C4+nr-Ata=7-A-CH=B. 
., AA'B’C’ is similar to the AABC. 
We then have 


AB’ _ sin(a+ A) ana AC’ — sin(a— A) 
AC sin B AB sinc — 
LABS 2 -sin(a + A) = 2Rsin(a+ A), and 

sin B 
AC’ = — -sin(a — A) = 2Rsin(a — A). 
sinC 


va’ = AB’ — AC’ = 2R- 2cosasin A = 2acosa. 
Also, since the triangles are similar, we have, by Euclid VI. 19, 
aan al? 4 4a? cos? a 
A a? a? 
«Al: A =4cos? a: 1. La 


= 4cos? a 
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§ Problem 15.3.34. Two circles, of radii a and b, cut each other at 
an angle 6. Prove that the length of the common chord is 
2absin 0 


Vaz + b2 + 2abcos 0 0) 
§§ Solution. Let A and B be the centers of the two circles respec- 
tively and C be a point of intersection. 
The 26 is the angle between the tangents at C. 


TT 


Also, the ZACB = ~ 4 O=—7_-98. 


If the length of the common chord be d, we then have 


: -AB- as AACB = LPL AOE 
2 2 2 


ra 2absin@ 
~ AB 


2absin 0 


Va2 + b2 — 2abcos ZACB 
2absin 0 


a2 + b? + 2abcos@ 


§ Problem 15.3.35. Three equal circles touch one another; find the 
radius of the circle which touches all three. ) 
8§ Solution. Let A, B and C be the centers of the three equal circles 
of radius r, D be the point of contact of circles whose centers are B 
and C, and O be the center of the required circles. 

Join AB, BC and CA. 

ABC is an equilateral A. 


2 
Also, AD = rtan60° = rV/3 and AO = ars 
., the required radii 
=—rv3tr 
3 
= r(1.1547 + 1) 
= 2.1547r, or .1547r. : 


§ Problem 15.3.36. Three circles, whose radii are a, b and c, touch 
one another externally and the tangents at their points of contact 
meet in a point ; prove that the distance of this point from either of 
their points of contact is 
abc 3 
(- +b+ -) : ?) 


§§ Solution. Let A, B and C be the centers of three circles respec- 
tively, and /D, IE and IF be the three common tangents. 

Join AB, BC and CA. 

Since I/D, IE and IF are perpendicular to BC, CA and AB respec- 
tively, and are equal to one another. 

.. Tis the incenter of the AABC. 

Now the sides of the AABC are 

b+ c(=a’, say), c+ a(=0b’) anda+ b(= ¢’) 
“2s =2(a+b+c)ands=a+b+e. 
Hence the required distance 
AABC 


s 


IE=ID=I1F 


15.3. Orthocenter and Pedal Triangle 289 


7 rE —a’)(s—b/)(s—¢’) 


s 


abc 
a+tb+c 


§ Problem 15.3.37. On the sides BC, CA, AB are taken three points 
A’, B', C’ such that 
BA’: A'C=CB':B/A=AC'’:C'B=m:n; 
prove that if AA’, BB’ and CC’ be joined they will form by their 
intersections a triangle whose area is to that of the triangle ABC as 
(m—n)?:m? +mn+n?. © 

8§ Solution. Let BB’ and CC’, CC’ and AA’, and AA’ and BB’, meet 
respectively in the points D, F and F. 

Let the lengths of the perpendiculars from F upon the sides of the 
triangle be called a, 8 and y, and let the area of the AABC be A. 


_ 6 _ AFsin ZA’ AC 


‘yy  AFsinZA'AB 


_ ADsinZA'AC 
~ ADsin A'AB 
= ratio of perpendiculars from A’ on the sides 
nsinC _ ne 
~ msinB mb 
v= ne 
“a me 
cy _ aa bB aa + bB+ cy 
cr rr CE 
at + 1 
m nm 


n 
twice sum of the areas of A’s AFB, BDC, CEA 
= mn 
—+—+1 
n m 


mn 
m? +mn+n2 


1 
. area AAF B= rales 


=2Ax 


mn 
m2 +mn +n? 
So each of the areas BDC and CEA is equal to the same quantity; 
- area ADEF = A— sum of the areas of AAFB, BDC and CEA 


=afi 3mn 
m? +mn +n? 
Lo ND 
=Ax ici tT 


m2 +mn+n2° 


§ Problem 15.3.38. The circle inscribed in the triangle ABC touches 
the sides BC, CA and AB in the points A;, B, and C, respectively; 
similarly the circle inscribed in the triangle A; B,C, touches the sides 
in Az, Bo, Cz respectively, and so on; if AnBnCn be the n** triangle 
so formed, prove that its angles are 

Tv n TT Tv eT Tv TT —n Tv 
st) (A- a) att) (B- *) and = + (—2) (c- “). 
Hence prove that the triangle so formed is ultimately equilateral. © 
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§§ Solution. If J be the center of the incircle of the AABC, we have 
1 1 7 A 7 1 T 
Ay = 5 BilO1 = 5(n—- A) = = (A Ms 


2 2 3 2 3 
saeet Mat 1a ete t(a8) 
If An = 2 +(-2)" (4- <) 
then Anya = 5 
3 -F[E+ca" (4-3) 
2 a+ (—2)-"-1 (A- 5) 


Hence the expression is true for n + 1, if true for n. 
But it is true whenn=1and2;..ifn=3,4.... 
Similarly for the other angles. 


If n be very large, 2~” = 0, and the angles are = . a ie. ulti- 
mately the triangle becomes equilateral. a 


§ Problem 15.3.39. A,B,C, is the triangle formed by joining the 
feet of the perpendiculars drawn from ABC upon the opposite sides 
; in like manner A2B2C3 is the triangle obtained by joining the feet 
of the perpendiculars from A;, B, and C; on the opposite sides, and 
so on. Find the values of the angles An, Bn and C, in the n*” of these 


triangles. 0) 
§§ Solution. Here we have 
yee rey pee 2(A “), and 
3 3 
Poe ay ee = 44(4 =) a +4(4 =) 
If An=24(-2)"(4-2), 
then (Ape; Sates =a = (2 (4-5) 
= : 4 (-2)"41 (A = “) 


Hence the expression is true for n + 1, if true for n. 
But it is true whenn=1and2;..ifn=3,4.... 
Similarly for the other angles. a 


Chapter 


On Quadrilaterals And Regular 
Polygons 


16.1 Area of a Quadrilateral 


§ Problem 16.1.1. Find the area of a quadrilateral, which can be 
inscribed in a circle, whose sides are 


(1) 3,5, 7, and 9 feet ; and 


(2) 7,10, 5, and 2 feet. > 
8§ Solution. (1) Ifa=3 ft.,,b=5 ft,c=7 ft, andd=9 ft., 
then 


s=12 ft, s—-a=9 ft, s—b=7 ft., 
s—c=5 ft, ands—d=3 ft. 
v, the area = V9 X 7X5 X 3 =3V105 sq. ft. 


(2) Ifa=7 ft., b=10 ft.,c=5 ft. andd=2 ft., 
then 


s=12 ft, s—-a=5 ft, s—b=2 ft., 
s—c=7ft., ands—d=10 ft. 
-, the area = /5x 2x 7x 10 = 10V7 sq. ft. : 


§ Problem 16.1.2. The sides of a quadrilateral are respectively 3, 4, 
5, and 6 feet, and the sum of a pair of opposite angles is 120° ; prove 
that the area of the quadrilateral is 3\/30 square feet. ©) 
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8§ Solution. Ifa =3 ft.,b=4 ft, c=5 ft, andd=6 ft., 
then 


s=9 ft. s—-a=6 ft, s—b=5 ft. 
s—c=4ft., ands—d=3 ft. 


-, the area = \/6x5x4x3—3x4x 5 x 6 X cos? 60° 
= \/6 x5 x 4 x 3(1—cos? 60°) 
= V6x5x 4x 3 x sin60° 


= 6V10 x 7 


= 3V30 sq. ft. r 


§ Problem 16.1.3. Tho sides of a quadrilateral which can he in- 
scribed in a circle are 3, 3, 4 and 4 feet ; find the radii of the incircle 
and circumcircle. % 
§§ Solution. Let ABCD be the quadrilateral. Take 
BA=3 ft., DA=4 ft., BC =3 ft. and DC =4 ft. 
By symmetry, BD is diameter and is equal to V4? + 32 =5 ft. 
Hence the radius of the circumcircle = 2 ft = 2 Fe: 


Also, since AB + CD = BC + DA, a circle can be inscribed in 
the quadrilateral and if r be the radius of this circle, we have (as in 
Art. 202), 


the area of the quadrilateral 
= 5 (3444443). 
Tr=V3X4xX4xX3=3x4 


5 
slic eas 2 he = 
§ Problem 16.1.4. Prove that the area of any quadrilateral is one- 
half the product of the two diagonals and the sine of the angle be- 
tween them. ) 
§§ Solution. Take the figure of Art. 221. Let the diagonals AC and 
BD intersect in the point O and let the ZAOD =a = ZBOC. 
We then have 
AADC = AAOD + ACOD 


1 1 
= BOAO sina + sere sin(a — a) 


1 

BPO + CO)sina 
1 

gee -AC sina. 


Similarly, AABC = 5BO - AC sina. 


Hence the area of the quadrilateral 
1 1 
a ae BO) ae. sina = Bae sina. : 
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§ Problem 16.1.5. If a quadrilateral can be inscribed in one circle 
and circumscribed about another circle, prove that its area is abcd 
and that the radius of the latter circle is 


2V abcd 


rr eee » 
at+tb+ct+d 
§§ Solution. See Art. 222. 


If r be the radius of the incircle, we have 
1 1 1 1 
ra+ —rb+ —=rce+ =rd = Vabcd 
2 2 2 2 
= 2V abcd 
a+b+c+d al 


§ Problem 16.1.6. A quadrilateral ABCD is described about a cir- 
cle; prove that 


A B 
AB sin — sin — = CDsin . sin Ee 
2 2 2 % 
§§ Solution. Ifr be the radius of the circle, we have 
_ A+B 
A B sin 
PS SRS t+rcot— =r 2 
sin — sin — 
., ABsin = sin Poe rsin p 
2 2 
D D 
Similarly, CDsin 2 sin a rsin Ge : 
‘> A+ B=360° — (C+D) 
A+B D 
4 eu 180° eta 
2 2 
: +B _ C+D 
“sin = sin : 
A B C D 
., ABsin — sin — = CDsin — sin : 
2 2 2 2 


§ Problem 16.1.7. a, b, c and dare the sides of a quadrilateral 
taken in order, and a is the angle between the diagonals opposite to 
b or d; prove that the area of the quadrilateral is 

. (a? — 6? +c? — d?) tana. } 


§§ Solution. Take the figure of Art. 221. Let the diagonals AC and 
BD intersect in the point O and let the ZAOD =a = ZBOC. 
We then have 


a? = AO? + BO? +2AO- BOcosa 
b? = BO? + CO? — 2BO-COcosa 
c? = CO? + DO? + 2CO- DO cosa, and 
d? = DO? + AO? — 2DO- AO cosa 
2b 4+c0—d 
= («8 +62) - (# +02) 
= 2cosa[(AO- BO + CO- DO) + (BO-CO + DO- AO)] 


= 2cosa[AO(BO + DO) + CO(DO + BO)}] 
= 2AC’- BD cosa. 
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Also, by § Problem 16.1.4, 
the area of the quadrilateral 

= 5c -BDsina. 
Hence, by substitution, we have 


172.2, 2 2 
eS 5 (a be +c —d ) tana. : 


§ Problem 16.1.8. If a, b, c and d be the sides and x and y the 
diagonals of a quadrilateral, prove that its area is 


1 2,2 2 2 2 2\2 3 
4 [42 y (6 +d“ —a c ) | . > 
8§ Solution. By § Problem 16.1.4, 
area = Lee = eee sin? a 
2 4 
iL 1 
= lee _ qu cos? @ 


1 
ae Vf 402y? — 4x? y? cos? a 


1 
= iV 4e7y? — (a2 — b? + c2 — d?)?, by § Problem 16.1.7. : 


§ Problem 16.1.9. If a quadrilateral can be inscribed in a circle, 
prove that the angle between its diagonals is 

sin-? PV a)(s — b)(s — c)(s — d) + (ac4 bd)} . 
If the same quadrilateral can also be circumscribed about a circle, 
prove that this angle is then 


ac — bd 


s—t 7 
ac + bd 


co; 


% 
§§ Solution. If z and y be the diagonals and a be the angle between 
them, we have 


the area = 1/(s —a)(s — b)(s — c)(s — d), [Art. 219], 
1 
and also = 57y sina. [ §Problem 16.1.4.] 
But zy =ac+ bd[Euclid. VI. D.] 
. 2 area 2,/(s a)(s — b)(s — c)(s — d) 
“sina = = 
xy ac + bd 


-a=sin7t pV a)(s — b)(s — c)(s — d) + (ac4 bd)| . 
In the second case, we have the area 
= Vabcd 
_ 2vVabed 
~ ac+bd 
2 4abed _ f(ac—bd 7 
(= + s) 


J. sing 
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“4 (= ) 
“. & = COs : 
ac + bd 7 


§ Problem 16.1.10. The sides of a quadrilateral are divided in order 
in tho ratio m : n, and a new quadrilateral is formed by joining the 
points of division ; prove that its area is to the area of the original 
figure as 


m? +n? to(m+n)?. > 
§§ Solution. Let the sides AB, BC, CD and DA of the quadrilateral 
ABCD be divided at the points A’, B’, C’ and D’ respectively, so that 
AA! BB' CC’ DD' m 
AB BIC CD DA ne 


We then have 


A'B n BB' m 
= , and = 
AB m+n BC m+n 
1 
-, AA'BB! = 548 - BB’ sinB 
1 
= 2 Gm? 43: BCsinB 
m n 
= 2 AABO 
(m+n)? 
Similarly, AC’ DD! = mae - AADC 
m n 
- AA'BB! + AC'DD! = —™ _. area of ABCD. 
( 2 
m—rern 
- AA'AD! + AC'CB! = —™ _. areaof ABCD. 
( 2 
mrn 


Thus the area of the four triangles at the corners 


2 
= Gen - area of ABCD. 
m n 
Hence the area of A’ B’C’ D’ 


=areaof ABCD E ats 


(m+n)? 

m? +n? 

(m +n)? 

- area of A'B'C'D! : area of ABCD =m? +n? : (m+n)?. . 


= areaof ABCD x 


§ Problem 16.1.11. If ABCD be a quadrilateral inscribed in a cir- 
cle, prove that 
a (s —a)(s — b) 
2 (s —c)(s — d) 
and that the product of the segments into which one diagonal is di- 
vided by the other diagonal is 
abcd(ac + bd) 
(ab + cd)(ad + bc)” 0) 
§§ Solution. By Art. 219, we have 
a? + b? — ce? — d? 
2(ab + cd) 
2B _1-—cosB__ (c+d)?—(a—b)? 
2 1+cosB (a+b)? —(c-—d)? 


tan 


cos B= 


.. tan 
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_ (c+dt+a—b)(e+d—atb) 
(a+b+c—d)(a+b—c+d) 

_ 2(s — b)2(s — a) 

~ 2(s — d)2(s — c) 

B_ /(s—a)(s—b) 

2 (s —c)(s—d) 

Again, take the figure of Art. 221 and let O be the intersection of the 


diagonals. We then have 
AO = AAOB AAOD ABAD ad 


OCG  ACOB  ACOD ABCD be 


.. tan 


d b 
- AO = —““_. AC and oc = —“_. 
ad + be ad + be 
bed 
-AO-00 = —°S __. ac? 
(ad + be)? 
___abed (ac + bd) (ad + bc) 
(ad + bc)? (ab + cd) 
___abed(ac + bd) 
(ab + cd)(ad + bc)’ a 


§ Problem 16.1.12. If a, b, c and d be the sides of a quadrilateral 
taken in order, prove that 
ad? =a? +b? +c? — 2abcosa — 2bccos 8 — 2ca cos y 
where a, 6 and y denote the angles between the sides a and b, b and 
c, and cand a respectively. 6) 
§§ Solution. Take the figure of Art. 221. Produce BA and CD to 
meet in #, so that the ZAED = ¥. 
Let AE =m and DE =n. We then have 


d? = m? + n? — 2mncosy (16.1) 
b? + c? — 2becos B = BD? = (a+m)? +n? — 2(a+m)ncosy, and 
(16.2) 


a? +b? — 2abcosa = AC? = (c4 n)? +m? 2%c+tn)mcosy. (16.3) 
From (16.2) and (16.3), by addition, we have 
a? + 2b? + c? — 2becos B — 2abcosa 
=(a+m)?4+(e+n)? +m? +n? —2(an+cm+2mn)cosy (16.4) 
Also, b? = (a+ m)? + (c +n)? — 2(a + m)(c+n) cosy (16.5) 
From (16.4) and (16.5), by subtraction, we have 
a? +b? + c? — 2becos B — 2abcosa 
=m +n? + 2accos‘y — 2mncosy = d? + 2accos y 
o@ =a? +b? +c? — 2abcosa— 2bc cos 3 — 2cacosy. r 


16.2 Regular Polygons 


§ Problem 16.2.1. Find, correct to .01 of an inch, the length of the 
perimeter of a regular decagon which surrounds a circle of radius 
one foot. [tan 18° = -32492.| ?) 
8§ Solution. If abe a side of the decagon, we have 


a= 2rtan— = (2 x 12tan 18°) inches 
n 
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*, the length of the perimeter = (240 tan 18°) inches. 
Now 


-1 
tan 18° = ae [Art. 120] 
VJ 10 + 2V5 
ae _ (3-5 


eile. 1 5aa 
ih =e) (eY®) 


5 + v5) (5 v5) 
ay NE 5 = 2v5 

25 —5 5 
a ee ato 
= -3249... 


[this may be obtained at once from the table of 
natural tangents] . 
Hence the length of the perimeter 
= (240 x -3249) inches & 77.98 inches. r] 


§ Problem 16.2.2. Find to 3 places of decimals the length of the side 
of a regular polygon of 12 sides which is circumscribed to a circle of 
unit radius. > 
§§ Solution. 

Here 


T T 
a= 2rtan — = 2tan = 2tan 15° 
n 12 


= 2 (2— V8) = 2(2 — 1.73205) = 2(.26795) = .5359. 1. 


§ Problem 16.2.3. Find the area of 
(1) a pentagon, 
(2) a hexagon, 
(3) an octagon, 
(4) a decagon and 
(5) a dodecagon, 


each being a regular figure of side 1 foot. 
[cot 18° = 3.07768...; cot 36° = 1.37638...] © 
§§ Solution. (1) 


1 5 
Bree: She Coe SS RE Bot & Seon e* 
4 4 5 4 


5 
= 7 X 1.876819 = 1.720... sq.ft. 


1 3 3 
(2) Area = 6x 7 xcot = 5 cot30° = 5 x 1.7320508 = 2.598... sq.ft. 
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° 


1 1 
(3) Area = 8x a xcot = 2cot a5 = 2X2.4142136 = 4.8284... sq.ft. 


1 5 5 
(4) Area = 10x | xcot 7 = 5 Xcot 18° = > x3.0776835 = 7.604... sq.ft. 


1 
(5) Area = 12x qxoot 7 = 3cot 15° = 3X3.7320508 = 11.196... sq.ft. 
a 


§ Problem 16.2.4. Find the difference between the areas of a reg- 
ular octagon and a regular hexagon if the perimeter of each be 24 
feet. 


, 24 
§§ Solution. For the octagon, the length of a side (a) = ie feet = 
3 feet 
9 T 12 

., the area = 8 x ri XxX cot - = LSROnee = 18 X 2.4142136 = 

43.4558448 sq.ft. 
24 
For the hexagon, the length of a side (a) = 7 feet =4 feet 


16 T 
., the area = 6 x ri x cot ao 24 cot 30° = 24 x 1.7320508 = 
41.5692192 sq.ft. 
Hence the required difference 
= (43.4558448 — 41.5692192) sq.ft. = 1.8866... sq.ft. 


Otherwise thus : 
Area of a polygon 
2 2 
eee eee (a) Cot oS ot a where p is the perimeter. 
4 n An n 4n n 


_ (24)? et (24)? oo 


8 6 6 

V24+1 v3 
8 6 

= 6 [3 (V2 +1) — 4v3] = 6 [7.2426408 — 6.9282032] 

= 6 X .3144376 = 1.8866... sq.ft. . 


§ Problem 16.2.5. A square, whose side is 2 feet, has its corners 
cut away so as to form a regular octagon ; find its area. » 
8§ Solution. Ifa be a side of the octagon, we have 
a+ 2acos 45° = 2 
1 
“.a+2ax —=2 


V2 


Hence the required area 
2 


=8x 5 x cot 7 =8 x (V2—1)” x (v2+1) 
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= 8 (V2-1) =8 x .4142136 = 3.3187... sq.ft. 1. 


§ Problem 16.2.6. Compare the areas and perimeters of octagons 
which are respectively inscribed in and circumscribed to a given cir- 
cle, and show that the areas of the inscribed hexagon and octagon 


are as 27 to V32. 0) 
§8§ Solution. We have, if p be the radius of the circle, 
20 
Fw 
area oct. insc. 3° out 3 


area oct. circ. 
_ 0 T 

2 sin — cos — 

8 8 


= 
sin — 
8 


2 


7 
cos — 
8 


2s 2 
2.cos 3 See BAA 


Again, 
side oct. insc. _ 2psin — 
side oct. circ. 2ptan = 
8 
2cos A 2+2cos “ 
22 5 _ ; 
VA 
. : 
Also, 
6 20: via _ 0 
area hea. insc. _ ra sin 6. 3sin 3 
area oct. insc. 8 po oe Qn dae 7 
2 8 4 
( 3Vv3 ) 
X27 _ 3v6 _ J 54 yz 
(=) 8 64 32° 
V2 . 


§ Problem 16.2.7. Prove that the radius of the circle described 
about a regular pentagon is nearly syths of the side of the pen- 
tagon. 0) 
§§ Solution. We have R = 5 cose = 


a 2sin = 4 
5 
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_ Y10+2V5 _ /50+10V5 
/20 10 
_ V7236 8.5 
“Ao 6" 
17 


R=ax—. 
“* 50 7 


§ Problem 16.2.8. If an equilateral triangle and a regular hexagon 
have the same perimeter, prove that their areas are as 2: 3. ©) 
8§ Solution. If6a =the perimeter of the triangle and of the hexagon, 
then a side of the triangle = 2a, and a side of the hexagon = a. 
na? a (na)? 
Area = cot — = 
4 n An 
Hence we have 


Tv . 
cot —, where na = the perimeter. 
n 


1 wT 9 wT (=) 
area of triangle _ gos _ aes _ \Vv3/ _ 2 


area of hexagon 1 AoE ete V3 3° 
6 6 ™ 


§ Problem 16.2.9. If a regular pentagon and a regular decagon 
have the same perimeter, prove that their areas are as 2: /5. ©) 
§§ Solution. If 10a = the perimeter of the pentagon and of the 
decagon, then a side of the pentagon = 2a, and a side of the decagon 
=a. 

Hence we have 


— cot — 2cot — 
area of pentagon _ 99 
area of decagon ol cot ts cot = 
40 10 10 
Tv Tv 
cos sin — 
a ees a 
sin cos— 
10 
2cos = 
2cos? — 
Tv 
2cos -2(V5+1) | V5+1 
= z= + f1l+ 
1+ cos B 4 $ 
2(v5+1) 2 
V5(v5+1) V5 : 


§ Problem 16.2.10. Prove that the sum of the radii of the circles, 
which are respectively inscribed in and circumscribed about a reg- 
ular polygon of n sides, is 

es cot wi 

2 2n 
where a is a side of the polygon. ) 
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§§ Solution. We have 


a T a wT 
r+ R= —cot { cosec 
2 n 2 
ea 
a cos = + 
~ 9 7 
2 sin — 
n 
wT 
2cos? — 
_@ 2n 
2 TW ig 
2sin — cos — 
2n 2n 
a ; T 
= —cot —. 
2° 2n = 


§ Problem 16.2.11. Of two regular polygons of n sides, one cir- 
cumscribes and the other is inscribed in a given circle. Prove that 
the perimeters of the circumscribing polygon, the circle, and the in- 
scribed polygon are in the ratio 


Tv Tv Tv 
sec — : — cosec — : 1, 
n n n ie 
and that the areas of the polygons are in the ratio cos? — : 1. ©) 


n 
8§ Solution. If p be the radius of the circle, the perimeters are as 
Tv Tv 
2nptan — : 2npsin — : 27p 
n n 
T 2, ATS TG. 
..tan —:sin-—:— 
n n n 
Tv TT Tv 
sec — : 1: —cosec — 
n n n 
or, in descending order of magnitude, 
Tv Tv Tv 
sec — : —cosec —: 1. 
n n 


area pol. insc. n 2 
Also, z a p’ sin =| : [0 tan =] 
area pol. circ. 2 n n 


CMTE Tw 
sin — cos — 
n n 


ae 
sin — 
n 
T 
cos — 
n 


wT 
cos? —: 1. : 
n 


§ Problem 16.2.12. Given that the area of a polygon of n sides cir- 
cumscribed about a circle is to the area of the circumscribed polygon 
of 2n sides as 3: 2, find n. 

8§ Solution. If p be the radius of the circle, we have 


np? tan ~ : 2Inp? tan — =3:2 
p Aras Lye) aubrmtesa 


Tv Tv 
.. 3dtan =tan—-—= 
2n 


Tv Tv Tv 
where tan — = 0, or 2 = 3 — 3tan? —, so that tan — = +——. 


2n 2n 2n V3 
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1 
The only value admissible is tan Be eit gl 


2n V3 6 


-.2n=6andn=3. ] 


§ Problem 16.2.13. Prove that the area of a regular polygon of 2n 
sides inscribed in a circle is a mean proportional between the areas 
of the regular inscribed and circumscribed polygons of n sides. 
§§ Solution. If p be the radius of the circle, the areas of the poly- 
gons are 
np? sin ie : re sin ot and np tan a 
i 2 n n 


respectively. Now 


2. 7 Sao 
np? sin — = ,/n2p4 sin? — 
n n 
3 T 5.0 t T 
= ,/np* tan — X np“ sin — cos 
n n n 
5 TT no. 27 
= {/ np* tan — X —p* sin —. a 
n 2 n 


§ Problem 16.2.14. The area of a regular polygon of n sides in- 
scribed in a circle is to that of the same number of sides circum- 
scribing the same circle as 3 is to 4. Find the value of n. ©) 


8§ Solution. If p be the radius of the circle, we have 


No, IW 2 wT 
—p* sin — :np* tan— ::3:4 
n n 


2 
_ 27 ; 
sin — 2sin — cos — 3 
eae nm _ 2 = 
cos 
ty 4 
2tan — 2sin — 
n n 
7 
cos — 
n 
T V3 Tw 
cos — = — =cos — 
2 6 
.n=6. tt 


§ Problem 16.2.15. The interior angles of a polygon are in A. P. 
; the least angle is 120° and the common difference is 5° ; find the 
number of sides. 0) 
8§ Solution. If be the number of sides of the polygon, the angles 
of the polygon are 120°, 125°, 130°, ... to n terms. 
Their sum = 5 [2 x 120° + (n — 1)5°] = (2n — 4)90° 

[By Euc. I. 32, Cor. 1]. 

“.120n + (n? — n) © — 180n — 360 

2 


on? — 25n +144 = 0 
“.n=9or 16. 
Now the greatest angle of the polygon must be less than 180° and 
with n = 9, this would be 120° + 40°, i.e. 160° and with n = 16, the 
greatest angle would be 120° + 75°, i.e. 195°. 
Hence the value 9 of n is applicable only, i.e. the polygon has 9 
sides. rT] 
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§ Problem 16.2.16. There are two regular polygons the number of 
sides in one being double the number in the other, and an angle of 
one polygon is to an angle of the other as 9 to 8 ; find the number of 
sides of each polygon. © 
§§ Solution. Let 2n and n be the number of sides in the two poly- 
gons respectively. By Art. 223, we then have 

(4n —4)90 (2n—4)90 _ 


9:8 
2n n 
-. 16n — 16 = 18n — 36 
“n= 10. 
So that the polygons have 20 sides and 10 sides respectively. : 


§ Problem 16.2.17. Show that there are eleven pairs of regular 
polygons such that the number of degrees in the angle of one is to 
the number in the angle of the other as 10 : 9. Find the number of 
sides in each. > 
§§ Solution. Let m and n be the number of sides in the polygons, 


so that 
(2m — 4)90 | (2n — 4)90 


=10:9 
m 
AO 
ign 28 Sopa ee 
m n 
“mn = 20m — 18n 
18-1 
vn=20(™4 8 =) =2 360 
m+18 m+ 18 


Now n must be positive; also m and n must be > 2, since there must 
be more than 2 sides in a polygon. Hence, 
*, 360 = 360 xX 1= 180 X 2=120k 3=90 x 4 
72X5=60x6=45x 8=40x9 
= 36 x 10 = 30 xX 12 = 24 x 15 = 20 x 18 
“m+ 18 = 360, 180, 120, 90, 72, 60, 45, 40, 36, 30, or 24 
“.m = 342, 162, 102, 72, 54, 42, 27, 22, 18, 12, or 6. 
Also, the corresponding values of 


2 
ee ae 19, 18, 17, 16, 15, 14, 12, 11, 10, 8, or 5. 
m+18 
Thus there are eleven pairs of polygons. 7 


§ Problem 16.2.18. The side of a base of a square pyramid is a feet 
and its vertex is at a height of h feet above the center of the base ; if 
0 and ¢ be respectively the inclinations of any face to the base, and 
of any two faces to one another, prove that 

es aes ia = 1+ 35. > 

a 

§§ Solution. Let V be the vertex and E be the center of the base 
ABCD of the pyramid. Let H be the middle point of AD. We then 
have 


h 2h 
tan@d =tanZVHE = =—. 
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Again, draw BF and DF perpendicular to V A, so that é = ZBFD and 
let the 4VAE =a. 


¢ BE Ca 1 VA 


54 = _ 
ate 2 EF AE sina sin a VE 
2 
a 
h2 + — 
_ VVE? + AE? © +3 ay ee a? 
VE A 2h? - 


§ Problem 16.2.19. A pyramid stands on a regular hexagon as base. 
The perpendicular from the vertex of the pyramid on the base passes 
through the center of the hexagon, and its length is equal to that of 
a side of the base. Find the tangent of the angle between the base 
and any face of the pyramid, and also of half the angle between any 
two side faces. 0) 
8§ Solution. Let V be the vertex and EF be the center of the base of 
the pyramid. 

Let AB and BC be the two sides of the base and D be the middle 
point of AB. 

Then, if 6 be the angle between the base and any face of the pyra- 


mid and a be a side of the base, we have 


a 2 2 
- = + =<Vv3. 
ED asin60° V3. 3 vs 


Again, since VE = EB, ..ZVBE = 45°. 

Draw AH perpendicular to VB and AK perpendicular to EB; then 
HK is perpendicular to VB and to AK and if ¢ be the angle between 
any two side faces, we have 


tan9 = 


. ° 
tan e = tan ZAHK = aes = EBD 
2 AK BK sin 45° 


= av3 7 (5 : 1 ) = V6. | 
2 2 V2 
§ Problem 16.2.20. A. regular pyramid has for its base a polygon of 


n sides, each of length a and the length of each slant side is | ; prove 
that the cosine of the angle between two adjacent lateral faces is 


4l? cos ah +a? 
n 

4l2 — a? : 9 

§§ Solution. Let V be the vertex and E be the center of the base of 
the polygon. 

Let AB and BC be two sides of the base. 
1 =) 7 T 
i = 


We have the ZAEB = cal and the ZABE = F 
n 2 n 2 n 
Draw AH perpendicular to VB and AK perpendicular to EB; then 


HK is perpendicular to VB and to AK and if ¢ be the angle between 
two adjacent lateral faces, we have 


. TT Tw Tv 
-- acos — 
6 Ak _asin(4 ) 7 


2 AK BKsinZVBE _ 7 VE 
asin — - — 


n 


tan 
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lcot eS I cot a 
= = n 
Vi? — BE? a 7 \2 
[2 — (< cosec =) 
2 n 
tan2 g 1? cot? i 4l? cos? is 
27 n a n 
1 2 cose? = 4l2 sin? = — a2 
4 n th 
1 — tan? 2 
cos ¢ = 2 
14+ tan? = 
—a? — 4I? (cos? Eee sin? =) 
n n 


4l2 — a? 


The cosine of the acute angle between two faces 


Al? cos an +a? 
a Oe 


412 — a? 


Chapter 


Trigonometrical Ratios of Small 
Angles, Area of A Circle, DIP of 
The Horizon. 


17.1 Ratios of Small Angles 


1 
[r = 3.14159265; — = .31831... 
wT 


Find, to 5 places of decimals, the value of 


§ Problem 17.1.1. sin7’. % 
fo} Cc 
§§ Solution. Since 7’ = a — EEL Lees we have 
60 180 x 60 
© .141592 
sin 7! = sin ( is ) ie ES co Ue end aig 
180 x 60 180 x 60 180 x 60 
§ Problem 17.1.2. sin 15’. % 
1’ 1° Cc 
§§ Solution. Since 15” = = = a , we have 
4 4 x 60 180 x 4 x 60 
¢ 
sin 15” = sin ( is ) 
180 x 4 x 60 
3.14159265 
= = = = .00007. . 
180 x 4 x 60 180 x 4 x 60 
§ Problem 17.1.3. sin1’. ) 
1° es 
§§ Solution. Since 1’ = — = —— we have 
60 180 x 60 


Cc 
sin 1’ = sin (a) 
180 x 60 
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§ Problem 17.1.4. cos 15’. % 


af 
§§ Solution. Since 15’ = = rene , we have 
60 4 180 x 4 


ia & 
sin 15’ = sin (5) 
180 x 4 


— —" _ ~ 0043633. 
180 x 4 


Also, cos 15’ = \/1 — sin? 15’ = [1 — 00001904]? 


By the Binomial Theorem, 


1 
~ 1 — 5 [.00001904] 


= 1— .00000952 = .99999 to 5 places of decimals. a 
§ Problem 17.1.5. cosec 8”. >) 
1 1 
§§ Solution. cosec 6 = —~—  -. 
sind 6 
Here G= x ahs 
60 x 60 180 
1 900 180 900 
eS x = x 57.2957795 = 25783.10077. a 
0 2 T 
§ Problem 17.1.6. sec5’. © 
1° e€ 
§§ Solution. Since 5’ = — — —"—. 
12 180 x 12 
We have 
wT © T 
sin 5’ = sin ( ) = ~ .001454. 
180 x 12 180 x 12 
1 : me 
Also, sec5’ = = [1 — sin? 5] 2 
cos 5/ 


= [1 — .000002114]~ 2 
By the Binomial Theorem, 


1 
xs1+ 3 [000002114] = 1 + .000001057 = 1.0000011. : 


Solve approximately the equations 


§ Problem 17.1.7. sind = .01. ©) 
§§ Solution. Here @ is very small. 
1 ° 
“0% 01° = .01 x oD 
TT 
= .01 x 206265” ~ 2063” = 34/23”. 7 
§ Problem 17.1.8. siné = .48. ©) 
1 
§8§ Solution. Since sin 6 is nearly equal to = @ must be nearly equal 
to as 
6 


Let then 6 = 7 — a, where z is very small; 


: Tw _ * Ts 1 3. 
., 48 = sin ( - x) = sin — cos x — cos — sinz = — cosx sin x. 
6 6 6 2 2 
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Since xz is very small, we have 


1 3 
cosx=land sina ag; ...48 = a Be 
c. 
2 04 x V3 
“.@ = .02 x — radians = (4x8) = .023094° = 1°19/23”. 
V3 3 
“, 0 = 30° — 1°29'23” = 28°40/37”. a 
§ Problem 17.1.9. cos (¢ + 6) = 49. > 


§§ Solution. cos (< + @) = Ag. 


1 
Since .49 is very nearly equal to se which is the value of cos i it 


follows that 6 must be very small. 
The equation may be written 


1 

cos 0 ce sin# = .49. 
2 2 

Also, since 6 is very small, we have 


cos@ = land sin@ X 6 


1 
od V34 = .49 
2 2 
2 .02 
“.0=.01 xX — radians = ( pes v8) = .011547° 
V3 3 
= (.011547 x 206265)” ~ 2382” ~ 39/42”. Ld 
§ Problem 17.1.10. cos6 = .999. > 
§§ Solution. cos@ = .999. Hence @ is very small. 
62 

We have 1- or 1—.001; 


0 
ee 001; ... 0? = .002 


1.0 & .0447213° 
= (.0447213 x 57.2957795)° = 2°33/44”. 7 


§ Problem 17.1.11. Find approximately the distance at which a 
halfpenny, which is an inch in diameter, must be placed so as to 
just hide the moon, the angular diameter of the moon, that is the 
angle its diameter subtends at the observer's eye, being taken to be 


30’. ) 
§8§ Solution. If zx be the required distance in inches, we have 
1 3 
— = the number of radians in 30’ = Buy ge 
(56 60 180 
“.@ =2 xX — =2 xX 57.2957795 = 114.59... inches. t 
Tv 


§ Problem 17.1.12. A person walks in a straight line toward a very 
distant object and observes that at three points A, B and C the angles 
of elevation of the top of the object are a, 2a and 3a respectively; 
prove that 

AB & 3BC. % 
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§§ Solution. Let F be the top of the object. 
In the AABE, we have the ZAEB = ZBAE =a, so that BE = AB. 
In the ABEC, the 7BEC = a and we have 
BE _ sin3a 
BC sina 
_ AB _ sin3a 
“BC sina 
Since the object is very distant, a is very small. 
ie zal = 3, ..AB x 3BC. . 
BC 
§ Problem 17.1.13. If 6 be the number of radians in an angle which 
is less than a right angle, prove that 
an 
cos 6 is pe ET 0) 
§8§ Solution. We have 


= 3—Asin? a. 


0 6 63 
cos@ = 1— 2sin? — and sin—~ > — — — 
2 2 2332 


6+ 266 

16 = (32)? 

64 

or 

§ Problem 17.1.14. Prove the theorem of Euler, viz. that 


0 0 0 
sin? = @- cos — - cos - COs ... ad. inf. > 


92 23 
§§ Solution. We have 


. _ ¢ 6 2. 
sin @ = 2sin — cos — = 2“ sin cos 


62 
ey 

2 

2 


6 
“,cos8@< 1—-—+ 
2 


= 23 sin cos cos cos ; res 


8 6 6 0 
= 2” sin X COs — - cos : 
2” 2 22 
Make n indefinitely great so that, by Art. 228 Cor., 


2” sin ee = 06. 
Qn 
6 6 


0 
.. sin @ = @- cos — - cos 2 - COS na? ad. inf. 7 


§ Problem 17.1.15. Prove that 
2 ic tan? 5) (1 tan? =) (1 tan? =) ... ad. inf. =0-cot@. » 


olution. We have 


tan@ = 
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6 2tan — 
tan = = nee 7 
— tan 2 

0 

6g 2tan = 

tan — = 2 
22 0 
1— tan? — 
23 


Hence, by multiplication, we have 


2” tan [ 
tan@ = 0 
(2 tan2 ) (2 tan2 ) 
2 2 
6 tan — 
Now 2” tan — =0~x 2 
Qn 0 
an 
= 6, when n is indefinitely increased; 
0 
v.tand = 
6 0 
1 — tan? 1 — tan? — 
2 22 
; (2 tan? >) (2 tan? =) = O0cotd™ r 
3 3 oo eas : 


17.2 Area of A Circle 


1 
[ Assume that m = 3.14159..., — = .31831 and loga = .49715. 
T 


§ Problem 17.2.1. Find the area of a circle whose circumference is 


74 feet. 0) 
§§ Solution. We have 27R = 74 feet, .. R= Be feet. 
Tv 
2 2 
- the area = 17R? =7 X @) = (37) 
Te Tv 
= 1369 xX .31831 & 435.77 sq. ft. La 
§ Problem 17.2.2. The diameter of a circle is 10 feet; find the area 
1 fo} 
of a sector whose arc is 225 : ©) 
§§ Solution. The required area 
1 
22-— 
= — x area of whole circle 
ae 100 
=X (ks) == 
16 64 
314.1592 
= Ge = 4.9087 sq. ft. r 


§ Problem 17.2.3. The area of a certain sector of a circle is 10 
square feet; if the radius of the circle be 3 feet, find the angle of 
the sector. ?) 
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ay 
§§ Solution. We have ae 32? x a= 10; 


20. 180° 20 
— x aa xX 57.2957795° = 127°19/26”. = 


20 
a= — radians = 
9 T 


§ Problem 17.2.4. The perimeter of a certain sector of a circle is 10 
feet; if the radius of the circle be 3 feet, find the area of the sector. 


§§ Solution. We have 
4 
2R+ Ra=10and R=3 feet; ..3a=4, ..a= a 


Hence the required area 


F 4 
at a eae 6 sq. ft. . 
§ Problem 17.2.5. A strip of paper, two miles long and .003 of an 
inch thick, is rolled up into a solid cylinder; find approximately the 
radius of the circular ends of the cylinder. ©) 
§8§ Solution. If d be the width of the paper and r be the radius of 
the cylinder, we have 
ar?d = 2 x 1760 x 36 x d x .003 
12 — 8X 176 x 36 


1007 
6x 11 
“r=6x4x =6x 4x V6 x 11 Xx .0031831 
1007 
=6 x 4 x .45835 = 11.0004 inches. a 


§ Problem 17.2.6. A strip of paper, one mile long, is rolled tightly up 
into a solid cylinder, the diameter of whose circular ends is 6 inches; 
find the thickness of the paper. ©) 
§§ Solution. If z inch be the required thickness, we have 

m xX 3° = 1760 x 36x a 


ope a «SEO EE =. Sonadeabancih . 
1760x4. 11x 80x8 


§ Problem 17.2.7. Given two concentric circles of radii r and 2r; 
two parallel tangents to the inner circle cut off an arc from the outer 
circle; find its length. ) 
§§ Solution. Let O be the center of the circles and AB be the arc 
cut off and let the tangents through A and B meet the inner circle in 
C and D respectively. 


1 
We the have cos ZAOC = es =, 
2r 2 
-, ZAOC = 7 = /BOD; «.ZAOB = z 
-. the arc AB = 2r x ee nee r | 
3 3 


§ Problem 17.2.8. The circumference of a semi-circle is divided 
into two arcs such that the chord of one is double that of the other. 
Prove that the sum of the areas of the two segments cut off by these 
chords is to the area of the semicircle as 27 is to 55. 


2 
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§8§ Solution. Take the figure of Art. 106. Let the circumference 
OPQ be divided into the two arcs OP and PQ, such that the chord 
OP (22, say) is double the chord PQ(x). The ZOP@Q is a right angle, 
being an angle in a semicircle and the other angles are as marked in 
the figure. 
We then have tan A= ca Z and ».sin A= ea 

Qe 2 V5 
Also, if r be the radius, then 

a= 2rsinA = zie 

Te 


The sum of the areas of the two segments OP and OQ 
= the area of the semicircle — AOPQ 


ia (+ =) _ aie 

7 5 35 

Hence the required ratio 

27 5 mr? 27 11 

aestge = = 
35 2 35 7 
§ Problem 17.2.9. If each of three circles, of radius a, touch the 
other two, prove that the area included between them is nearly equal 

4 
to —a?. 

25. iy 
§§ Solution. Let A, Band C be the centers of the three equal circles 
and D, FE and F be the points of contact of circles A and B, B and C 
and C and A respectively. 

Join AB, BC and CA. ABC is an equilateral triangle of side 2a. 

The required area = the area of the triangle ABC - the areas of 
the three equal sectors DAF, FCE and DBE 


= 27: 55. r 


1 2 
-, the required area = =(2a)?sin= —3({ “ x *) 

2 3 2 3 

=a V3 at =a (V3 =) 

= a? (1.732 — 1.5708) & a? x .16 
16a 4g 

= = —aq*. a 
100 25 


§ Problem 17.2.10. Six equal circles, each of radius a, are placed 
so that each touches two others, their centers being all on the cir- 
cumference of another circle; prove that the area which they enclose 


is 
2a? (3Vv3 - r) : % 

§§ Solution. Let A, B, C, D, E and F be the centers of the six 
equal circles and let G, H, K, L, M and N be the points of contact of 
circles A and B, B and C, C and D, D and EL, FE and F and F and A 
respectively. 

Join AB, BC, CD, DE, EF and FA. 

Then ABCDEF is a regular hexagon of side 2a. 
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The required area = the area of the hexagon ABCDEF - the areas 
of the six equal sectors GAN, HBG, KCH, LDK, MEL and NFM 


4 2 
., the required area = 6 x ; cot 6 (2? x =) 


= 6a2\/3 — 2a27 = 2a? (3V3- 7). 7 


§ Problem 17.2.11. From the vertex A of a triangle, a straight line 
AD is drawn making an angle 0 with the base and meeting it at D. 
Prove that the area common to the circumscribing circles of the tri- 
angles ABD and ACD is 


. (04 +c?B — besin A) cosec ? 0, 
where 2 and y are the number of radians in the angles B and C 
respectively. 0) 
§§ Solution. Let O and O’ be the centers and R and R’ be the radii 


of the circles respectively. We then have 
AB c aR’ b 


~ QsinZADB = 2sin@ es 2sin 0" 
Also, ZAOD = 2ZABD = 28, and ZAO’D = 2Z ACD = 24. 
The required area 
= area of sector AOD — area of triangle AOD 
+ area of sector AO’D — area of triangle 4O’D 


1 1: 
= R?6- 5k sin2B +R? — 5k sin2C 
1 1 é 1 
= gate (<6 5° sin2B +b? — ge sin 2c’) 


(0?y +76 —c? sin Bcos B — b” sinC cos Cc) cosec 7 0 


b?-y + c?6 — besin C cos B — bcsin B cos C) cosec 2 6 


( 
[b?-y +76 — besin(B + C)] cosec * 6 
( 


b?-y + c?6 — besin A) cosec ? 6. : 


4 
1 
4 
1 
4 
1 
4 
1 
4 


17.3. Dip of The Horizon 


[Unless otherwise stated, the earth’s radius may be taken to 
be 4000 miles.] 


§ Problem 17.3.1. Find in degrees, minutes and seconds, the dip 
of the horizon from the top of a mountain 4200 feet high, the earth’s 
radius being 21 x 10° feet. > 
8§ Solution. The dip of the horizon 


/ 2h . 2 x 4400 
= — radians = ——§ 
r 21 x 106 
2 [22 180 d 
= : egrees 
10? V 21 of io 


_ 2x 1.02 
~ 100 


x 57.2957795° = 1°10/8”. r] 
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§ Problem 17.3.2. The lamp of a lighthouse is 196 feet high; how 
far off can it be seen ? ?) 


§§ Solution. The required distance 
= V2hr = \/2 x 196 x 21 x 106 feet = 14000V42 feet 
14000 x 6.4807 
~ 1760 x 3 
§ Problem 17.3.3. If the radius of the earth be 4000 miles, find the 


height of a balloon when the dip is 1°. 
Find also the dip when the balloon is 2 miles high. » 


miles © 17.2 miles. r 


2h . 2h 
8§ Solution. Since the dip = ,/ — radians, we have eee —_, 
r 180 4000 
so that 
nT \2 
h = 2000 (=) miles =~ .61 mile. 
180 
Again, the dip 
2h 3 2x2 4 
= /— radians = \/ =4/ 
a 4000 1000 
fo} 
V1 V1 
: radian = x 57.2967755 = 1°48’. 
100 100 
[N. B. V10 = 3.1622777.| . 


§ Problem 17.3.4. From the top of the mast of a ship, which is 66 
feet above the sea, the light of a lighthouse which is known to be 
132 feet high can just be seen; prove that its distance is 24 miles 
nearly. 0) 


§8§ Solution. If x and y be the distances in miles of the horizon seen 
from the top of the mast and the lighthouse respectively, we have 


/2x 66x 4000. 
r= ————__ miles 
1760 x 3 
2x 132x 4000. 
and y= miles. 
1760 x 3 


Hence the required distance 


2 x 66 x 4000 
= iles = 1+ V2 
Cea) MNES 4 arate 8 ( ) 


= 10 (1 a v2) ~ 24 miles. 2 


§ Problem 17.3.5. From the top of the mast, 66 feet above the sea, 
the top of the mast of another ship can just be seen at a distance of 
20 miles; prove that the heights of the masts are the same. ©) 
§8§ Solution. If and y be the distances in miles of the horizon seen 
from the tops of the masts respectively, we have 


2x 66x 4000. : 
oS miles = 10 miles 
1760 x 3 


and x+y = 20 miles 
“.y = 10 miles. 


17.3. Dip of The Horizon 316 


Hence the height of the second mast 
_ y? _ 100 x 1760 x 3 
2r 2 x 4000 


§ Problem 17.3.6. From the top of the mast of a ship which is 44 
feet above the sea-level, the light of a lighthouse can just be seen; 
after sailing for 15 minutes the light can just be seen from the deck 
which is 11 feet above the sea-level; prove that the rate of sailing of 
the ship is nearly 16.33 miles per hour. » 
§§ Solution. Let S and 9’ be the positions on the sea of the vessel 
at the two instants spoken of. 

Let P be the top of the mast at the first instant; if we draw a 
tangent PA to the earth, meeting it in A, then PA produced will 
pass through the top L of the lighthouse. 

At the second instant, let P’ be the point on the deck at which L 
can just be seen and hence P’ lies on PA between P and A. 

Then SP = 44 feet and S’P’ = 11 feet. 


2x 44x 4 
“PA=\/ 2 alia miles = v5 miles 
1760 x 3 
2x11x4 
and P'A=4/ ee ee miles = 10 5 miles 
1760 x 3 


SS’ =SA-—S'A=PA-P/A= 10(? ~) miles 
V6 


= 66 feet. T 


_ 10V6 _ 24.494897 


= 4.082483 miles, 


6 
i.e. the ship sails = 4.0825 miles in 15 minutes or 16.33 miles per 
hour. a 


§ Problem 17.3.7. Prove that, if the height of the place of observa- 


tion be n feet, the distance that the observer can see is “ miles 


nearly. ) 
§§ Solution. 
The required distance 


2n x 4000. 100n 
miles = miles 
1760 x 3 66 
_ | miles & /> ” niles. | 


§ Problem 17.3.8. There are 10 million meters in a quadrant of the 
earth’s circumference. Find approximately the distance at which the 
top of the Eiffel tower should be visible, its height being 300 meters. 


0) 
8§ Solution. If r be the radius of the earth, we have 
1 7 2x 107 
4 xX 2ar = 10‘ meters, -.r = meters. 
Tv 


The required distance 


2 x 107 
= v2hr = \/ 2 x 300 x meters 


TT 


17.3. Dip of The Horizon 317 


4 30 4 
= 2x 10" x — meters =2 xX 10° X V30 X .31831 meters 
w 
1 
~ 2x 10* x 3.09 meters ~ 61800 meters ~ aCe miles. 7 


§ Problem 17.3.9. Three vertical posts are placed at intervals of 
a mile along a straight canal, each rising to the same height above 
the surface of the water. The visual line joining the tops of the two 
extreme posts cuts the middle post at a point 8 inches below its top. 
Find the radius of the earth to the nearest mile. ) 
§§ Solution. Take the figure of Art. 235, with T, O and T’ represent- 
ing the tops of the posts. Let TT’ meet CA in N. 
We then have, very approximately. 
8 


Linile = tne AT QF = 21D x 
pias . V 12x 3x 1760" 


“7 = (6 X 3 Xx 220) miles = 3960 miles. a 


Chapter 


Inverse Circular Functions 


18.1 Identities and Equations 
Prove that 
§ Problem 18.1.1. sin~! = 


§§ soruuel 
sin (sinnt = —+sin se & 
17 


= sin (ou i) cos (sin? 


+sin—1 Ee =sin-! —. 
17 85 


3 vis 4 8 TT 
=X 1 t 
5 289 5 ey 85 
sin~! 3 + sin~+ — =sin~! am 
5 85 
i Sues ‘ yf 288 
§ Problem 18.1.2. sin~* — +sin~* — =cos — 
13 O20 


§§ Solution. 
(sa* +h 55) 
cos { sin —+sin a 


= sin” cos = 
13 25 
2 4 
yi Bs Vi Os Be 
169 625 13 25 
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253 
-12 a eee -1 
sin + sin cos (=) : 
4 2 
§ Problem 18.1.3. cos~! . +tan71 : =tan! = > 


§§ Solution. 


4 3 3 
cos~t = + tan-! = = tan! + tan! 
5 5 
3 
—tan-! 45 = tan—! 15+12 _ _1 27 
jen eae 20-9 11 
s 3 3 
N. B. Such relations as cos~! a tan7+ z can be seen at once by 
drawing a figure as in Art. 240. rT 
4 12 33 
§ Problem 18.1.4. cos! + cos 6—1 = cos! ; ry 
5 13 65 


§§ Solution. 


14 12 
cos | cos ~ = + cos6—1— 
5 13 


(coer? 5) enw (coo-t 3) — sin (co0r? 5) sin (coomt 5) 
= cos | cos ~ = } cos | cos ~ — } — sin {cos ~ = } sin | cos” ~ — 
5 13 5 13 

4 12 16 144 4 12 3 5 33 
=-=x yi x yi ==x x= 

5 13 25 169 5 13.0 «5 13 65 

4 12 
-. cos’! 5 + cos6 a = cos ae a 


3 65° 
1= 1 
§ Problem 18.1.5. cos~! x = 2sin~1 jo re a. ‘ 


§§ Solution. 


1- 1- 
Let sin~ + va a, “. sina = = 
2 2 
2 1-2 
Then cos2a =1-—2sin*°a=1-2 5 =2 
ff 
“2a = cos + Bo. 2sin—! 3 Bae cos-! x. 
: fs 1 
Again, let cos~ + a =a, ..cosa= rae 
2 2 
1 
Then cos 2a = 2cos? a 1=2( <*) l=a2 
1 
2a = cos! ws 2cos~+ 4/ aad =cos lz : 
2 
3 16 i 7 
§ Problem 18.1.6. 2cos~! —— + cot7! — + =cos7! — =7. ro) 


v13 63 2 25 
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§§ Solution. 


1 3 _,16 1 _1 7 
2.cos + cot + cos 
V13 63 2 25 
; 5 1 = -4 l-« 
For, as in the previous problem, = cos~* x = tan 
2 1l+2 
= 2tan! + tan! { 
4 
3 18 
= tan eee ae! ga! =e 39 
9 
12 3 
=tan! + t. n-! + tan-! = = tan! 5 4 + tan—! — 
12. 3 16 
1-—x- 
5 4 
3 63 63 
=tan7! (-S) +tan7} tan! ttan7 + — = 
6 16 16 
-1 1 1 1 1 -1 ° 
§ Problem 18.1.7. tan~* — +tan = sin + cot ~3= 45 
2 V5 
1 i, 1 
1 1 9'3 
§§ Solution. tan—! — + tan~! = = tan! 23 _ tan-1 | = 45° 
2 3 1 1 
1--x- 
2 3 
From a figure, we see at once that 
1 1 1 
tan~! = = sin~t —, and cot~!3=tan7! =. 
2 V5 3 
1 1 2 
§ Problem 18.1.8. tan~! 7 +tan—! jae tan! m 
§§ Solution. 
tan! +tan7+ : 
7 13 
1 eT 1 
7) 42 2 
= tan! i 13 = tan! = tan! 
1 1 
1-=x — 
7 13 
-1 2 
§ Problem 18.1.9. tan! — = — tan = 
4 
. -1 1.3 22 
§§ Solution. 2 tan = tan a= tan ae 
a 
2 rig 12 
_tan7! = = —tan7t —. 
3 5 
af 1 ah 1 -1 3 
§ Problem 18.1.10. tan Fi +tan7* == 5 cos i 


% 
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§§ Solution. 


1 re 2 
1 2 4'°9 
tan + ri +tan~t 9 =tan! 4 I 9 5) 
1--x- 
4 9 
= tan! =tan 1 = a (say), .. tana = LS 
2 an 2 
1 
1 — tan? ~4 3 
/. COS 2Q@ = i a = + = 
+ tan? a@ Lec 5 
3 1 3 
2a = cos-+ =, and a = = cos~+ 
2 5 
1 2 1 3 
etan7t=4+tan7b= = = cos~t =, a 
4 9 2 5 
Seu 11 _,1 T 
§ Problem 18.1.11. 2tan : + tan 7 + 2tan 7 = re 0) 


§§ Solution. 


1 i 1 
2tan~t 5 + tant + 2tan~t 


1 1 
= 2(tan~! = +tan7! 3) +tan~t = 
(Ho 5 
1 4 i 
Be 1 
= 2tan! 5 8 + tan-! = = 2tan~!=+ tan! = 
1 1 7 
1-=x- 
5 8 
2 
3 1 1 
=tan! 3 +tan7! = = tan71 +tan~t = 
1 7 7 
—_— 
9 
3 Hs 1 
=tan! 1, a =tan l!1= 
1--xi . 
4 7 
13 1 _1 8 a 
§ Problem 18.1.12. tan ri + tan tan 9 ji 0) 
§§ Solution. 
tan { tan~ tan + g 
4 19 
3 sf 3 
= tan! 4 3 5 3 tan + 
a ek 19 
; 4 5 
=tan-1 tan! a 
19 
27 8 
= tan! 1 19 tan7t1= — 
4 27 . 8 : 
Lt 19 
1 
§ Problem 18.1.13. tan~! — +tan7! = + tan7! = + tan7! = = a >) 
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§§ Solution. 


1 1 A 
tan~t = +tan~t { tan! { tan~* 
3 5 7 8 
1 1 1. Sh 1 
= tan! 3 5 + tan! i 8 = tan! + tan? S 
1 1 1 1 11 
Lt. eee LS aX = 
3.5 7 8 
4 3 
= tan! v 7 Mo =tan!1= 
1-=x— 2 
7 11 
il -11 us = eae 
§ Problem 18.1.14. 3tan + tan = tan F 
4 20 4 1985 
1 1 
§§ Solution. Let tan—! — =a, tan~! — = 6, and tan~! —— =y, 
4 , 2 p + 1985 c 
v tana = -, tanB = —, and tany = ——. 
4 20 1985 
3 1 
a ee 3tana—tan?a 4 64 _ 47 
1-3tan? a 1-2 52 
16 
47 4 1 
t t 52 20 2 
i eae Be anga+tanB — 52 ' 29 _ 99 
1 —tan3atan 8 peek 993 
52 20 
1 1 
1-t ~ Pa 
Again, tan (< 7) = sca ee 1985". 8? : 
4 1+tany 44 1 993 
1985 
8a 4+B=—- 7 
1 - 1 : 1 
“, 3tan7>+—+tan7+ eae tan7+ , a 
4 20 4 1985 
1 Pei ae et 
§ Problem 18.1.15. 4tan—! — — tan~+ — +tan~! — = _. 
5 70 99 4 
‘ i 120 
§§ Solution. If tan = =a, then tan 4a = rae 
[Ex. 3, Art. 240]. 
1 1 
Let tan~! — = 8, and tan~! — = 
70 : 99. 
v, tan B= 70’ and tany = ad" 
1 aI 
70. 99 29 1 
Then tan — 70 99 _ = : 
(8-4) I 1 ~ 6931 ~~ 239 
70 99 


tan 4a — tan (8 — 7) 

1+ tan 4a tan (8 — 7) 

120 1 

— 119 239, 28561 wT 
120 1 ~ 28561 "4 


Again, tan [4a — (8 —7)] = 


" 119 239 


Tv 
.4a-B+y=— 
B+y A 
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i 1 1 
- A4tan7+ tan + + tan + = ua | 
70 99 4 
_, 120 ae 
§ Problem 18.1.16. tan—! io = 2sin~! — > 
: 120 120 
§§ Solution. Let tan—! —— =a, so that tana = —. 
119 = 119 
Let sin~? ie 8, -.sinB = 4a? and ..tan8 = oa 
(zs) 
2t 12 12 
tan 26 ca dee 12 See tana 
1 — tan? B _ 25 119 
144 
“a = 26, i.e. tan7? — = 2sin7+ — r 
§ Problem 18.1.17. tan~! ~ — tan-! ~—" = 7, > 
n mtn 4 
Z m m 
§§ Solution. Let tan—! — =a, so that tana = —. 
n n 
t -—1 _ 
Then tan (a “) ees ay cee 
4 tana+1 m+n 
Tw _jm—n 
Qa = tan 
m+n 
—1,m _jm—n wT 
tan tan A a 
n m+n 4 
§ Problem 18.1.18. 
=i oj 22 7 8t— 8 ; 1 
tan t+tan = ta ,t>O0, if t < —or > V3 
142 1 — 3? V3 
=) 3-8. 1 
—a7+ta gage th Aer ap, BEES 
0) 
t+ 2t 
2t [2 3t— 3 
i | = =f =i 
§§ Solution. tan! t+tan ae: ta: 5p tan ae 
3 as 3 
1 3t — : roe 3t—t? .. 
Ift < —, then is positive and tan~ lies between 
V3 1 — 3t? 1 — 30? 
0° and 90°. ; . 
1 3t—t3 8h ‘ 
Ift > —, then is negative and tan is a negative 
V3 1 — 30? 1 — 3t? 
_ 43 
angle; also z+tan~! =a is a positive angle with the same tangent, 


so that 


ae 
tan! t + tan~! 1 


§ Problem 18.1.19. 
a(a+b+c) 
be 


tan~ 


hpeeae 3t— 8 
=7+ tan ‘ 
2 1-30 = 
yaget b(a+b+c) 
ca 
ene clat+bt+e) _ 
ab 0 
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§§ Solution. 


een polar bro yoni /b(a+b+c) 
be ca 


b(a+b+c) 


= tan 


a(a+b+c) / 
av bc t 


ca 


1-— 


abc? 


ab(a + b +c)? 


a ay/cla +b +c) + by/cla+b +0) 


= tan 


cVab — Vab(a +b +c) 


= tov (a+b) oad 


Vab(a + b) 


1, /cla+b+c) 


=7—tan~ 
ab 
act (a+b+c) sued pes b(a+b+c) 
be ca 
sya cla+b+c) = 
ab 
b+1 bi 1 1. 
§ Problem 18.1.20. cot~! © = 1 < Beast 8 
- —c ca 
§§ Solution. 
b+1 _ 
cot a ‘ = tan! 7 , =tan~!a—tan~1b 
a= Ee 
be +1 
cot! =tan=! i = tan 'b—tan7te 
—c + be 
L 1 a 
and cot~+ = = tan! - a tan~!ce—tan!a. 
c—a + ca 


Hence, by addition, we obtain the required result. 


§ Problem 18.1.21. tan—!n+4+ cot-!(n +1) =tan7! (n? tn+ 1). 


§§ Solution. 


1 
tan-'n+cot~+(n+1) = tan7'n+ tan 
n+1 
1 
n+ —— 
= tan7+ ne 
Th 
n+1 
2 
= tan! gr 
n+1l—n 


= tan! (n? +n+ 1) : 


§ Problem 18.1.22. cos (2 tan—! ;) = sin (tan 3): 


1 1 
§§ Solution. Let tan—! ac, so that tana = a 


1 

: eps 
1— tan? 48 24 
Then cos 2a = ene ae 49 _ = “ 
14+tan2a 1 50 «25 


Oo 
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1 1 
Let tan~! na 8, so that tan B = 3" 


Then tan26 = “4 = — 


3 
2tan2B (5) 24 
1+ tan? 28 ea 25 
16 


ak 1 
“, cos 2a@ = sin 4G, i.e. cos (2tan™ =) = sin (tan *) ‘ 


and sin48 = 


§ Problem 18.1.23. 
2tan~! [tan (45° — a) tan 4 


= sin 2a + cos 8 
= cos : 
1+ sin 2acos B 


§§ Solution. Let tan~? [tan (45° — a) tan 4 =96, 


8B  1—tana 


-. tan @ = tan (45° — a) tan 
2 1+ tana 


_ cosa — sina /1—cosB 
cosa +sina_ 1+cos@ 

1—sin2a 1-—cos8 

1+sin2a 1-+cosB 

: tan? 6 _ 1—cos#— sin 2a + sin 2a cos 8B 
1 1+ cos 8 + sin 2a + sin 2a cos 8 

1—tan?0 _ sin 2a + cos 3 

1+tan?@ 1+4sin2acosf 


-.tan? @ = 


“. CoS 20 = 


_1 sin2a + cos 8 
1+ sin 2acos 8 


“.2tan7! [tan (45° — a) tan 4 = cos} 


., 20 = cos 


1+ sin 2acos 8 


sin 2a + cos 6 


§ Problem 18.1.24. tan7! x = 2tan7! [cosec tan—! a2 — tancot! x}. 


§§ Solution. Let tan—! x = 6, so that tané = a. 
-. 2tan7+ [cosec tan~' a —tancot~t x| 
= 2tan~! [cosec 6 — tan (¢ — 6) 
1- st 


= 2tan~! [cosec 0 — cot 6] = 2tan~+ - 
sin 0 


6 6 
= 2tan~! [tan ;| = 2 [5] =6=tan ‘2. 


§ Problem 18.1.25. 


2tan+ [tan * tan (G - 5) 
2 4 2 


_ 1 sinacos B 


= tan : : 
sin 8 +cosa@ 


% 
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§§ Solution. Let tan—! [tan 5 tan (G ) - 6, 


4 2 
stand = tan Stan (4 >) 
2 4 2 


T 
_ 1-cosa 1—cos (4 — 8) _ 1-cosa 1-—sinB 


sina sin (7 — 8) sna cos 
2(—ee) (=) 
2tan 0 i 
o.tan2@= ———""_ UE es ORE 
1—tan2 0 A (4) (<=) 
sina cos 3 


2 sin acos 2 (1 — cosa) (1 — sin 6) 
(1 — cos? a) (1 — sin? 8) — (1 — cosa)? (1 — sin B)* 
2sinacos 8 


(1 + cos a) (1 + sin 8) — (1 — cosa) (1 — sin 8) 
sin acos 3 


= cosa + sin 8 


Pe sin acos 3 
20 = tan 


cosa@ + sin B 


“,2tan7! [tan $ tan (7 5) eae SEE : 
2 4 2 sin 8 + cosa 


§ Problem 18.1.26. Show that 
cos! 4/ ae =sin7! 4/ se =cot '4/ = 
a—b a—b a—b 

1 


_1 2 (a 2)(z — 8) 


= —sin . 
2 a—b 0) 
§§ Solution. Let cos~! at = ep, so that cosa = ,/2—~ 
a—b a—b 
a-« a—b 
sina = 1/1 — cos? a 1 a 
a—b a—b 
a=sin~! ERG Fes Gee 7 oo Sik 7 cis 
a—b a—b a—b 
cos a = = = 
Again, cota = + = 
sina a—b a—b a—b 
a=cot—! =, 
a—b 
y fa-2 egy fab og f OS 2 
2.€. COS = sin = cot 
a—b a—b a—b 
a—by(a-—2 
-. sin 2a@ = 2sinacosa = 2 ( M ) 
a—b 
2 a—by(a-a2 
“2a = sin~t ( M ) 
a—b 
1, _y 2 (@ - )(a- 2) 
Qa sin 


a—b 
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: Ba cos a + y? sin? a 
a? ab b2 % 
§§ Solution. Given cos~! » =r Goa-1 ; 
a 
x “iy y y? 
= cos (a cos ) = cosa +sina\/1—-— — 
a b b b2 
fy = y? 
.- — =cosa=sina\/1— —. 
a b b2 
Squaring both sides, we have 
2 2 2 
a Qay y 2 2 uo 
— — —cosa+ cos“ @ = sin* @ sin* a. 
a2 ab , b2 ‘ b2 
z 2xy 2 
cos a + =sin*a. a 
a2 ab 
Solve the equations : 
v1 2_ J/1— 2? 
§ Problem 18.1.28. tan-! Y2+ a) 0 
V1i+a2+V1— 2? 


§§ Solution. We have 
eee 
VI+ 22 + V1 — a? 

: V1 +22 _ i+tan8 — cos§+sinB 

“ /t—22 1-tanB  cos8—sin£B 
: 1+? _ (cos +sin B aan 1+ sin 28 
“1 — a? ae) 1—sin28 

2 


“a = sin 26, i.e. % = +,/sin 28. 7 


= tan 


§ Problem 18.1.29. tan~! 2x + tan~! 32 = *. > 
§§ Solution. 
tan! 22 +tan7! 3a = “ 
2. 3. 
<a tant Psa Sie =tan 1 
1-22 x 3a 
5a 


. a fin 2 = 


1 
v. (62 —1)(a@+1) =0; ..2 = — or —-1. 


The latter value of x is inadmissible, by Art. 240, Ex. 4, since in this 
case we should have ab > 1. 


§ Problem 18.1.30. tan~! —— ee eB ‘ 
x—2 a+2 4 
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§§ Solution. We have 
a-1 a+l1 


-1 x—2 xr+2 


a ami 
tan z-1 atl tan 1 
x—2 x+2 
_ (@— 1)(@+ 2) 4+ (a+ 1)(@ — 2) Sy 

, x2 —4— (2? —1) 
Qa? — 4 5 
: srl ee Se 
-3 
2 ul 1 
a= —, te.x =+—. ] 
2 J2 


§ Problem 18.1.31. tan—1(x+1)+cot-1(«—1) = sin-? steos-} . 0 
§§ Solution. 
4 
tan~! (2 + 1)+cot7!(«—1) =sin7! = +cos~} : 


1 4 4 4 
«.tan7!(2 +1) 4+ tan7! ( ) =tan~!—+tan~!— = 2tan7! — 
( ) 1 3 3 3 


8 
1 = 
ao "g-1 =tan! (5) 
fretcas 128 
x-1 9 
w—1+1 24 
x—1-—(x#£+4+1) 7 
2 24 4. 
cree , ie. 2? = e t.e.% = +4 2 r] 
2 7 7 7 
§ Problem 18.1.32. tan-1(« + 1) +tan-1(# — 1) = tan7! =. 6 


§§ Solution. 
tan~'(@ + 1)+tan7!(«—1) =tan7! + 


_; wt+1+a-1 _1 8 
= tan 
1-(#+1)(#-1) 31 
eerie a ey ree 
Sy >= —, i.e. 4x r—-8= 
2— 2? 31 
314 V961+ 128  -31433 _ 


8 8 
§ Problem 18.1.33. 2tan—! (cosa) = tan~1 (2cosec 2). ?) 
§§ Solution. 
Let tan! (cos) = a and tan~1 (2cosec «) = B 

., tana =cosz and tan B = 2cosec x. 
We are given 2a = Bp 
., tan 2a = tan B 
2cos x 2 _ Cosa 1 

2 


J. tan 


1 
8or -. r 
4 


os eC a ee = 
1— cos? x sina sin’ x sina 
sing = O0or cosx = sing. 


If sinz = 0 then x = nr. 


wT 
If cosx = sina, then tanx = 1= tan a 


18.1. Identities and Equations 330 


= 7 
a 


es 
§ Problem 18.1.34. tan7! 2+ 2cot7! z= at © 
§§ Solution. 
=a -1 2 
tan”°2+2cot "r= a 
Let tan +a = 0; then cot- ba = (= -6) ; 
The equation becomes 


2 
O+n—-2= =, eee 


3 
“© = tan = tan? = V3. r | 
Me 
§ Problem 18.1.35. tancos—! x = sincot~! 5° ) 
§§ Solution. Let cos~! z= a, so that cosa = 2, 
V1 — x? 
/. tana = ——. 
a 
1 iL. 
Let cot-'= = B, ». cota == 
2 2 
“sina = —. 
5 
The equation becomes 
V1— x2 2 
zc|)|lUWDT 
“55a? = Aa, i.e. 9a? = 5, te.r= ne 
V5. ea “4 
The value x = Faas is inadmissible; for then cos~* x would be be- 
tween 5 and 7 and therefore tancos~! « would be negative. rT 
§ Problem 18.1.36. cot~! x — cot~1(a +2) = 15°. 0) 
§§ Solution. 
cot ba — cot~1(a +2) = 15° 
1 
tan~! — — tan~! ——_ = 15° 
x+2 
1 at. 
tan! — wa! =15° 
1 
x(x + 2) 
E+2- 
= tan15° =2 3 
v2 +2r4+1 = v3 
2 
Ko S238 
ea 
2 2 
(a +1)? = —— =2(24+ V3) =442V3 = (V3 41 
e+ yt= 2, =2(2+¥3) (v3+1) 
2 = V8 or — (V3+2). a 
oo 2 2 
§ Problem 18.1.37. cos~! — i em 0 


a241 a2 —1 3 
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§§ Solution. 


_, 27-1 _1 2& Qn 
cos + tan — : 
a+] a2 —1 3 


If x = cot 0, we have 
x? —1 = cot? @—1 
a2+1 cot?@41 
2x = 2cot@ ~—si 
z2—1 cot2?@—1  cot20 
Thus the equation becomes 
20 an T 


264+26= —:; + 40= 
3 


= cos 20 


and 


1.8 = cot = cot F = V3. tt 


§ Problem 18.1.38. cot~1z+cot~+ (n? —a“2+ 1) =cot!(n—-1). 96 
§§ Solution. 
cotta +cot7! (n? —at 1) = cot t(n— 1) 


-il -1 1 -1 

.. tan —-+ tan = tan 

x n2—axt+1 n—1 
1 1 
tan7! n?aa+) =tan! 
1 1 1 n-1 
2 n*—-ar+l1 
n*+1 ees | 
“n2ea—a2+r-1 n—-1 
ae ve—-x2tr=n>—n? + 7 


2? — (mn? +1)2+n(n?—-n+1) =0 
(a n) [x (n? n+1)] =0 


“e2=norn?—n+l. a 
§ Problem 18.1.39. sin-! x + sin7! 22 — : > 


§§ Solution. 


Pei + 1 a 
sin’ a+sin” "24 = — 


J. COS (sin7? x+sin~! 2x) — ; 


1 
ofl a2 x /1 Aa2 CRATE 5 
1 
- (1-27) (1-42?) = 42* + 22? 4 
(1-27) ( ) 7 
1 
“J Be? + dart = dart + 20? + 2 
ee) 1. 3 
Tx? = a x 
4 4° 7 
1 /3 
a (Se ol Priel 
2V7 


The negative value is inadmissible, since x is necessarily positive. 


Otherwise thus : 
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= Tv ies 
sin-!2r = — —sin-!a 


3 1 
VB fine 1 xe 


“ba = V3 (1-27); “25x? = 3-32? 


tet a5, i002 een byl? : 
28 2V 7 


in (3 ~ sin“) 
“, 2% =sin(— —sin7~ a 
3 


12 
§ Problem 18.1.40. sin-! 2 +sin-! 2 = .. 6 
x x 
§§ Solution. 
sin~* 2 +sin~t ba a 
Z x x ye 
Let sin7! = =aand sin~! — = 8 
x x 
12 
“sina = 2 and sinB = —. 
Now a+8=*; ..sinf = cosa 
-, sin? B=1- sin? OS, sin? a + sin? B=1 
25 144 : 
5 a =) =1; ..0° = 169; -.2 = 13. a 
§ Problem 18.1.41. tan—! 2 - tan! + tan! ttan7! — = *. >) 
x x x x 
§§ Solution. We have 
a b c a: d 
tan7! & Z 4+ tan 7! 2 Le 
ab cd 2 
iS to 
ere (a+b)cn 4 _1 (c+d)x 
a x2 — ab 2 x? — cd 
(a+b)e  «?—cd 
x2—ab (c+d)x 
“(atb)(e+d)x? = (a ab) (eo cd) 
- a* — (ab+ac+ ad + be + bd + cd)x? + abed = 0 a 
§ Problem 18.1.42. sec— = sec! ; = sec7! b— sec7la. 
a 


§§ Solution. The given equation may be written 
14a ari _16 aa 
cos — + cos — = cos — + cos = 

x a x 


( 7 ; = =) ( - : - *) 
.. COS | COS — + cos — |] =cos { cos — + cos = 
G a x b 


a i xy ein oe yi Hcy : 
“2 4a x2 az ax b x2 b 
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§ Problem 18.1.43. cosec ~! x = cosec —! a + cosec ~! b. > 
§§ Solution. The given equation may be written 
1 1 
1 a 


tes eh LP 8 we os 
sin — =sin —-+sin — 
x a b 


1 
/. sin (sin ~) = sin (sin z +sin7+ ;) 
x a b 
1 1 1 1 1 1 
. Vi Tai = (Ve dai ae 1) 
a a 


x a 
ab 
x 
a eee 7 
= _,1-@ _, 1-2 
§ Problem 18.1.44. 2tan~+ x = cos cos F ro) 
1+a? 1402 
§§ Solution. 
-1l-a -1 = Ase b? -1 
cos = 2tan”~“aand cos = 2tan “6b, 
1+a? 1+ 02 
the equation becomes 
—b 
tan7! a =tan7!a—tan~!b=tan7! 
1+ab 


a—b 
= . 
1+ab 


Chapter 


On Some Simple Trigonometrical 
Series 


19.1 Simple Series 


Sum the series : 
§ Problem 19.1.1. cos@ + cos36+cos5@0+... ton terms. ) 


§§ Solution. By Art. 242, we have 
cos @ + cos 38 + cos50 +... ton terms 


-1 - 20 
cos [6 + > : 26] sin ze 
= 20 
sin — 
2 
cos né sin n@ as xs 
a - = — sin 2n6 cosec 0. : 
sin 6 
A 7A 
§ Problem 19.1.2. cos a +cos2A + cos ct +... tonterms. Oy 


§§ Solution. 


A 7A 
cos 5 + cos 2A + cos +... ton terms 


E n—-1 3A] . n 3A 
cos t : : 


T 


sin 
2 2 2 2 2 
3A 


sin = - — 
2k 2 


3n—1 5 
= cos a Asin ae A cosec A. : 
4 4 4 
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Prove that : 
§ Problem 19.1.3. sina + sin2a + sin3a+...+sinna _ re n+ Le 


cosa + cos2a+...+cosna 2 


§§ Solution. The given expression 


‘ Jo + * a] sin Jo + a] sin 
sin |a@ a| sin — cos |a@ + —a| sin — 
2 . 2 2 
. a . a 
sin — sin — 
2 2 
é op eee | : n+1 
= tan ja a! = tan Qa. 
2 2 7 


§ Problem 19.1.4. 


sina + sin 3a + sin 5a@ 

cosa + cos 3a + cos5a+...+cos(2n — 1)a 

= tanna. .) 
§§ Solution. The given expression 


. + sin(2n — 1l)a 


: n-1 _ n-2a 
sin caer es) sin 


_ 2a 
sin — 
2 
— 2a 
cos |a@ + —— - 2a] sin 

_ 2a 

sin — 

2 

= tan [a+ (n— 1)a] = tanna. . 


§ Problem 19.1.5. 
sina — sin(a + 8) + sin (a+ 28)+... ton terms 


cos a — cos (a+ B) + cos(a+28)+... ton terms 
n—-1 
=t t t : 
an [2 ; (8 n)| 0 
§§ Solution. The given expression 
_ sina+sin(a+ 8+) +sin(a+ 26+ 2m) +... ton terms 
cosa +cos(a+6+7)+cos(@+ 284 27n) +... tonterms 


sin [a | a 1 (B n)| sin , (6 + 7) cosec 58 +7) 


cos [a + 7 (B+ n)| sin 5 (8 + 7) cosec ; (6+7) 


= tan [a+ "= (e+m). : 


Sum the following series : 


t+... ton terms. 


% 


§ Problem 19.1.6. cos t cos em +COs a 
2n+1 2n+1 2n+1 


§§ Solution. 


co: 


... ton terms 


Tw 7 
S + cos + cos 
2n+1 2n+1 2n4+1 
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cos t : sin — - 
= 2n+1 2 2n+1 2 2@an+1 


; 7 
sin 
2n+1 
nt nt T 
= cos sin cosec 
2n+1 2n+1 2n+1 
1 2Qnt 
= -—sin cosec 
2 2n+ +1 
dy > T wT 1 
= -—sin cosec =-. : 
2 2n+1 2n+1 2 
§ Problem 19.1.7. cosa — cos (a+ 8) +cos(a+28)—... to 2n terms. 
> 
§§ Solution. 
cos a — cos (a + 8) + cos (a+ 28) —... to 2n terms 
=cosa+cos(a+ 8+7)+cos(a+28+7)+... to 2n terms 
2n—-—1 _ 2n 1. 
= cos [2 ; (B84 n)| sin = (6B + 7) cosec 3 b+") 
1 wT wT 
= cos Jot (n- 5) B+nnr— 4 sin (nB + nm) cosec (5 + *) 
? 1 : B 
=sinja+(n 5 Bont sin (n8 + nm) sec 
: 1 : B 
=sin/a+ ea B RORdIT celine COSTESe 
= sin [2 + (n - 3) 3] sin n8 sec Be cos? nt = +1. 
2 2 
: _n-A4 . n—6 
§ Problem 19.1.8. sin @+ sin a + sin ae t... tonterms. © 
n— n— 
§§ Solution. 
. _ n-4 _ n—-6 
sin @ + sin 6+ sin 6+... tonterms 
n—2 n—2 
in| "= (5 )] 3 (5) (=) 
= sin |64 sin cosec | ——— 
2 n—2 2\n- n—2 
-1 6 
= sin [6 is 6| sin cosec 
n—2 = n—2 
( - ) n 0 no 
= sin sin cosec = -—sin 
n- - - n—2 a 
§ Problem 19.1.9. cosxz+sin 3x+cos5xa+sin7a#+...+sin(4n—1)a. 9 
§§ Solution. 
cos x + sin 3a + cos5a@+sin7z +... +sin(4n — 1)x 
= (cosx+cos5a+... ton terms) 


+ (sin3xa+sin7x +... ton terms) 
n—-1 . n 4a 
= cos |x + —— -4x sin (= - 4a) cosec — 
2 2 2 
+sin [30+ ">>. 42] sin (2-4) se! 
sin | 3a + — - 4a] sin (| — - 4a ) cosec — 
2 2 2 
= {cos(2n — 1)x + sin(2n + 1)x} sin 2nz cosec 2x 
= (cos 2nz cos x + sin 2nz sin x 


+ sin 2nx cos x + cos 2nz sin x) sin 2nx cosec 2x 
= (cos 2nz + sin 2nx) (cos x + sin x) sin 2nx cosec 2x. . 
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§ Problem 19.1.10. 


sinasin 2a + sin 2asin 3a 


+sin3asin4da+... ton terms. 0) 
§§ Solution. 
If 
S = sinasin 2a + sin 2a sin 3a + sin3asin4da+... ton terms 
then 
2S = cosa — cos3a+ cosa — cos5a + cosa —cos7a+... ton terms 
= ncosa — (cos 3a + cos5a+cos7a+... ton terms) 


= ncosa — cos [3a + (n — 1)a] sinnacosec a 


n 
= — sin 2acosec a — cos(n + 2)asin na cosec a 


1 
a [n sin 2a — sin(2n + 2)a + sin 2a] cosec a 


1 
S$ = —[(n+1)sin 2a — sin(2n + 2)a] cosec a. : 


iN 


§ Problem 19.1.11. 


cos asin 2a + sin 2a cos 3a + cos 3a sin 4a 


+sin4acos5a+... to 2n terms. >) 
§§ Solution. 
If 
S = cosasin 2a + sin 2a cos 3a + cos 3a sin 4a 
+sin4acos5a+... to 2n terms 
then 


2S = sin3a+sina+sin5a—sina+sin7a+sina 
+sin9a—sina+... 

= sin3a+sin5a+sin7a+sin9a+... to 2n terms 
= sin [3a + (2n — 1)a] sin 2nacosec a 


1 
= a sin(2n + 2)asin 2nacosec a. : 


§ Problem 19.1.12. 


sin asin 3a + sin 2asin 4a 


+sin3asind5a+... ton terms. 0) 
§§ Solution. 
S =sinasin3a+sin2asin4a+sin3asin5a+... tonterms 
*,2S' = cos 2a — cos 4a + cos 2a@ — cos 6a + cos 2a — cos8a +... 
= ncos 2a — (cos 4a + cos 6a + cos8a+... ton terms) 


= ncos 2a — cos [4a + (n — 1)a] sinnacosec a. 
1 
= 7 cos 2a — zi cos(n + 3)asinnacosec a. : 
§ Problem 19.1.13. 


cos acos 8B + cos 3a cos 28 
+ cos 5acos36+... ton terms. > 
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§§ Solution. 
S' = cosacos 8 + cos 3a cos 28 + cos 5acos38 +... ton terms 
“, 25 = cos (a — 8) + cos (a + B) + cos (3a — 28) + cos (3a + 28) 
+ cos (5a — 38) + cos (5a 4+ 38) +... 


= {cos (a — 8) + cos (3a — 28) + cos (5a — 38) +... ton terms} 
{cos (a + B) + cos (3a + 28) + cos (5a + 38) +... ton terms} 
= cos [ia B) “— L (2a p)| sin , (2a — B) cosec ; (2a — 8) 
cos |(a + B) “— Z (2a + B) sin 5 (2a + 3) cosec 520 +8) 


cos [na “tol sin (no “) sin (a+ =) 
+ 


2a-—B8B . 2a+8 
—— _ sin ——— 


2 
[cos (na —a + *£*8) = cos (na-+a+ “—*s)| 


(cos 8 — cos 2a) 
cos [2na — a — (n+ 1)8] 
+ cos a — cos (2na + a — nf) — cos (a — 8) 
+ cos [2na —a+ (n+ 1)6] 
+ cos a — cos (2na + a+ nf) — cos(a@+ 8) 


4S = 
(cos 8 — cos 2a) 
cos (2na — a) cos(n + 1)6 — cos (2na + a) cosnZ 
; + cos a (1 — cos f) 
te 2 (cos B — cos 2a) . a 
§ Problem 19.1.14. sin? a+ sin? 2a +4 sin? 3a+... ton terms. 0) 
§§ Solution. 
S =sin? a + sin? 2a + sin? 3a+... ton terms 
2S = 1—cos2a+1—cos4a+1—cos6a+... 
=n — (cos 2a + cos 4a + cos6a +... ton terms) 
= n-—cos [2a + (n — 1)a] sinnacosec a 
= {nsina — cos(n + l)asin na} cosec a 
4S = {2nsina — sin(2n + 1)a + sina} cosec a 
oS 7 {ln + 1)sina — sin(2n + 1)a}cosec a. : 
§ Problem 19.1.15. sin? 6+sin? (0 + a)+sin? (9 + 2a)+... ton terms. 
> 


§§ Solution. 
S = sin? 6 +sin? (0+ a) +sin? (9+ 2a) +... ton terms 
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“2S = 1 — cos 20 + 1 — cos (20 + 2a) + 1 — cos (20+ 4a) +... 
= n— {cos 26 + cos (20 + 2a) + cos (20+ 4a) +... ton terms} 
= n— cos [20 + (n — 1)a] sin nacosec a 


1 
eo ae 5 co8 [20 + (n — 1)a] sin na cosec a. 


2 | 
§ Problem 19.1.16. sin? a + sin? 2a + sin? 3a +... ton terms. >) 
§§ Solution. -- sin 3a = 3sina — 4sin* a, ie. 4sin? a = 3sina — sin3a, 

S =sin® a + sin? 2a + sin? 3a+... ton terms 
.. 45 = 3(sina + sin2a + sin3a+... ton terms) 
(sin 3a + sin6a +sin9a+... ton terms) 
. a), na a 
= 3sin [e +(n—1) 5 | sin cosec 
: n-1 _ dna 3a 
— sin |38a+ =3- - 3a] sin —— cosec — 
3 1 
S$ = —sin wade sin ae cosec 
4 2 2 
1. 3(n4+1l)a . 3na OL 
sin sin cosec : 1: 
4 2 2 2 
§ Problem 19.1.17. sint a+ sin* 2a + sin43a+... ton terms. ro) 
§§ Solution. 
S =sin*a+sin* 2a +4 sint3a+... ton terms 
2 
--4sinta = (2 sin? a) = (1 — cos 2a)? 
= 1 — 2cos2a + cos” 2a 
. 8sint a = 2 — 4cos 2a + (1+ cos 4a) 
= 3—4cos 2a + cos 4a 
“8S = 3n — 4 (cos 2a + cos 4a + cos6a+... ton terms) 
(cos 4a + cos 8a + cos 12a+... ton terms) 
-1 
= 3n — 4cos [20 + — : 2a sin na cosec @ 
n-1 ; 
+ cos |4a+ <a -4da} sin 2nacosec 2a 
1 
So 3 {3n — 4cos(n + 1)asin na cosec a 
+ cos(2n + 2)asin 2na cosec 2a}. . 
§ Problem 19.1.18. cos* a + cos* 2a + cost 3a+... tonterms. ) 
§§ Solution. 
Let S = cos* a + cos* 2a + cos* 3a+... ton terms 


Acosta = (2 cos” a)” = (1+ cos 2a)? 


= 1+ 2cos2a + cos? 2a 


“. 8cos* a = 2+ 4cos 2a + (1 + cos 4a) 
=3+4cos 2a + cos 4a 
“, 85 = 3n4+ 4 (cos 2a + cos4da+... ton terms) 
(cos 4a + cos8a+... tonterms) 
= 3n + 4cos [2a + (n — 1)a] sin nacosec a 
+ cos [4a + (n — 1)2a] sin 2na cosec 2a 
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1 
25 3 {3n + 4cos(n + 1)asin na cosec a 
+ cos(2n + 2)asin 2na cosec 2a}. . 
§ Problem 19.1.19. 


cos 0 cos 20 cos 30 + cos 26 cos 30 cos 40 
+... tonterms. > 


§§ Solution. 
S = cos @ cos 20 cos 30 + cos 26 cos 39 cos 40 +... ton terms 
, 25' = cos 26 (cos 20 + cos 40) + cos 36 (cos 20 + cos 60) +... ton terms 
“, 4S’ = 2cos 26 (cos 20 + cos 30 +... ton terms) 
+ cos 26 + cos 60 + cos 38 + cos99 +... to 2n terms 
= (2cos 20 + 1) (cos 26 + cos30+... ton terms) 
+ (cos 60 + cos99 +... ton terms) 


n 


-1 6 
= (2cos 26 + 1) cos [20 | - 6| sin “ cosec 


-—1 6 6 
+ cos [se + — : 36] sin ae cosec . 


é 6 
= sin (200526 cos "¥ "0 + cos "**0) cosec S 
3nd 3n4+9 
+ sin cos 6 cosec 
2 2 
1 6 -1 0 
13S sin ~~ (cos 64 ee + cos “= *9) cosec = 
4 2 2 2 2 2 


1. 3n0é 3n+9 
cos 
4 2 2 


§ Problem 19.1.20. 
sin asin (a + 6) — sin(a@ + 8) sin (a + 28) 
+... to2n terms. 0) 


§§ Solution. 
S =sinasin(a+ 8) —sin(a+ 8) sin(a+28)+... to2n terms 


“, 25 = cos B — cos (2a + 8) — cos B + cos (2a + 38) +... to 2n terms 
= — {cos (2a + 8) — cos (2a + 38) +... to 2n terms} 
= — {cos (2a + 8) + cos (2a+ 38+7)+... to 2n terms} 
= — cos [(2a B)4 aS s (26 4 n)| sin n (26 + 7) cosec (6 + =) 


= —cos (20 + 2nB +n ~) sin (2nB + n7) sec B 


= —sin (2a + 2n8 + nz) sin (2nB + nz) sec B 


= — sin (2a + 2nG) cos nz sin 2n8 cos nz sec 8B 


1 
oS ai sin (2a + 2n8) sin 2nB sec B, cos? nx = +1. : 


§ Problem 19.1.21. From the sum of the series 
sina+sin2a+sin3a+... ton terms, 
deduce (by making a very small) the sum of the series 
14+24+3+4...+n. > 
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§§ Solution. 
sina +sin2a+sin3a+...+sinna 


: n—-1 _ na ntl. na 
sin |a@ + > % Sn S57 sin 


qsin — 
zs 2 
- a , a 
sin — sin — 
2 2 
Dividing by a, we have 
sina sin 2a sin na 
+2. ft... tn: 
2a na 
_ nti . 
n+ 1 sin 2 a n sin — 
2  &4.n+il “9° Ne 
IK Oss —— 
= 2 2 
ss Oe 
1 sin 2 
2 = 
2 
Hence, making a very small, we have 
n+1ln 
Perens queee = ED, 
A 2 . 
2 


§ Problem 19.1.22. From the result of the example of Art. 241, de- 
duce the sum of 
14+3+5... tonterms. ro) 


§§ Solution. 


sina + sin3a+sin5a+...+sin(2n—-l)a= 


Dividing by a, we have 


2 (sinna 2 
sina : sin 3a ea ilon jee l)a a a na 
a 3a (2n — 1)a sin a 
a 


Hence, making a very small, we have 


1+345... tonterms =n?. a 
20 
§ Problem 19.1.23. Ifa= 17’ 
prove that 2 (cos a + cos 2a + cos 4a + cos 8a) 
and 2 (cos 3a + cos 5a + cos 6a + cos 7a) 
are the roots of the equation 
a? +a2—-4=0. >) 
2 

§§ Solution. -- a= 7 “17a = 2n. 
Let p = 2 (cosa + cos 2a + cos 4a + cos 8a) , 
and q = 2(cos3a + cos 5a + cos 6a + cos 7a) . 


Then, by the relation 17a = 27, we have 
p = 2(cosa + cos 15a + cos 13a + cos 9a) 
and q = 2(cos3a + cos 5a + cos 1la + cos7a) . 
“.p+q=2(cosa+cos3a+cos5a+... to 8 terms) 


19.1. Simple Series 343 


_ 2cos (a+ 7a) sin 8a 


sina 
2 cos 8a sin 8a sin 16a 


=-1. 
sina sina 


cos 4a@ cos 2a + cos 18a + cos 12a + cos 16a + cos 10a 


cos 12a + cos6a +cos6a cos 4a + cos 20a + cos 10a 
—9 cos 18a + cos 8a + cos 14a + cos4a + cos 12a + cos 10a 
pq = cos 26a + cos 4a + cos 24a + cos2a@ + cos20a + cos 2a 
cos 8a + cos6a +cos22a+ cos8a@ + cos20a +cos 6a 
cos 16a + cos 2a 
“. pq = 8 (cos 2a + cos4a + cos6a +... to 8 terms) , 
“17a = 27 and 34a = 47 
_ 8cos (2a + 7a) sin 8a 
sina 
_ 8cos8asin8a — 4sinl6a _ 4 
sina sina : 
Hence the equation whose roots are p and q is x2 +2—4=0. : 


§ Problem 19.1.24. ABCD...is a regular polygon of n sides which 

is inscribed in a circle, whose center is O and whose radius is r and 

P is any point on the arc AB such that ZPOA is 6. Prove that 
PA-PB+PA-PC+PA-PD+4+...+PB-PC+... 


0 
=r? [2.08 (5 _ =) cosec 2 ie n 
2n 


2 2n % 
2 
§8§ Solution. Each of the angles 7AOB, ZBOC...= oe a, Say. 
n 
Hence we Bae ; , 
= 2a— 
PA = 2rsin =, PB = 2rsin , PC = 2rsin = yeas 
v PA+PB+PCH... 
r. 6 , (= >) f (= >) | 
= 2r |sin + sin + sin +... ton terms 
L 2 n 2 n 2 
_ oO : 6 
‘ssin — =sin|a— —} = the last term, 
2 2 
ity (= ;) 4 ( 2x =O ) | 
= 2r |sin + sin +... tonterms 
L n 2 n 2 
pees ( >) n—-1 “| _n iw wT 
=r. | sin { : sin — - — cosec 
L n 2 2 n 2 n 
, ( 606 wT ) tt wT 
= 2rsin t sin — cosec 
n 2 2 2n Z 2n 


( 7 5) T 
= 2r cos cosec 
2n 2 2n 


6 
-.(PA+PB+PC+...)? = 4r? cos? ~~ = \ cosec? & (19.1) 
2 2 2 
n n 
«PB? + PC? +... 


= 4r? | sin? ( - >) + sin? (= - 5) + ton terms| 
L n 2 n 2 -_ 


rf 2 4 
= 2r? |1 cos (= 0) + 1 cos (= 6) +... 
L n 


2 us 2 Tv 
= 2r* |n — cos 64 sin 7 cosec — 
n n 


3 
Nw] | 
(: 
2|¥ 
3 
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-, PB? + PC? +... = 2r?n, -- sina =0 (19.2) 
Hence, subtracting Eq. (19.2) from Eq. (19.1) and canceling 2 on 
each side, we have 
PA-PB+PA-PC+PA-PD+...+PB-PC+... 

2 2 (5 w ) oT 
=r~ |2cos~ | — — — } cosec* — —n]|. | 

2 2n 2n 
§ Problem 19.1.25. Two regular polygons, each of n sides, are cir- 
cumscribed to and inscribed in a given circle. If an angular point of 
one of them be joined to each of the angular points of the other, then 
the sum of the squares of the straight lines so drawn is to the sum 


of the areas of the polygons as 
20 


2: sin —. > 
n 
§§ Solution. Let O be the center of the circle and let the angular 
point A of the in-polygon be joined to each of the angular points 
(A’, B’, ...) of the circum-polygon. 
Let OA =rand OA’ =r' (= Tr sec *). 
n 
Let the ZAOK = a, where K is the point of contact of the side 
A'B’' of the circum-polygon with the circle. We have 


AA? = 72 47? — 2rr' cos (- - a) 
n 


3 
and AB”? =r? +r’? — 2rr’ cos (= - a) 
n 
For the sum of the series of cosines vanishes, since the difference of 
2 
the angles = ~“, 
n 


- AA? +4 AB? +4...=7 (7? +1/?) 
cos? — +1 
= i 2 ee 
nr~ (1+ sec nr zt 
n cos2 — 
n 
Also, the sum of the areas of the polygons 
n 20 T 
= —r*sin + nr? tan 
n n 
sin — 
_ 7 n 
=nr sin — cos — + 7 
n nr cos — 
Tv 
= cos? — +1 
= nr? sin — - nm 
n cos — 
2 Z 1 2 
Hence the required ratio = 7 7 = or 
sin — cos — sin — LI 
n n 


§ Problem 19.1.26. A, Ao, ...A2n+1 are the angular points of a 
regular polygon inscribed in a circle and O is any point on the cir- 
cumference between A, and Ao,+1; prove that 

OA; + OA34+...+ OAan41 = OAg + OA4+...+ OA2n- 4) 
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§§ Solution. Let C be the center and r the radius of the circle; 
Tv 


the ZOC'A, =a, and the ZAiCA2 =6 = 
2n+ 


7; We have 
OA; + OA3+...+ OAan+1 
a a 
= aren t arsin (S { 0) t+... to(n+1) terms 


. ( ~) . (n+1)0 0 
= 2rsin sin cosec 
2 2 2 2 
OA2g+OA4+...+O0A2n 
+0 é 
= 2rsin t2rsin 98 +... ton terms 
; [+ | _ no 
= 2rsin t sin cosec 
2 2 2 
. (; *) _ no 0 
= 2rsin + sin cosec 
2 2 2 2 
Novi (n+ 1)6 7 nO — (2n+1)0 _ : 
2 2 2 
_.. (n+1)0_ , nO 


., Sln —W— = sin —_ 


2 2° 


Hence the series are equal. ga 
§ Problem 19.1.27. If perpendiculars be drawn on the sides of a 
regular polygon of n sides from any point on the inscribed circle 
whose radius is a, prove that 
2 p\2 2 p\3 
ag) at) = 0 
§8§ Solution. Let KA, KB, KC... be the perpendiculars from Kk, 
the center of the circle, on the sides of the polygon. 

Let O be the point on the circumference of the circle (take O be- 
tween A and B) and OM, ON ... be the perpendiculars on the sides 
(produced) passing through B, C, ...; also let the ZAKO =a. 


We have the ZAK B= zt =ZBKC=... 
nm 


“pi = OM = KB ~OK cos ZOKB = a|1~ 00s (= -.)| (19.3) 
n 


4 
Similarly, p2=a E — cos (+ - a)| , and soon. 
n 
From Eq. (19.3): 
2 
(7) = 1-2cos (= a) cos? (= a) 
a n n 
pi\? Qr 4n 
a) ( ) = 3-—4cos a cos 2a 
a n n 
pi? 20 4n 
2», 28 ( ) = 3n — 4 |cos a} + cos a})+... ton terms 
a n n 
An 87 
+ [cos (= _ 2a) + cos (= _ 2a) +...ton terms| 
n n 


= 3n,’. each series vanishes (Art. 243). 


2 2 
E(B) a3. 
nm a 


3 2 2 2 
(2 ) = 1- 3cos ( # a) + 3cos” ( a a) cos? ( uf a) 
a n n n 
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27 3 An 
= 1- 3cos a)+ 1+cos{—-—a 
n 2 n 
1 27 27 
— — |cos3 | — —a]+3cos(——a 
4 n n 


3 3 
fee»: (2) =n+ rh ‘: the series vanishes as before, 


2 3 
-=5(F) =5. 7 
n a 


Chapter 


Elimination 


20.1 Elimination of Unknown Quantity 


Eliminate 6 from the equations : 


§ Problem 20.1.1. acos@+ bsin@d =c, and bcos@ — asin@ = d. ro) 
§§ Solution. Solving for cos 6 and sin6, we have 
cos __sin@ 1 


ac + bd be—-ad a2 +b? 


-, 1 = cos? 6+ sin? 6 = (ork: bd)? ze ee ad)? 
(a2 + 62)? 
= a2c? + bd? + 2abed + b?c? + a2d? — 2abcd 
(a? + 62)? 
(a? + b?) e+ (a? + b?) d? c2 + d2 
= (a2 + 62)? Te pe 


.@+e = +a’. 
Otherwise thus : 
Squaring both sides of each of the given equations, we have 
a” cos? 6 + 2abcos @ sin 6 + b? sin? 6 = 2, 
and b? cos? 6 — 2abcos @ sin @ + a? sin? 6 = d?. 
Hence, by addition, we have 
a? (cos? 6 + sin? 6) +b? (cos? 6 + sin? 6) =7+d 
@+RP = 4d?. : 


§ Problem 20.1.2. x = acos(@— a) and y = bcos (6 — 8). ) 
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§§ Solution. From the given equations, we have 


ee cos @ cosa + sin@ sina 
a 
and = cos@cos 8 + sin @sin B. 
os * sin B — 7 sina = cos 4 sin (8 — a)) (20.1) 
a 
= cos B — cosa = sin sin (a — 8)) (20.2) 
a 
Squaring and adding Eq. (20.1) and Eq. (20.2), we have 
ay day nee 9 
++ 5 - —(cosacos# + sinasin 3) = sin“ (a — B) 
a2 2 ab 
ay? ey . 
oo) 42 a (a — 8) =sin? (a — B). : 
§ Problem 20.1.3. acos 26 = bsin@ and csin 20 = dcos@. >) 
§§ Solution. 
acos 20 = bsin@ (20.3) 
csin 20 = dcos@ (20.4) 


From Eq. (20.4), we have 
2csin @cos@ = dcos@ 


d 
sind = — 20. 
.. sin 5 (20.5) 


iC 
But Eq. (20.3) is a(1-2sin? 6) = bsind (20.6) 
Substituting from Eq. (20.5) in Eq. (20.6), we have 


d? bd 
a{l--~—>~]=— 
2c? 2c 


“@ (2c? - a’) = bdc. r 

§ Problem 20.1.4. asina — bcosa = 2bsin@ and asin 2a — bcos20 = 

a. 0) 
§§ Solution. The second equation may be written 

2asinacosa — b+ 2bsin? 6 =a (20.7) 


From the first equation, we have 
asina — bcosa 


ind = ——______ 20.8 
sin oh (20.8) 


Hence, by substituting from Eq. (20.8) in Eq. (20.7), we have 


asin aw — bcos a)? 


2b 
a — 2absinacos a + b? cos 


2asinacosa — b4 ( 


2 2 


~, 4ab sin a cos a — 2b? + a? sin a = 2ab 


“. (asina + bcos a)? = 2ab + 2b? 
“.asina + bcosa = ,/2b(a + b). Pl 


sin? 6 cos? 0 
a? b2 


§ Problem 20.1.5. xsin@ — ycos@ = \/a? + y? and 
1 
2 4+ y2° 
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§§ Solution. Squaring the first equation, we have 
x? sin? @ — 2xy sin 8 cos 8 + y? cos? 0 = x7 4 y? 
“0? (1 sin? 6) { y? (1 cos? 0) + 2xy sin @ cos @ = 0 
“2? cos? 6 + y? sin? 6 + 2zy sin 8 cos 6 = 0 


. (xcos@ + ysin@)? = 0 


..zcos@+ysin@ =0, i.e. tan? = == 
y 
2 2 
“sin? @ = * and cos?9 = —¥ : 
x2 + y? x2 + y? 


Substituting these values of sin? 6 and cos? @ in the second equation, 


we have 
1 x? y? = 1 
r2+y2 \a2 " b2 x2 + y2 


§ Problem 20.1.6. 


xcos@  ysind 
+ =1 
a b 
and xsin@ — ycos@ = \/a? sin? @ + b? cos? 6. % 
§§ Solution. Squaring the given equations, we have 
2 9 2 
7 eon? 4 See cin Bose : a sin? 9 = 1 = sin? 6 + cos? 6 (20.9) 
a? ab b2 
and 2? sin? 9 — 2zy sin @ cos @ + y? cos? 0 = a” sin? 6 +b? cos? @ (20.10) 
From Eq. (20.9) and Eq. (20.10), we have 
2 2 Pa 2?) 


2xry , y~ —b 
2 

64 0 O+ 

cos i sin 0 cos 52 


sin? 6 =0 (20.11) 


2 2 2 2 


and sin? 0 ay sin 8 cos @ + ue cos? 6 =0 (20.12) 
ab ab ab 
From Eq. (20.11) and Eq. (20.12), by addition, we have 
x? — a? (2 ; = . y? — b? (a . 8) Ao 


a a b b b a 
2 2 2 2 
2 eh b=0; ie. = mes =a+b. r 
a b a b 
§ Problem 20.1.7. sin6@ — cos6 = p and cosec 6 — sin@ = q. ) 
§§ Solution. 
sin 8 — cos0 = p (20.13) 
cosec @ — sin@ = q (20.14) 
From Eq. (20.14), we have 
1—sin? 6 = qsin@ (20.15) 


Adding Eq. (20.13) and Eq. (20.14), we have 
cosec 0 —cosd=p+q 
“. 1—sin@cos 6 = (p+ q)sin@ (20.16) 
Squaring Eq. (20.13), we have 
1 — 2sin@cos@ = p? (20.17) 
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Multiply Eq. (20.16) by 2 and subtract Eq. (20.17) from the result, 
we have 


1 = 2(p+q)sin0 — p? 


. p?+1 
/.sin@ = 2p +4) (20.18) 
Subtracting this value of sin @ in a (20.15), we have 
(? +1)" _ a (P? +1) 
A(p+q)2 2p +4) 
-A(p +4)? — (p? +1)” = 24(p +4) (p? +1) 
. (p? +.1)* +29 (p? +1) (p+ 4) =4@ +4)”. 7 


§ Problem 20.1.8. x = acos@ + bcos 20 and y = asin@ + bsin 20. >) 
§§ Solution. We have 
z+b=acosé + b(1 + cos 26) 


= acos@ + 2bcos? 0 


..2+b=cos6 (a+ 2bcos 6) (20.19) 
and y = sin 0 (a + 2bcos 0) (20.20) 
Squaring and adding Eq. (20.19) and Eq. (20.20), we have 

(a +b)? + y? = (a+ 2bcos 0)? (20.21) 


Squaring and adding the original equations, we have 


x? + y? =a? +b? + 2ab (cos 0 cos 20 + sin @ sin 20) 
a? + b? + 2abcos 0 
a +y? —b? = + 2abcos 0 
a(a+ 2bcos @) 
o (a4 y? — b?)” = a? (a + 2bcos 8)? (20.22) 
Substituting from Eq. (20.22) in Eq. (20.21), we have 
a? [(@ b)? 4 y"| = (2? + y? by”. a 
§ Problem 20.1.9. 
If m = cosec # — sin @ and n = sec @ — cos 8, 
prove that 
m3 +n3 = (mn)~3 ; % 


8§ Solution. From the first equation, we have 
1 . 1 —sin26 cos? 6 
m= sin@ = = , 
sin 6 sin 0 sin 6 
From the second equation, we have 
1 1 — cos? 0 sin? 6 
n= cos @ = = 
cos 0 cos 0 cos 0 
“.mn = cos @sin@. 


4 _ 4 2 weg 
cos3 0 ; sin3 0 cos“ 6 + sin“ 6 1 


wba 


2 
“m3 +n3 = 


2 2 2 2 
sin3 0  cos3 0 (sin @ cos 0) 3 (mn) 3 


§ Problem 20.1.10. Prove that the result of eliminating 0 from the 
equations 

xcos(9+a)+ ysin (6+ a) = asin 26, 
and ycos (9+ a) — xsin (6 + a) = 2acos 20 
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is 
(xcosa+ysina)3 + (asina — ycosa)3 = (2a)3. > 
§§ Solution. The given equations may be written 
(a cosa + ysina) cos @ — (xsina — ycosa) sin @ = 2asin@ cos 6 


and (xsina— ycosa)cos@ + (acosa + ysina) sin? = —2acos 20 

i.e. mcos@ — nsin@ = 2asin 6 cos 6 (20.23) 
and msin 6 + ncos@ = —2acos 20 (20.24) 
where m=xcosa+ysina andn = xsina — ycosa. 


Multiplying Eq. (20.23) by cos, Eq. (20.24) by sin@ and adding, we 
have 
m = 2a (sin 6 cos? 6 — cos 20 sin 0) 
= 2asin@ (cos? 6 — 2cos? 6+ 1) (20.25) 
= 2asin@ (1 — cos? 0) = 2asin? 6 (20.26) 
Again, multiplying Eq. (20.23) by sind, Eq. (20.24) by cos@ and sub- 
tracting, we have 
n= -—2a (cos 26 cos @ + sin? 6 cos 0) 


= —2acos@ (1 — 2sin? 6 + sin? 6) 


= —2acos0 (1 — sin? ) = —2acos* 6 (20.27) 
From Eq. (20.26) and Eq. (20.27), we have 
1 
M\3 

(=) =sin0 (20.28) 

1 
(=) er) (20.29) 

a 


Squaring and adding Eq. (20.28) and Eq. (20.29), we have 
2 2 
MY\3 , WANS _ 2 BA, 27 _, 
() t () sin* 9+ cos" @= 1 
ae (x cosa +ysina)3 +(acosa— ysina)3 = (2a)3 . . 


Eliminate 6 and ¢ from the equations: 

§ Problem 20.1.11. sin6+sin¢ = a, cos0+cos¢ =bandd-—d=a. QO 
§§ Solution. Squaring and adding the first two equations, we have 
2+ 2(sin @sin¢ + cos@ cos ¢) = a? + b? 

“a7 +b? =2+42cos (0 — $) =2+42cosa. a 


§ Problem 20.1.12. tané + tang = x, cot9+cotd=yandd+¢ 
Qa. 
§§ Solution. We have 


> ll 


a tané+tand (tan @ + tan ¢) tané tang 
= = = tan @ tan ¢. 
y cot @+ cot ¢ tan@+tan@d 
Also, 
tand+t ; 
tana = tan(0+ ¢) = ee Ee a a8 
1—tanétand fis y-ax 


“cy = (y— 2) tana. rT] 
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§ Problem 20.1.13. 

acos* 0 + bsin? @ = C, bcos” ot asin? g=d 
and atan@ = btand. % 
§§ Solution. 


acos* @ + bsin? 6 =c (20.30) 
bcos? ¢+ asin? 6 =d (20.31) 
atan@ = btandg (20.32) 


From Eq. (20.30), we have 
acos? @ + bsin? @=c (cos? 6+ sin? 9) 
“. (a — c) cos? @ = (c — b) sin? 6 
c 


-.tan? 9 = 2 (20.33) 
e—b 
From Eq. (20.31), we have 
bcos” o+ asin? g=d (cos? $+ sin? ¢) 
. (b— d) cos? ¢ = (d— a) sin? ¢ 
—d 


—a 


-. tan? o= B 
From Eq. (20.32), we have 
a? tan? 6 = b? tan? ¢ (20.35) 
Substituting from Eq. (20.33) and Eq. (20.34) in Eq. (20.35), we have 
2 (: - *) 2 G - *) 
a =b 
c—b d—a 


“.a?(a—c)(a—d) = b?(b—c)(b—d). . 


(20.34) 


§ Problem 20.1.14. 

cos@+cos¢=a, cot@+cot¢d=b 
and cosec 8+ cosec @=c. 0) 
§§ Solution. 


cos6+cos¢=a (20.36) 
cot@+cot¢@=b (20.37) 
cosec @ + cosec 6 =c (20.38) 

From Eq. (20.36), we have 
20s + cos “—* =a (20.39) 

From Eq. (20.37), we have 

cos@sing+cos¢sind _ b 
sin dé sin d 

“sin (6+ ¢) = bsin@ sing (20.40) 

From Eq. (20.38), we have 
sin? + sing = csin@sind (20.41) 


From Eq. (20.40) and Eq. (20.41), by division, we have 
sin(O+¢) _ 6 
sinfd+sing ee 


_ O+¢ O+¢@ 
2sin 


=- (20.42) 
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From Eq. (20.39) and Eq. (20.42), we have 


2 cos? ioe = al and 2.cos? os = 
2 c 2 b 
.. 1+cos(04 ¢) = a (20.43) 
Cc 
and 1+cos(@— ¢) =“ (20.44) 
From Eq. (20.43) and Eq. (20.44), by subtraction, we have 
: . cb c? — b? 
2sinBsing =a (¢ *) =a : 
boc bc 
Hence from Eq. (20.40), we have 
‘ _ 272 2 
sin(@+ 6) = cs (c —b Vs 
But Sei 
c 
a2 (c2 —w?)? 2 )’ 
EL= t 1 
4c? c 
which reduces to the form 
8bce =a [40? + (0? - )”] . rT] 


§ Problem 20.1.15. 

asin@ = bsing, acosé+ bcosd=c 
and x=ytan(0+¢). > 
§§ Solution. 


asin@ = bsing (20.45) 
acos@+ bcos¢=c (20.46) 
x= ytan(0+¢) (20.47) 
From Eq. (20.45), we have 
asin@ — bsind = 0 (20.48) 


Squaring and adding Eq. (20.46) and Eq. (20.48), we have 
a? + 2abcos (0+ ¢) +b? = c? 
c? — a? — b? 


“cos (9+ ¢) = ae (20.49) 


Now tan? (9+ ¢) = sec? (0+ ¢)—1. 
Hence, from Eq. (20.47) and Eq. (20.49), we have 
2 bes 2 _ 2ab)? - (c2 — a? — 62)” 
== (aa) = (c2 — a2 — BP 
(2ab + 2 — a? — b?) (2ab —C+a?+ b?) 
(c2 — a2 — 62)? 
[e? —(a- b)?] [(a +b)? — e| 
(c2 — a2 — 62)? 
_ (cta—bj(e—at+b)(at+b+c)(at+b—c) 
(c2 — a? — 62)? 
pale a? b) =yv/(a +b+c)(a—b+c)(a+b—c)(—a+b+c). 
Otherwise thus : 
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Draw a triangle ABC whose sides are a, b and c. Then clearly 
6=ZBand ¢= ZC. 


= = tan(6+ ¢) = tan(B+ C) = —tanA. 
y 


On substituting the values of Arts. 164 and 169, we have the same 
answer as before. : 


§ Problem 20.1.16. 


* cos 0 } ¥ sind = 1, = cos } Y ing = al 
a b a b 
0 0 
and a? sin sin — + b? cos F cos =. > 
§§ Solution. 
* cos0 + 4% sing =1 (20.50) 
a b 
x 
—cos@+ i sing = 1 (20.51) 
a 
6 6 
a” sin — sin ? + b? cos — cos a ro (20.52) 
2 2 2 2: 


From Eq. (20.50) and Eq. (20.51), by addition, we have 
cr O+¢@ 9-6 y_ O+¢ 9-¢ 
S cos sin CO! 


co! + S = 1 
a 2 2 b 2 2 
» cos +4 } ¥ sino FO = soe = © (20.53) 
a 
From Eq. (20.50) and Eq. (20.51), by subtraction, we have 
a, 06+¢@ , @-O y 6+¢ . d-¢ 
sin sin } cos sin =] 
a 2 2 
oe a (20.54) 
a 2 b 2 
From Eq. (20.53) and Eq. (20.54), we have 
(2) (%) x 6+o¢ yy. 04+¢ 0-—¢ 
= cos sin sec 
a _ b _a 2 b 20 _ 2 
_9+6¢ . 0+¢ ,9+¢ 99+ 1 
cos sin cos + sin 
2 2 2 2 
(20.55) 


Again, from Eq. (20.52), we have 
6- 6 6— 6 
a? (cos 5 $ cos ai ) t b? (cos 5 ia + COS <*) = 2c? 


2 
0 — 0 
zt (a? } b) cos 5 v - (0? a”) cos <° = 2c? (20.56) 
Also, each fraction in Eq. (20.55) 
ey? 
we i Rp /b2 72 + aty? 
,9+¢ 99+ ab 
cos sin 
6— ¢ b2y72 4 a2y? 
sec 
2 ab 
6-—¢ ab 
cos 
2 b2x? + a2y? 
6 e b 
and cos ae = a = z 
2 ea 2x2 + a2y? 


20.1. Elimination of Unknown Quantity 


355 


Hence, substituting these values of cos z 5 e and cos E 5 ? in 
Eq. (20.56), we have 
ab (a2 + b7) + (b? — a?) ba 
(2 +08) + (a2) me, 


